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Abstract

Enhanced tracking of resident space objects (RSOs) plays a key role in improving the safety and sus-
tainability of space operations. However, the accuracy of observations constrains the orbit determination
(OD) of RSOs. Passive ground-based optical stations, which serve as a convenient source of sensing de-
vices for medium- and high-Earth-orbits (MHOs), provide angular measurements with typical accuracies
ranging from 150 to several hundred milliarcseconds (mas). Following successive nights of observations,
an RSO’s orbit can be determined with an accuracy of a few hundred meters. The CICLOPE station, which
was recently developed at ONERA, provides data with 50 mas angular accuracy. This corresponds to an
accuracy of 5-10m at MHO distance, which is sufficient to detect deviations from well-known gravita-
tional dynamics over a few hours, such as those due to solar radiation pressure (SRP).

This paper demonstrates what we call precise orbit prediction (POP), which achieves decametric ac-
curacy over two days for non-cooperative MHO RSOs using angle-only measurements. In practice, we
first determine which contributors are needed to model forces with sufficient accuracy and then build the
propagator accordingly. Based on the constructed force model, we develop a precise orbit determination
(POD) algorithm using a weighted least squares method and a Jacobian derived from variational equations.
After validating the algorithm, we evaluate the POP performance using observations derived from precise
ephemerides of reference satellites. We add a characteristic 50 mas random noise to simulate experimental
angle measurements overnight with a low acquisition frequency. Initially, using only standard gravita-
tional models, we obtain hectometric errors on propagated orbits, which underscores the importance of
NGP residuals. Adding next-night observations to estimate SRP parameters accurately yields an accuracy
of 14 m over the POD time span, increasing to 30 m over the 48-hour POP period. Finally, we demonstrate
the decametric accuracy of our POP solution using CICLOPE data.

1. Introduction

Medium Earth Orbit (MEO) and Geostationary Earth Orbit (GEO) play a critical role in positioning, Earth observation,
telecommunications, and defense. Consequently, the early identification and characterization of satellite proximity
events is of paramount importance for space-faring nations. However, the increasing reliance on satellite-based services
has resulted in increased congestion in these orbital regions'?. This phenomenon is particularly evident in GEO, where
the proliferation of resident space objects (RSOs) poses significant long-term sustainability challenges. While the
spacing of satellites along the GEO arc remains relatively wide, the necessity of maintaining reliable debris tracking
and mitigating potential collision hazards is increasing. Space Situational Awareness (SSA) is defined as the detection,
tracking, and characterization of RSOs in the near-Earth environment, ensuring long-term sustainability and safe access
to space. For collision avoidance, as well as for optimizing satellite operations and managing space traffic effectively,
accurate orbit predictions are essential.

When observing objects in medium- and high-Earth orbits (MHO), passive ground-based optical stations (PG-
BOS) remain the primary source of data. However, these sensors present two main limitations. First, their operation
is restricted to cloud-free, nighttime conditions. Second, they provide angle-only measurements, with typical accuracy
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traditionally ranging from a few hundred milliarcseconds (mas)>*3 to approximately 150 mas'>?’. Following succes-
sive nights of observation, the orbit of a resident space object (RSO) can be determined with an accuracy of a few
hundred meters®®. More advanced Satellite Laser Ranging (SLR) stations enable millimetric accuracy on cooperative
RSOs equipped with optical retro-reflectors, such as Global Navigation Satellite System (GNSS) satellites. However,
the use of SLR on non-cooperative RSOs is generally limited to LEO, with resulting positional accuracies ranging from
decameters to hectometers®>+2>.

Improving accuracy on distant non-cooperative RSO generally requires larger telescopes for the collection of a
greater number of photons, generally at the expense of field and cost. Leveraging the latest hardware and algorithmic
advances, the recently developed the CICLOPE station at ONERA, which achieves an angular accuracy of 50 mas while
remaining lightweight, cost-effective, and easily deployable on a large scale. This enhanced observational performance
facilitates the precise orbit determination (POD) of non-cooperative RSOs through a better inference of dynamical
parameters associated with fine dynamical models. Once the object’s state has been adequately characterized, a reliable
precise orbit prediction (POP) can be performed. The objective is to achieve decametric accuracy over 48 hours.
However, given the inherent non-linearity of the POD problem, it is imperative to achieve precise modeling of the
dynamical environment and robust estimation of the object’s state.

In this work, we propose and demonstrate a method for the POD and POP of non-cooperative MHO RSOs.
Section 2 first shows that recent advances enable the accurate measurement of RSO position (upper bloc of Fig. 1)
with an accuracy of 50 mas. Then, in Sec. 3, we show that Direct Solar Radiation Acceleration (DSRA) is the main
unknown contributor in the motion model, thus we derive a simplified dynamical model to account for its effects, as
well as define an estimation method for the RSO’s state, leading to a POD algorithm (lower bloc). Lastly, in Sec. 4,
we show with various data from experimental measurements (online ephemerides or data collected with our PGBOS
CICLOPE) that this simplified model accurately fits the finest RSO’s orbit, enabling the prediction of a non-cooperative
RSO’s position with decametric accuracy over several days.
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Figure 1: Schematic dataflow.

2. Fine optical measurement of RSO position and observability of dynamical effects

The domain of space surveillance with optical telescopes has undergone profound changes in recent years. The advent
of SSA, in conjunction with the burgeoning fields of transient astronomy> and high-end amateur astronomy', has
precipitated the availability of fast wide-field optical tubes and robotic components, which are now readily available at
a moderate cost. Concurrently, large SCMOS detectors operate close to the quantum limit, exhibiting high sensitivity
and extremely low noise, and offer high frame rates, as required by the observation of moving objects. Furthermore, the
advent of rapid, cost-effective GPU technology has paved the way for the real-time processing of data streams. Finally,
the publication of precise astrometric catalogues'!, derived from fine measurements conducted by dedicated satellites,

enables the estimation and correction of atmospheric refraction, accounting for its spatial and chromatic variations®*.

2.1 Demonstrated accuracy on position measurements

These advances have led to position measurements of ‘fast-moving’ (for astronomers, with an apparent velocity lower
than 2 "/s) Near-Earth Objects from the ground, using a stack of a hundred of 1 s exposure images on a metric reflective
telescope, with an accuracy better than 10 mas**. For an SSA survey telescope, objects in Earth orbit have a much
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higher apparent speed (45 "/s for GNSS satellites) while limited integration times are required to scan the full sky. In
addition, RSO measurements are expected in the GCRS reference frame, whereas astrometric catalogs are in the ICRS,
and refraction correction is performed in elevation. Furthermore, contributions specific to SSA, such as the parallax
angle induced by the proximity of the RSO'? have to be considered. All these adjustments can be performed in a
dedicated observation function (Fig. 1).

To evaluate the interest of these new technologies for SSA, Onera has built CICLOPE, a passive ground-based
optical station®, now located at the Salon-de-Provence Air Base, based on a RASA14 tube with a 6Kx6K sCMOS
camera leading to a pixel scale of 2600 mas. Its performance has been computed by comparing the estimated position of
reference GNSS satellites with their accurately known and published ephemerides. We demonstrated a 2D astrometric
accuracy of 50 mas (Fig. 2) using only 10 s measurements’, corresponding to 5m (resp. 10m) in MEO (resp. GEO)
orbits, i. e. the accuracy of the measurement is comparable to the typical size of these satellites, which is a significant
feature for collision avoidance. This also shows that a 36 cm-diameter telescope made of commercial components can
produce results around one order of magnitude better than what is usually available.
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Figure 2: Demonstrated astrometric accuracy of CICLOPE, measured
on Galileo 20, 5 to 6 Aug 24, 23h—2h30, with elevation angles varying Figure 3: Apparent shift Af as a
between 48°, up to 75° and down to 63°. function of the angle ¢ of a.

2.2 Observability of DSRA-Induced Dynamical Effects

Passive optical measurements only provide two projections, perpendicular to the line of sight, of the RSO position and
possibly its velocity. The radial components are lost. The next step is thus to collect several dated position estimates
along the trajectory of the observed RSOs, to compute their orbital parameters and derive their future position. Once an
orbital model is identified (see Sec. 3), accurate position measurements can be used to finely tune the RSO’s estimated
state.

If a very small constant acceleration da is added to a perfectly known orbit and integrated during a small duration
At, the departure from the expected position is (at first order, for a very small shift Ar)3':

1
Ar = §5am2. (1)
The apparent effect A6, for an observer on the ground at a distance d, is maximum when the angle ¢ between a
and the line of sight is 77/2 and null when ¢ = 0 (Fig. 3). More precisely:

A
tan A6 = % sin . 2

Thus, for a small angle A6, taking a generic average value sing ~ 0.5 (as ¢ changes during the arc because of
the RSO and observer motions) and assuming that d ~ r for high Earth orbits, an order of magnitude of the typical
acceleration amplitude da that can be estimated is:

é?mr(4A9). 3)

A2
Using CICLOPE’s value A@ = 50mas from Sec. 2.1 and a typical nightspan At = 6h, we find (in SI units)

Sa/r ~2.1107'5. The capacity to detect and measure such small accelerations enables the Precise Orbit Determination
performed in next section.
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3. An efficient model for orbit determination and prediction
3.1 Precise dynamics modeling

To generate the orbit of an RSO, one must first model the dynamics of the system. The solution x(#), which typically
includes position, velocity, and possibly additional dynamical parameters, evolves according to the ordinary differential
equation (ODE):

X = f(x,1), 4)

where f is the vector field representing the system dynamics. Provided that f satisfies the Cauchy-Lipschitz conditions
(namely, that it is Lipschitz-continuous in x and continuous in #), the ODE admits a locally unique solution for any
given initial state. Let xo = x(#y) be the reference state (or initial state) at a reference epoch . Then, the flow ¢ is
defined!” as the smooth function associated with the vector field f, assigning to any initial condition X, the unique
solution x(¢), such that:

X(1) = ¢'(x0). ®

Achieving decametric-level accuracy in predicting the position of an RSO requires careful modeling of the
perturbing accelerations included in f. However, as additional force models are introduced, solving equation (5) ana-
lytically becomes increasingly impractical. Consequently, a standard approach is to numerically integrate equation (4),
starting from a well-chosen initial state (as described in Sec. 3.3.1), while selecting the appropriate dynamical effects
to include. For this classical topic, we have used the models listed in Tab. 1. All are deterministic, except for the solar
radiation pressure (SRP) which depends on parameters that may not be known. Section 3.2 will show that all the Direct
Solar Radiative Acceleration (DSRA) parameters can be gathered in a single acceleration called the ajanm, and whose
typical values are listed in Tab. 2.

Table 1: Summary of the orbit propagation strategy.

Model
Geopotential EGM2008 (tide-free)?!
Third-body Moon and Sun (analytical position model*?)
Solar radiation pressure Isotropic absorbance and spherical RSO
Earth shadow Conical model where the eclipsing factor scales with the Sun’s visible area™
Transformations Topocentric (AltAz), GCRS (Cartesian), ICRS (RADec) via Astropy” ™~
Integration method Explicit Runge-Kutta method of order 5(4)°

with quartic interpolation of the solution®® via Scipy??

Table 2: Typical DSRA dynamical parameters, as defined in Eq. (9), for various types of RSOs.

RSO type typ. area (m?)  typ. mass typ. cg Aeq/M (m’kg™")  typ. ajam nms~2
Telecommunication (GEO) tens 2t06t 0.01 to 0.05 45 to 230

GNSS moderate 0.7t02t 0.02 to 0.08 90 to 360

Earth Observation large 05t03t 0.03t0 0.1 130 to 450
CubeSats, small sats typically < 1 1to 10 kg 1

Large Debris tens 1-10t 0.01 to 0.05 45 to 230

Small Debris very small fewgtoafewkg 0.1to10 450 to 45000
Solar sails very large < 100 kg > 10 >45000

The main issue is to select terms to be considered or neglected in the vector field f, to trade-off accuracy and
computing time. This can be done with the help of Fig. 4, which plots the acceleration induced by some contributors
as a function of the distance to the Earth’s center. The typical accuracy of a ground-based station, based on Eq. (3),
and values of Tab. 2, are included. It shows that the DSRA, although varying a lot depending on the type of RSO, is
of the order of 10~ ms™2. This can induce relative position shifts of hundreds of meters over an orbital revolution at
high altitudes'®. Our objective is to reach a decametric error over a 24 to 48 h period, therefore the main focus of this
work will be to model SRP in a reliable fashion. The main output of this plot is that the new possibility of accurate
positioning from the ground unlocks the possibility to reliably infer DSRA dynamical parameters (assuming they are
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Figure 4: Perturbation magnitude as a function of the distance to Earth’s center of mass, inspired from'8. The vertical
axis expresses the acceleration associated with each force. Quantities are integrated over latitude and longitude for
both geopotential and 3™ body interactions, and are summed over degrees for the geopotential. The DSRA band values
are computed from Tab. 2, excluding values higher than 360 ms~2. The CICLOPE and standard station values are
computed taking an angular accuracy of 50 mas and 1 arcsec respectively, and a period of 6 h in Eq. (3).

piece-wise constant) with limited observations, thus enabling accurate orbit propagation over several days. We also
see that the modeling of the geopotential up to the 5™ order is of the same order of magnitude as that of SRP for
low MEO RSOs. At GNSS altitude, propagation accounting for additional 6%, 7" and 8" order contributions yield,
at most, a sub-meter improvement in accuracy over 24 h. Since these higher-order terms are handled using the same
numerical method as lower-order harmonics, and incur minimal additional computational cost, they are retained in
the model. However, smaller contributions on the order of 108 or smaller (e.g., dynamic solid tides, indirect solar
radiation pressure due to Earth’s albedo, Earth thermal emission, relativistic corrections, and third-body perturbations
from Venus or Jupiter'®) are neglected, as their overall impact remains negligible.

3.2 Isotropic absorbance model

Solar radiation pressure generates directional forces upon an RSO’s exposed surfaces as a result of the momentum
transfer of photons radiated by the Sun'®. In the absence of a priori knowledge on the RSO structure and attitude
control, the dynamical parameters (RSO’s panels’ area, orientation, and optical property) estimation problem is severely
ill-posed and may lead to degenerate or non-unique solutions. By assuming a uniform spherical shape, we reduce the
dimensions of the parameter space, thereby simplifying its exploration. Sun radiation strikes the ball symmetrically,
canceling all momentum transfers that are not along the sun axis e;. We can model an equivalent flat surface of area
Aeq, with a surface normal e, pointing toward the Sun i.e. e, = e,. To account for the optical properties of the exposed
area Acq, let us introduce the reflectivity coefficient cg. While its value can take any continuous value in between, there
are three distinct reference cases: 0 (translucent: no momentum transfer), 1 (fully absorptive), and 2 (fully reflective).
In Einstein’s special relativity, the energy—momentum relation links the energy E of any particle to its rest mass
mgy and momentum %:
E? = (Pc)? + (moc?)?, (6)
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where c is the speed of light in a vacuum. For a photon, which is massless, this relation reduces to:
p==_, @)

Furthermore, we can write the differential energy of all photons incident on the RSO surface A.q over the considered
time span df as:
dEy = cg Aeq Fodt, (8)

where 7, is the solar radiation flux density in the vicinity of Earth in W m™2. This is given by 75 (7o) = Fau (AU/rp)?
with Fay = 1361 W m~2 the mean solar radiation flux density at 1 AU and r, the Earth-Sun distance. Thus, we obtain
a simple isotropic absorbance model (IAM) yielding a DSRA in the anti-Sun direction:

dP/dt B @ C RAeq

eoz
m C m

I'iam = — €o = —diaMm €o- 9

In addition to the classical area to mass ratio Acq/m, Eq. (9) shows that cg and ¥, are also involved. The optical
properties of an RSO’s surface generally are unknown and can vary over time due to aging or surface degradation,
while the solar density flux fluctuates with the Sun-Earth distance or solar activity. However, during a few hours to a
few days time window, we can consider those values as constants, or only take the average value into account; thus, we
will use the global product ajam = FocrAeq/(mc) as the dynamical parameter of the isotropic SRP, which is estimated
during the POD and has the dimension of an acceleration.

3.3 Precise estimation

3.3.1 Non linear least square problem

Let i be the observation function which numerically accounts for light propagation, detection, and astrometric data pro-
cessing (Fig. 1). To estimate RSOs’ states and dynamical parameters, according to Eq. (5), we define pure theoretical
observations such that:

¥(0) = h(t,x(1)) = h(t,¢'(x0)) = g(t,X0), (10)

where g is the initial-state-to-observation function. As this latter equation links an observation y(¢) at any instant ¢ to
just one state at a given time f, the estimation problem reduces to finding that single state xy. Therefore, the optimal
solution is obtained by jointly minimizing the residuals from all observations, where each residual at observation time
t; is given by:

b; = §i — gt Xo), (in

where §; denotes the i™ observation of the RSO, corrupted by measurement noise. The least squares (LS) problem thus
consists in minimizing the quadratic cost function J defined as:

N

J(x0) = > b] Wby, (12)
i=0

where N is the total number of observations and W; is the weight matrix associated to each observation (i.e., the inverse
of the observation covariance matrix). However, we cannot directly find the global minimum of J since g is highly
non-linear. A first-order linearization around a current estimate X, enables the use of local iterative methods to converge
towards a local minimum. Let us define the initial-state-to-observation matrix (ISOM) as:

og(t,
A(f) = 98(t.%0) (13)
8X0
Then, g can be approximated as:
8(1, %) ~ g(t,%o) + A1) (X0 — Xo), (14)

where A(?) is evaluated at xg = Xo. This approach does not guarantee a global optimum, but it provides an effective
approximation when initialized close to the true solution. Then, we transform this non-linear problem into a differential
correction one by introducing the new variable Axy = Xy — X, defining the residual at time ¢; as ﬁi =¥, — g(t;, %), and
denoting the ISOM at time ¢; by A; = A(t;), yielding:

N

J(AXO) =~ Z [(f), - AiAXQ)T Wi (B, — A,‘AX())] . (15)
i=0
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This new formulation allows to express the cost J as a function of the deviation to its minimum, which can be
found posing:

V,J(Axo) = 0. (16)
Solving for Axy gives:
N
Axo = Y (AT W) AT Wb, (17)
i=0

where (Al.TW,-A,-) is referred to as the normal matrix and the covariance matrix of the estimate is given by the sum

fi 0 (AiTVI/iAi)_l. The inversion is done using a truncated SVD approach that regularizes the inversion by discarding
small singular values. The truncation threshold is based on an adaptive criterion that controls the cumulative mean
square amplification of the inverted singular values??. It prevents the inclusion of components that would dispropor-
tionately amplify numerical noise due to small singular values, thus improving numerical stability and mitigating the
effects of ill-conditioning.

Starting from an initial guess for the estimate Xy, the solution of the OD problem can be found by iteratively
incrementing X( by Axy, up until a stopping criterion is met (based on the convergence of the cost function J, eventually
of its divergence, or the reach of a maximum number of iterations). The choice of the initial guess in the LS process
is crucial for highly nonlinear problems, as a poor initialization may lead to convergence toward a local minimum.
Therefore, the initial estimate should be as close as possible to the true solution Xy. In practice, it is generally initialized
using Gooding’s method'?.

3.3.2 State transition matrix and variational equations

As shown in Sec. 3.3.1, the LS process requires to compute the ISOM. We will make use of a classical numerical
method to compute the Jacobian through joint numerical integration of differential equations'®3%32. We can define the
state transition matrix (STM) as the partial derivative matrix of the flow ¢ such that:

6 2
D(f) = M. (18)
6x0
Similarly, the observation matrix (OM) can be written as:
oh(t,x(t))
H(t) = ——~, 1
(0 ox0) (19)
Starting from Eq. (13) and following the chain rule, we can then define the ISOM as:
on(t, ¢ on(t,x(1)) o'
A < M F00) _ e x®) 00 _ g 0,

19).0) 0x(?) 19).0)

On one hand, H can be computed using finite differences, by setting a differential step € for numerical differen-
tiation. This step is chosen to be of the same order of magnitude as the positioning accuracy of the CICLOPE station.
Given that the measurement function can be considered linear at such small angular scales (tens of mas), this approach
yields reliable results with minimal computational effort. On the other hand, applying this finite-difference approach
for the STM requires multiple orbit propagations: one for the reference trajectory and one for each component of
the initial state vector Xo. This can become computationally expensive when spanning several days of observations.
Moreover, setting the appropriate differential step is a delicate task, as its value strongly influences the accuracy of the
computed derivatives over long periods and in the presence of chaotic gravitational dynamics. Therefore, the STM is
numerically integrated alongside x(7). Let us derive its ODE. From equations (4) and (5), we have:

d .
3 (¢ x0)) = x = f(@#'(x0)). @n

Since the flow ¢’ is smooth, we have:

L d (9 x0)) O (de'x0)\_ D .
(1) = dt(—ax() )— GXO( o )— g (@ 00D) 22)
Using the chain rule, we obtain:
b = M0 ) _ g ). ), 23)

ox 0x
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In our dynamical models, the time derivative of position (i.e. the velocity) does not explicitly depend on the
position nor the dynamical parameters, consequently, it is straightforward to compute. By contrast, the time derivative
of velocity (i.e., the acceleration) depends explicitly on both and thus requires a more involved processing. The deriva-
tions for gravitational models are well documented in the literature'®3%32, Let us derive the variational equations of
the IAM.

3.3.3 Partial derivatives of the isotropic absorbance model

Let us begin with the partial derivative with regard to position. According to Eq. (9), we get:

rso deg

=_ . 24
or (LVNY or 24)
Note that we consider ajay to be piece-wise constant, yielding dajan /0r = 03T for the period of the POD (and

POP). We recall that the derivative of the unit vector e, derived from any vector u is given by:

de 1 ou
= (I;-eel)—, 25
or |u ( 3 “) or (25)
where e,e! denotes an outer product. Thus, it yields:
ariso 1 r
=- — (I3 - . 26
o aIAM|rO| ( 3 e@e@) (26)
The partial derivative with regard to the dynamical parameter is trivial:
a
NS0 _ g, 7
Oaiam

With these equations, we are now able to compute Vy f(x) and thus to integrate the ODE of ® from Eq. (23)
alongside that of x in Eq. (4). The STM values are evaluated at the time of each observation, together with the value of
the OM, allowing the computation of the ISOM for each observation and thus the minimization of the J criterion.

4. Results

This section reports our results, obtained first with simulated satellites (Sec. 4.2), then with actual precise measurements
on reference satellites (introduced in Sec. 4.1) purposely degraded to simulate the accuracy of a PGBOS (Sec. 4.3), and
last with actual optical data obtained with our station CICLOPE (Sec. 4.4). To quantify the quality of our solutions,
we introduce the absolute error on position and velocity at time # as in Eq. (28), where r'®" and v*' respectively are
the position and velocity of our reference state (generally the on-line precise ephemerides defined in Sec. 4.1), and r**'
and v*°! are those of our solution. We also define the relative error as in Eq. (29), which allows us to compare different
quantities as it is dimensionless.

AEr; = |5 - |, AEy; = |[vi! — vl (28)
sol _ jiref
|ri T |
ref >
|ri l

sol _ ref
v = v

REI",' = REV,' = (29)

ref
|Vi |

These errors are defined for a unique state, thus, to compare whole trajectories, we use Eq. (28) to define the root

mean square of the absolute position error:
1 n
RMSEr = |- Z (AER)2. (30)
=

In order to evaluate the quality of the dynamic models and the estimator, we rely on ESA’s GNSS ephemerides, accurate
to the centimeter level and publicly available* with a sampling period of 300s. We use the June 2024 MGNSS final
products, near the summer solstice to avoid the eclipse season. In the following, these data are considered as ground
truth (rlr.ef in Eqgs (28-29)), and observations as well as errors are derived from these ephemerides.

4.1 Reference data

*http://navigation-office.esa.int/products/gnss-products/
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Figure 5: Histogram of the error of initial guess parameters for 116 RSOs. Vertical grey lines show the binning.

4.2 Technical validation by simulation

The first point in our study is a technical validation of the estimator, using the so-called inverse crime. Each initial state
of the 116 various RSOs from the reference data is propagated over one entire revolution. We then sample the position
and velocity of the RSO on this propagated orbit every 5 min, which we directly use as 6D observations. Finally, we
generate an initial guess for our estimator from a normal law centered around the true initial state, with a standard
deviation of 25 m and 0.025 ms~! for each axis of position and velocity respectively. Using the same propagator as for
generating the reference orbit, the 6D observations derived from it, and the described initial guess, the POD process
should then return the true state of the satellite, within a numerical error range. Fig. 5(a) shows a histogram of the
relative position and velocity error REry and REv for the reference initial epoch across all PODs, when modeling
solely the gravitational dynamics. Under those conditions, PODs lead to an average REry and REvy of the order of
10715, Values of standard deviation are within the same range, indicating consistency in the PODs. This corresponds
to the numerical accuracy level and has no noticeable effect on the accuracy of a POP. Although these test results are
not shown here, they confirm that the influence is negligible.

Let us now determine orbits with the IAM included in the dynamics. To increase the diversity of the reference
orbits, we generate a randomly selected ajan within the range described in Tab. 2, while the initial guess for the POD
was set to ajam = 90nms 2 as it is a reasonable value for most MHO RSOs (such as telecommunication, GNSS,
weather satellites or large debris). Fig. 5(b) illustrates the same quantities as Fig. 5(a), along with the relative error
of the DSRA dynamical parameter REajay. We notice that the mean REry and REv, are doubled as compared to
Fig. 5(a), while their standard deviation is an order of magnitude higher. This is still extremely small, however we
see that adding a dynamical parameter to estimate has the effect of slightly decreasing the consistency of the POD,
under identical measurement conditions. The least accurately estimated parameter is ajam, With an average relative
error of 107 and a standard deviation one order of magnitude higher. However, such an error would correspond
to a perturbation of only 107'*ms~2 on Fig. 4, and is therefore still negligible in practice. Overall, the algorithm
successfully retrieved the original parameter in a few number of iterations.

4.3 Validation in a realistic case with simulated optical data

The next step consists of validating the complete POD pipeline, including both the dynamical modeling and the estima-
tion procedure, in realistic observational scenarios. Based on the full reference ephemerides, we generate angle-only
observations adding a pseudo-random gaussian noise with a variance similar to CICLOPE measurements. In this sec-
tion, the observer is located at a fixed location, and therefore, only a subset of 17 GPS satellites can be consistently
observed over five consecutive nights for more than 1 h (at a rate of 3 observations per hour), due to their orbital period
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Figure 6: AEr during the period of the POD. POD solutions for different numbers of observation arcs are represented.

Each curve is the average value of the 17 GPS satellite solutions. Grey bands represent the average observation arc
period.
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Figure 7: AEr over 48 h after the last observation of the object. POP solutions for different number of observation

arcs are represented. Each curve represents the average value of the error over 17 GPS satellite solutions. Hashed grey
bands represent potential future observation nights.

being close to 12h. The initial guess is determined from a Gooding initial orbit determination'?, while the DSRA
dynamical parameter is still initialized with 90nms=2. After the POD process, a mean value of ajay = 99.5nm s>
is obtained, with a standard deviation of 9.7 nm s~2, which is consistent with the values reported in Tab. 2 for GNSS
satellites.

Fig. 6 plots the norm of the position error as a function of the number of orbital revolutions of each RSO, where
curves represent the mean over the 17 GPS satellites and vertical bars represent the epochs of arc observations. Using
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only gravitational models in the dynamics, we can expect inaccuracies to grow with time, thus PODs over a larger
period will drastically increase the error over that entire period. This is confirmed by Fig. 6(a), where the best RMSEr
over the whole period is near 30 m for 1 observation arc, and reaching almost 200 m when using 5 whole arcs of
observation. On the contrary, Fig. 6(b) shows that adding the DSRA to the dynamics (and inferring the IAM dynamical
parameter) causes a decrease in the RMSEr over time when the time window increases, starting at 64 m for 1 arc and
reaching 14 m for 4 and 5 arcs.

Although CICLOPE should be able to detect DSRA-induced displacements, mismodeling effects, such as the
assumption of a spherical RSO with isotropic absorbance or imperfect attitude control, become overly prominent and
cannot be averaged out over a single arc. A larger time window thus allows for a more reliable IAM dynamical
parameter inference. However, we can also note that having more than 4 consecutive arcs does not increase the RMSEr
value of the POD. A rather curious observation is about the shapes of the curves. Using solely gravitational models
gives a POD with the best estimation at the middle epoch of the observations and a decreasing accuracy away from it.
Oppositely, adding the DSRA in the dynamics generates a slightly better estimation near the edges, even though peaks
remains constant.

Fig. 7 shows the same quantities but predicted after the last observation of the RSO, to evaluate the quality of
the POP. Here, the hashed vertical bars represent the future nights of potential observations. We can draw the same
conclusions for Fig. 7(a) than for the POD. However, using a single measurement arc, the error increases drastically
over time, meaning that the initial state is under-constrained, as for Fig. 7(b), where we see that the addition of a
misestimated parameter leads to an even worst solution. With 2 observed arcs, the state inference is better, although
increasing furthermore the number of arcs decreases the accuracy on both plots. This effect is exacerbated in the case
of DSRA modeling: having more arcs allows a better estimation of the IAM dynamical parameter, however, the error
due to the mismodelings of the model slowly accumulates with time (and thus with the increased number of arcs of
observation), hindering the accuracy of the POP. Therefore, using the IAM, the best POP can be obtained with 2 to
3 arcs of observation with a 30 m accuracy over a 48 h horizon. This suggests that a sequential estimation of the RSO’s
state over a 2- to 3-day window provides improved accuracy while requiring fewer computational resources than a
complete tracking over longer time spans.

4.4 Validation with experimental optical measurements

The final step of our approach is to validate the measurement chain through a complete POD and POP process. Data
were acquired over two consecutive nights with our PGBOS CICLOPE. The target was NAVSTARS2 (NORAD ID:
55268), observed on September 8" (for 2h) and September 9" (for 4 h), 2023. It has a revolution period of about
11 h 57 min, and is on a low eccentricity (3x 10~*) orbit with a 55° inclination. With a sampling of about 3 observations
per hour, we were able to perform a POD and a POP of the RSO. Fig. 8(a) and (b) plot the error components along
3 axis (radial, along-track, and cross-track) and the total error norm. We see that, using only gravitational model, the
error of the estimation quickly increases after the last observation, reaching a hectometric positional error after 24 h,
similar to the simulations. The estimation of the DSRA and its inclusion in the dynamics allows us to gain an order
of magnitude of accuracy as demonstrated on simulated data, reaching a decametric accuracy up to 48 h after the last
observation of the RSO.

Although the same reasoning applies to Fig. 8(a), let us focus on Fig. 8(b) where the effect appears more clearly.
It reveals a periodic error pattern peaking on the opposite side of the orbit (i.e., half a revolution later). This is a
direct consequence of ground-based observations, which roughly sample the same orbital arc each night. As a result,
estimation accuracy degrades on the unobserved segments. Furthermore, the dominant error lies in the along-track
direction. Starting from a minimum, the estimated solution lags behind the reference while its radial component, and
thus its potential energy, is higher than that of the reference. Later, the opposite occurs: the estimate begins to catch up
as its altitude (i.e., radial component) becomes lower than that of the reference. These periodic variations in velocity
and altitude errors are commonly linked to inaccuracies in the estimated eccentricity. Additionally, in near-circular
orbits, the orientation of the ellipse defined by the argument of perigee is difficult to estimate precisely. Since solar
radiation pressure (SRP) is known to primarily affect eccentricity,'® our POD likely remains sensitive to residual SRP
mismodeling.

The angle-only nature of the observations primarily affects the radial component, and, as previously noted, also
contributes to along-track error due to their correlation. This is mainly due to the observation geometry: the sensor
is located on the Earth’s surface, while the RSO orbits around the Earth’s center, which limits direct sensitivity to the
radial direction. However, the orbital period is well constrained by the sequence of observations acquired over two
consecutive nights, allowing for an accurate estimation of the semi-major axis. For low-eccentricity orbits, this directly
yields a reliable estimate of the radial position. As a result, radial error is not the main limiting factor in the current
POD and POP performance.
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Figure 8: POD and POP accuracy on the satellite NAVSTAR 82 observed the 8" and 9" of September 2023. Due to
the logarithmic scale of the y-axis, we show absolute values of the errors. Dotted lines represent negative values. A
Gaussian filter was applied to smooth the curves. Solid and hashed grey bands respectively represent past observations
and potential future observation nights.

5. Conclusion

This paper demonstrates that a simple modeling approach, incorporating a few orders of the Earth geopotential, the
Moon and Sun interactions, and an isotropic absorbance modeling of the DSRA, can accurately describe the orbit of a
GNSS RSO over a 2-day horizon with decametric accuracy. Notably, this level of accuracy is within reach of modern
PGBOS, which motivated the confrontation of POP methods to real angle-only data. This methodology involves
estimating orbital parameters from accurate optical measurements on non-cooperative targets over at least two distinct
observation arcs, and then propagating the estimated state over several days.

Our work confirms these predictions in two significant ways. By introducing representative detection noise into
precise ephemeride data from GNSS satellites, simulating an optical station’s angular measurements, we achieved an
RMSEr of 22 m using only 2 observation arcs, and as low as 14 m with 4 consecutive arcs. Based on this POD, we
successfully performed a POP with 30 m accuracy over a 48 h period.

Using our limited optical data available, we demonstrated for the first time, to the best of our knowledge, that
PGBOSs allow for decametric accuracy POP, provided that measurement data exhibits a typical accuracy of 50 mas,
observations span several consecutive nights, and the time window excludes potential maneuvers. This achievement
paves the way for accurate management of congested MHOs, to prevent collisions and extend beyond immediate safety
concerns. It also opens the door to more sophisticated SSA systems such as the imaging of GEO RSOs'+23, since most
of the error is along-track while the across-track error is only a few meters and the radial error is irrelevant.
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