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Abstract
Sensitivity analysis studies of expanding high-enthalpy binary flows of nitrogen and oxygen in hypersonic
nozzles are carried out for a variety of conditions. The polynomial chaos expansion (PCE) methodology is
utilised to assess the sensitivity of the free-stream conditions to vibrational and chemical relaxation rates,
as well as the reservoir conditions. It is shown that for high-enthalpy conditions, the main contributors
to uncertainty in the free-stream flow are uncertainties in the vibrational and chemical relaxation rates
for molecule-atom collisions, as well as uncertainties in the reservoir conditions. The impact of high-
temperature vibrational relaxation time corrections and the vibrational-chemical coupling was found to be
negligible for the investigated cases. A preliminary analysis on the potential influence of ionization was
also performed, which was found to have an insignificant effect on the free-stream conditions in nitrogen.

1. Introduction

Expanding hypersonic flows are widely used in ground test facilities to achieve conditions similar to those of high-
velocity hypersonic re-entry in order to provide experimental data for spacecraft design. Simulations of such flows
are required for an estimation of the ground test facility free-stream conditions; however, the numerical computation
of high-enthalpy flows is complicated by the significant number of relaxation processes (internal energy transitions,
chemical reactions) that need to be considered. Data (experimental or quasi-classical trajectory computation-based)
on the rates of these processes can be subject to significant uncertainties, which lead to existence of uncertainties
in the computed flow properties. The choice of computational models describing the relaxation processes can also
have a strong effect on the numerical solution;11, 12, 18, 26, 33 however, given the strong focus on accurately simulating
flows behind strong shock waves (such as those occurring during re-entry processes), some widely used computa-
tional models have been extensively tested for high-enthalpy compression flows, but their applicability to expansion
flows remains questionable.5, 12, 20, 30 Given the presence of uncertainties in reaction rates and the choice of computa-
tional models to describe thermochemical relaxation, there has been a growing interest in understanding the impact of
these uncertainties on high-speed high-enthalpy flow modeling. Most of the effort has been focused on flows behind
strong shock waves,2, 7, 16, 17, 39–41, 43 and expanding flows, such as those occurring in high-enthalpy experimental facili-
ties, have received less attention, despite there often being discrepancies between simulation results and experimental
data.8, 13, 15, 24, 27, 29, 32, 42 Several recent studies have focused on improvement of modeling of expanding flows in exper-
imental facilities: in Gimelshein & Wysong,10 the impact of chemical reaction rates on nitric oxide production was
studied, along with the role of variations in the reservoir density and temperature; and in Gu et al.,12 the applicability
of two-temperature models (as compared to higher-fidelity state-specific models) to simulations of nozzle flow was
investigated, along with the possibility of simplification of vibrational relaxation modeling in air flows.

The present work has the following objectives. The first is to establish the computational methodology, discuss
the underlying assumptions, and provide an analysis of uncertainties in thermochemical relaxation rates. The second
is a quantitative study of the influence of uncertainties in the non-equilibrium process rate data and choice of computa-
tional models on high-enthalpy expanding flow modeling for several selected conditions. This will allow for a clearer
picture on the applicability of various modeling assumptions, and provide detailed information on the main sources of
uncertainty in the flow, which can be used as a basis for experiment design or QCT computations in order to obtain
better relevant thermochemical relaxation data. The final objective is to provide better defined uncertainty bounds for
free-stream conditions in high-enthalpy experimental facilities, in order to aid further uncertainty quantification and
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sensitivity studies of re-entry flows around blunt bodies. Whilst the present work focuses on binary flows of nitrogen
and oxygen, the aim is also to utilize the results as a basis for future studies of expanding air flows.

1.1 Governing Equations

In the present work, we assume a steady inviscid quasi-one-dimensional flow through a nozzle, the axis of which is
aligned with the x coordinate direction. Thus, within the multi-temperature approach, the system of the governing flow
equations can be written out as follows:

d (ρcvS )
dx

= S Rchem
c , c = 1, . . . ,Ns, (1)

ρv
dv
dx
= −

dp
dx
, (2)

dh
dx
+ v

dv
dx
= 0, (3)

d
(
S vEc

v
)

dx
= S Rvibr

c , c = 1, . . . ,Nm. (4)

Here ρc is the density of chemical species c, v is the flow velocity along the nozzle axis, x is the length along the axis,
S = S (x) is the cross-section area of the nozzle, Ns is the overall number of chemical species in the flow, p is the
pressure, h is the flow enthalpy, Ec

v is the vibrational energy per unit mass of molecular species c, Nm is the number
of molecular species in the flow, and Rchem

c and Rvibr
c are the chemical and vibrational relaxation terms, respectively.

Viscous effects are not investigated in the present work, because their influence on the expansion core flow is small. A
boundary layer correction could enter the numerical setup via an en effective nozzle contour S (x).

Since at this stage of the investigation we only consider binary mixtures, the VV-exchange of vibrational energy
between molecules are not taken into account, as they are a rapid process.23 Thus, the vibrational relaxation term
Rvibr

c describes the overall change of vibrational energy of species c due to VT exchanges between vibrational and
translational modes Rvibr,VT

c , and vibrational energy loss/gain due to dissociation/recombination reactions Rvibr,chem
c :

Rvibr
c = Rvibr,VT

c + Rvibr,chem
c . (5)

In the present work, the VT relaxation is described the Landau–Teller relaxation equation:

Rvibr,VT
c = ρc

Ec
v(T ) − Ec

v(T,T c
v )

τVT
c

, (6)

where τVT
c is the VT relaxation time of molecular species c and T c

v is the vibrational temperature of the species.
In a binary flow, where only dissociation–recombination reactions take place, the chemical reaction term for

atomic species is directly expressed via the chemical reaction term for the molecular species: Rchem
at = −Rchem

mol , where
the chemical relaxation term for molecular species is computed as follows:

Rchem
mol = mmoln2

at

∑
d

ndkrec,cd(T ) − mmolnmol

∑
d

ndkcd(T,T c
v ), (7)

where kcd(T,T c
v ) is the rate coefficient of a dissociation reaction during a collision of molecular species c with chemical

species d, and krec,cd is the corresponding reverse (recombination) rate coefficient.
The chemical relaxation processes in the present work are treated using the Park28 and Treanor–Marrone22 mod-

els for dissociation reaction rates. The Park model gives the multi-temperature reaction rate in the following form:

kcd(T,T c
v ) = AT n

e f f exp
(
−

Ec

kTe f f

)
, (8)

where Ec is the reaction’s activation energy, A and n are the Arrhenius law coefficients, and Te f f = T s (T c
v
)1−s is the

effective temperature, governed by a reaction-specific constant s, which quantifies the degree of vibration-chemical
coupling. s is usually taken to be 0.5 for dissociation reactions in expanding flows.

The Treanor–Marrone model gives the following expression for the state-specific dissociation reaction rates (rate
of dissociation from vibrational level i):

kdiss
cd,i (T ) = Zi(T )kdiss,eq

cd (T ), (9)
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where kdiss,eq
cd (T ) is the equilbrium reaction rate coefficient and the non-equilibrium factor Zi(T ) is given by the follow-

ing expression:

Zi(T ) =
Zc

v (T )
Zc

v (−UT M)
exp

(
εi

k

(
1
T
+

1
UT M

))
. (10)

Here Zc
v is the equilibrium (Boltzmann) partition function, εi is the vibrational energy of level i of the dissociating

molecule, and UT M = UT M(T ) is an adjustable parameter, that describes the degree of preferential dissociation from
higher-lying vibrational levels. In order to obtain the multi-temperature rate kcd(T,T c

v ), the state-specific rates are
averaged over the vibrational distribution:

kcd(T,T c
v ) =

∑
i

kdiss
cd,i (T )xci(T,T c

v ), (11)

where xci is the fraction of molecules which are in vibrational state i.
The backward reaction (recombination) rates are computed using equilibrium constants.

2. Uncertainty Quantification and Sensitivity Analysis

In order to assess the impact of the uncertainties in the reservoir parameters and thermochemical relaxation rates on the
flow, the generalized Polynomial Chaos (gPC)35 method is utilised. Denoting the vector of uncertain model parameters
as w, and assuming that all these uncertain parameters are independent random variables, a quantity of interest Y (such
as pressure, temperature, etc.) can be represented in the following form:

Y(x,w) ≈
N∑

i=0

ci(x)Pi(w). (12)

Here ci(x) are the unknown expansion coefficients (which are dependent on the spatial location x), and Pi are the
expansion polynomials (of order i up to N), which are known beforehand and are chosen to be orthogonal with respect
to the parameter distributions. Due to the orthogonality of the polynomials, the coefficients of the expansion are given
through the following expression:

ci =
⟨Y, Pi⟩

⟨Pi, Pi⟩
, ⟨a, b⟩ =

∫
abdw. (13)

Once the set of uncertain model parameters w and their distributions have been chosen, along with the desired order
of the polynomial expansion N the quadrature appearing in Eqn. 13 can be evaluated numerically. For a chosen
quadrature rule, a set of sample points of w is generated, along with the associated weights, the model is evaluated
using the sampled values of the uncertain parameters, and the quadrature is calculated in order to obtain the coefficients
ci. Smolyak sparse grids are used for evaluation of the quadrature in order to reduce the number of model evaluations
required. In the present work, 3rd order polynomial expansions are used, as they were found to provide sufficient
convergence of the statistical properties being investigated (mean, standard deviation, sensitivity indices). Once the
expansion coefficients ci have been computed, relevant statistics can be calculated, such as the mean and standard
deviation of the flow quantities of interest (for example, temperature at the nozzle exit), as well as the sensitivity of
these flow quantities with respect to the uncertain model parameters (via Sobol sensitivity indices). The total Sobol
sensitivity index of quantity of interest Y with respect to uncertain model variable wi is defined as

S tot,i = 1 −
Varw∼i

(
Ewi (Y |w∼i) ,

)
Var(Y)

(14)

where Var is the variance, E is the expectation, and w∼i is the vector of all uncertain model variable except variable wi.
The following sources of model uncertainty are considered in the present study: reservoir conditions, vibrational

relaxation rates, chemical relaxation rates, and the degree of vibrational-chemical coupling. In addition, for the high-
enthalpy nitrogen simulations, the potential role of ionization and electron-impact vibrational relaxation is considered,
albeit in an inexact fashion. For the reservoir conditions (reservoir temperature Tr and reservoir pressure pr), an
uncertainty range of ±2.5% (around a given mean value) is assumed. For the vibrational relaxation rates, three uncertain
parameters are considered: two parameters governing the VT relaxation time in molecule-molecule and molecule-atom
collisions, correspondingly, as well as a parameter governing the degree of the high-temperature Park correction applied
to the VT relaxation times. The parametrization of the VT relaxation times used in the present study was performed
as follows. The Millikan–White model was used for the computation of the VT relaxation times; for each collision of
molecular species c with chemical species d, the VT relaxation time is governed by two parameters Acd and Bcd:
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pτVT
cd = exp

(
Acd

(
T−1/3 − Bcd

)
− 18.42

)
. (15)

While the Acd, Bcd coefficients can be varied independently, doing so may lead to uncharacteristically low or high
values of the VT relaxation times. Thus, in the present work, these coefficients are taken to be linearly dependent on a
model parameter αVT,cd:

Acd = A(0)
cd + A(1)

cd αVT,cd, Bcd = B(0)
cd + B(1)

cd αVT,cd. (16)

The single uncertain parameter αVT,cd is taken to be uniformly distributed between 0 and 1, and the coefficients of the
linear dependencies in Eqn. 16 are chosen based on analysis of existing experimental and QCT data for VT relaxation
times. The use of a single parameter (instead of two) also allows for a reduction in the parameter space dimensionality,
lowering the number of model evaluations required.
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Figure 1: Pressure-corrected VT relaxation times of nitrogen molecules in collision with nitrogen molecules (left) and
atoms (right).
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Figure 2: Pressure-corrected VT relaxation times of oxygen molecules in collision with oxygen molecules (left) and
atoms (right).

Fig. 1 shows the vibrational relaxation times of N2 colliding with N2 (left) and N (right) compiled from a variety
of literature sources, which include both experimental data and quasi-classical trajectory computations. The shaded
grey region denotes the range of vibrational relaxation times covered in the present work as αVT is varied from 0 to
1. Fig. 2 shows the vibrational relaxation times of O2 colliding with O2 (left) and O (right). The O2–O2 vibrational
relaxation times are well-studied experimentally, and recent experimental data (and associated curve fits) are presented,
which show a low degree of discrepancy in the considered temperature range. For O2-O collisions, the picture is far less
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clear, with the data not only differing significantly at higher temperatures, but also exhibiting different monotonicity.
Recent uncertainty quantification studies of QCT-derived vibrational relaxation times in O2-O collisions also noted
large difference between results obtained through the use of different potential energy surfaces.38 Given the high
degree of variance present in the data, the low values of the relaxation times, and the high degree of dissociation of
oxygen in high-enthalpy flows, it can be expected that the uncertainties in VT relaxation rates in O2-O collisions will
have a noticeable impact on the relevant flow properties. For a more detailed overview of vibrational relaxation times
in air mixtures, the reader is referred to.25

Finally, since at high temperatures the Millikan–White expression underestimates the VT relaxation times, a
correction time proposed by Park is usually added to the relaxation times. This VT relaxation correction is dependent
on an adjustable cross-section parameter σcd. In the present work, σcd is taken to be in the form σcd = σcd,010σP ,
where σP is the uncertain model parameter, assumed to be uniformly distributed between 0 and 1.

For the case of the high-enthalpy nitrogen flow, in order to estimate the potential impact of ionization on the
vibrational temperature (due to the fast vibrational relaxation of molecules in collisions with electrons), the following
methodology is used. Given the pressure p and temperature T , the equilibrium electron number density is computed
based on Saha’s equation.1 Based on this number density, the vibrational relaxation time due to N2-e collisions is com-
puted via the approximation of Lee,21 assuming that the electron temperature Te is equal to the vibrational temperature
of nitrogen. Therefore, whilst such an approach is not fully consistent, as it does not model the actual ionization and all
relevant collisional and convective processes throughout the domain, it can provide a rough estimate for the potential
role of ionization in the flow. In order to quantify the role of the electron-nitrogen collisions on the flow, the computed
electron number density ne is scaled by a factor αVT,e, which is assumed to be uniformly distributed between 0 and 4.
Thus, the “effective” electron number density is varied from 0 to 4 times the equilibrium number density, in order to
cover a wider range of possible electron number densities.
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Figure 3: Ratio of kdiss computed using different Arrhenius model constants to kdiss computed using Park’s data for
dissociation of N2 in collisions with N2 (left) and N (right).

For the chemical relaxation rates, three parameters were considered: two parameters governing the equilibrium
dissociation rate coefficients in molecule-molecule and molecule-atom collisions, and a parameter governing the degree
of vibrational-chemical coupling. A similar approach was taken to the variation of the equilibrium dissociation rate
coefficients as to the variation of the VT relaxation times, both in order to reduce the dimension of the parameter space
and to avoid uncharacteristically low or high values of the reaction rates. The reaction rates were assumed to be in the
form

kdiss
cd (T ) = (adiss

cd + bdiss
cd T )kdiss

cd,Park(T ), (17)

where kdiss
cd,Park(T ) are the equilibrium dissociation rate coefficients computed on the basis of data given by Park.28 The

coefficients adiss
cd , bdiss

cd were taken to be linearly dependent on a model parameter αdiss,cd, which was assumed to be
uniformly distributed between 0 and 1. Thus, by varying αdiss,cd, one can “sweep” through a range of values of the
dissociation rate coefficient; the ranges were chosen based on analysis of existing reaction rate data. Figure 3 shows
the ratio of equilibrium dissociation rates of nitrogen computed on the basis of various data to the rates computed using
the data of Park, with the grey region covering the range of values considered in the present work. Apart from the
Park data, the data considered includes the widely used datasets of Gupta and Yos14 and Scanlon et al.,31 as well as
the recent QCT-based data of Kustova and Savelev,19 and Chaudhry and Candler.4 For oxygen dissociation, the recent
experimental data of Streicher et al.36 is also included, shown on Fig. 4.
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Figure 4: Ratio of kdiss computed using different Arrhenius model constants to kdiss computed using Park’s data for
dissociation of O2 in collisions with O2 (left) and O (right).

Finally, the parameter governing the degree of vibrational-chemical coupling needs to be considered. For the
case of the Park model, the parameter s appearing in the expression for the effective reaction temperature was varied
between 0.5 and 1. For computations performed using the Treanor–Marrone model the parameter UT M was varied via
a parameter αU . The functional form of UT M is taken to be

UT M(T ) = U(0)
T M + U(1)

T MT, (18)

where U(0)
T M and U(1)

T M are temperature-independent coefficients. As for the VT relaxation times and chemical relaxation
rates, these coefficients were taken to have a linear dependence on the parameter αU (which varies from 0 to 1 and is
uniformly distributed), so that if αU = 0, UT M = D/6k (where D is the dissociation energy of the molecular species
considered), and if αU = 1, UT M = 3T . Thus, two commonly used values of the Treanor–Marrone model parameter
(one temperature-dependent, one temperature-independent) are reproduced, as well as various in-between values.

Thus, 8 uncertain parameters in total are considered in the present work (2 reservoir conditions, 3 parameters
governing vibrational relaxation, 3 parameters governing chemical relaxation). For the computations that included
the electron-impact vibrational relaxation, the parameter governing the degree of vibrational-chemical coupling was
replaced by the parameter αVT,e. For 8 uncertain parameters and the 3rd order polynomials considered in the present
work, 849 model evaluations were required in order to compute the expansion coefficients and the statistical properties
of the quantities of interest.

3. Numerical Results

We consider two different flow conditions. The first is based on the experiments of Sharma et al.32 in the NASA
EAST facility. The experiments were performed in a nitrogen flow through a 8.3 cm nozzle; the reservoir pressure
and reservoir temperature were 10.13 MPa and 5600 K, correspondingly. The second flow condition is based on the
HEG shock tunnel condition H22R0.20 (a reservoir pressure of 35 MPa and reservoir temperature of 9100 K) through
a 3.78 m contoured nozzle (Nozzle 5).15 For the first flow condition, a binary flow of nitrogen was considered; for the
second flow condition, binary flows of both nitrogen and oxygen were considered. The choice of the NASA EAST test
case condition was motivated by the availability of experimental measurements of the vibrational temperature and a pre-
computed effective nozzle profile (based on 2-dimensional viscous computations). The choice of the HEG H22R0.20
condition was motivated by the high enthalpy (and therefore, stronger influence of thermochemical relaxation rates
compared to the NASA EAST test case), as well the aim of the present work to prepare a basis for future studies in
air flows, for which experimental data from the HEG shock tunnel is available. For all flows, based on the statistical
analysis of multiple simulations (which vary in the relaxation rates and the reservoir conditions), the mean and standard
deviation of the flow quantities of interest (translational and vibrational temperatures, pressure, velocity, and molar
fraction of molecules) were calculated, along with the Sobol total sensitivity indices for the values of these flow
quantities at the nozzle exit. The Chaospy9 Python library was used to sample the values of the uncertain parameters and
perform the post-processing (computation of the uncertainties and sensitivity indices). Thermochemical equilibrium
was assumed in the reservoir, and from the computed enthalpy and entropy the nozzle throat conditions were calculated
(also assuming thermochemical equilibrium); these were used as the initial conditions for the 1-D solver.
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3.1 NASA EAST Expansion

First, we consider the condition corresponding to the experiments performed in nitrogen in the NASA EAST facility.32

The Treanor–Marrone model was used for the simulations. As very little reactions occur in the flow due to the relatively
low enthalpy, a comparison between different vibration-dissociation coupling models was not carried out for these
conditions.
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Figure 5: Profiles of temperatures, velocity, pressure, and molecular molar fraction along the nozzle axis. Flow of
nitrogen through NASA EAST nozzle. Values at nozzle exit expressed explicitly.

Figure 5 shows the flow properties (temperature, vibrational temperature, velocity, pressure, and molar fraction
of molecules) computed along the nozzle axis between the nozzle throat (located at L = 0 m) and nozzle exit (located
at L = 0.083 m). Black circles denoted the experimental measurements. Black lines denote the computed mean values,
and the shaded regions denoted a range of ± one standard deviation. Values of the flow properties at the nozzle exit
are annotated on the subplots along with the associated uncertainties (the computed standard deviations of the values).
It can be seen that for the relatively low-enthalpy condition considered (7.3 MJ/kg), the temperatures and pressure
exhibit the strongest variation, whereas the chemical composition of the flow barely changes. A reasonable agreement
is obtained with the experimental data; moreover, the degree of uncertainty in the reservoir pressure (±2.5%) that is
assumed in the present study might be somewhat lower than that observed in the experiments.

Figure 6 shows the total Sobol sensitivity indices of the flow properties (temperature T , vibrational temperature of
nitrogen Tv, velocity v, pressure p, molar fraction of nitrogen molecules xmol, and degree of vibrational non-equilibrium
as quantified by the difference Tv − T ) at the nozzle exit with respect to the uncertain model parameters: the reservoir
pressure pr and temperature Tr, the two parameters governing vibrational relaxation times for molecule-molecule and
molecule-atom collisions (αVT,mm, αVT,ma), the cross-section σP for the Park high-temperature VT relaxation time
correction,28 the two parameters governing the dissociation rates in molecule-molecule and molecule-atom collisions
(αdiss,mm, αdiss,ma), and the parameter αU governing the value of the quantity UT M used to describe the vibration-
dissociation coupling in the Treanor–Marrone model. Sensitivities with respect to the reservoir conditions are denoted
by the orange bars, with respect to the vibrational relaxation parameters with blue bars, and with respect to the chemical
relaxation parameters with green bars. The sensitivity indices are dimensionless quantities which quantify the relative
sensitivities of the quantities of interest with respect to the uncertain model parameters, accounting for higher-order
interactions between them. Higher values of the indices correspond to higher sensitivities. It should be noted that
the Sobol sensitivity indices are plotted on a log scale, and one can see that the relative influence of the different
parameters on the flow at the nozzle exit can vary up to several orders of magnitude. Under the conditions considered,
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Figure 6: Total Sobol sensitivity indices of flow parameters at nozzle exit with respect to uncertain model parameters.
Flow of nitrogen through NASA EAST nozzle.

where temperatures are relatively low, and chemical reactions do not play a significant role, the main influence on the
flow parameters is from the reservoir conditions and the vibrational relaxation times. Despite the low molar fraction
of atomic nitrogen, due to the significantly lower VT relaxation times for N2-N collisions (as seen on Fig. 1), their
influence on the temperatures is still present. As expected, the choice of the Park correction factor has virtually no
influence on the flow due to the absence of very high temperature regions in the flow. The choice of the Treanor–
Marrone coupling parameter UT M (governed in the present study by the value of the uncertain parameter αU) also has
little impact on the flow, both due to the small role of chemical reactions and the more significant role of recombination
(the rate of which is independent of the choice of vibrational-chemical coupling) in expanding flows compared to
dissociation reactions.

One final aspect that is considered is the choice of vibrational distribution function. The simulations presented
used the standard Boltzmann distribution over the vibrational energies, as is commonly done in CFD codes.3 However,
such a description is not entirely rigorous in case when anharmonic vibrational spectra are assumed37 (as is done in the
present work), and the Treanor distribution has to be used instead.23, 37 The issue with the application of the Treanor
distribution to expansion flow simulation is the fact that for conditions where Tv > T (which are exactly those that
occur in nozzle flows), the distribution becomes non-monotonic: the population of vibrational levels decreases with
the vibrational energy only up to a certain level i∗, and then starts increase, which is a non-physical behaviour. Thus,
various compound distributions are used instead, with the Treanor distribution cut off at level i∗ and continued with
some other distribution of the vibrational energy.5 These can better capture the non-Boltzmann distributions observed
in the vibrationally frozen nozzle flows.30, 32, 34 In order to estimate the role of the choice of vibrational distribution
model, we performed a second set of simulations using the same uncertainty ranges for the relaxation rates and reservoir
conditions, but using a compound Treanor–Boltzmann distribution (a Treanor distribution over levels up to i∗ continued
by a Boltzmann distribution over the higher-lying vibrational states).

At the critical cross-section, the flow is assumed to be in vibrational equilibrium, and thus, at L = 0 the choice
of the distribution function has no impact on the value of the vibrational temperature at that point; however, as the
difference between Tv and T grows, so will the role of the choice of vibrational distribution function. For the condition
considered in the current test case, use of the compound Treanor–Boltzmann distribution only slightly affects Tv, lead-
ing to a mean value of 3193 K at the nozzle exit, with an uncertainty of ±2.6%. Thus, the difference between the mean
results obtained with the two different vibrational distributions differ by approximately 1.1% at the nozzle exit; this
lower value (compared to that calculated using the Boltzmann distribution) obtained with the compound distribution is
consistent with previous studies on the impact of vibrational distributions on expansion flow simulations.5, 6
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3.2 HEG Expansion

Next, we consider the high-enthalpy case of expansion through the HEG V nozzle.
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Figure 7: Profiles of temperatures, velocity, pressure, and molecular molar fraction along the nozzle axis. Flow of
nitrogen through HEG Nozzle V. Values at nozzle exit expressed explicitly.
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Figure 8: Total Sobol sensitivity indices of flow parameters at nozzle exit with respect to uncertain model parameters.
Flow of nitrogen through HEG Nozzle V.
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Figure 7 shows the properties (temperature, vibrational temperature, velocity, pressure, and molar fraction of
molecules) of a pure nitrogen flow computed along the nozzle center line between the nozzle throat (L = 0 m) and
nozzle exit (L = 3.78 m). The Treanor–Marrone dissociation model was used for the simulations. Due to the high
reservoir enthalpy and the long nozzle, a much higher degree of non-equilibrium is observed in the flow compared to
the NASA EAST test case. The translational and vibrational temperatures exhibit the strongest overall sensitivity (up
to 4%), and some variation (1.4%) is also present in the chemical composition of the mixture.

Figure 8 shows the sensitivities of the flow properties with respect to each of the uncertain parameters. Compared
to the lower-enthalpy EAST test case, a stronger influence of chemistry is evident, especially on the flow temperature.
Furthermore, the higher level of atomic nitrogen in the HEG case leads to collisions with atoms take over the leading
sensitivity in the thermal relaxation process. The temperature drops quickly due to the rapid expansion, and thus, the
high-temperature Park correction to the vibrational relaxation times has the weakest influence on the flow properties,
despite the high temperature in the critical cross-section. As the dominant reaction mechanism in expanding binary
flows is recombination, the influence of vibrationally preferential dissociation (described in the model by the parameter
αU governing the UT M vibration-dissociation coupling factor in the Treanor–Marrone model) is also low. Overall,
compared to the lower-enthalpy case, the main variation in the flow properties still comes from uncertainties in the
reservoir conditions and the vibrational relaxation rates.

Table 1: Flow properties and their uncertainties at nozzle exit for different computational models

T, K Tv, K v, m/s p, Pa xmol
T.–M., Boltz. VDF 842 (±4.8%) 3434 (±4.1%) 5589 (±1.7%) 560 (±3.1%) 0.91 (±1.4%)
T.–M., T.–B. VDF 842 (±4.7%) 3252 (±3.4%) 5589 (±1.7%) 560 (±3.1%) 0.91 (±1.4%)
P., Boltz. VDF 854 (±4.8%) 3325 (±3.8%) 5594 (±1.7%) 567 (±3.1%) 0.91 (±1.4%)
P., T.–B. VDF 855 (±4.8%) 3171 (±3.2%) 5594 (±1.7%) 567 (±3.1%) 0.91 (±1.4%)
T.–M., Boltz. VDF, with e− 842 (±4.7%) 3432 (±4.1%) 5590 (±1.7%) 560 (±3.2%) 0.91 (±1.4%)

As the degree of thermal and chemical non-equilibrium in the flow is higher than for the NASA EAST test case
considered earlier, a more significant impact of the choice of vibrational distribution function model and vibration-
dissociation coupling model can be expected. Therefore, we performed several additional sets of computations: one
with the Park dissociation model instead of the Treanor–Marrone model, two with the compound Treanor–Boltzmann
distribution instead of the Boltzmann vibrational distribution (using the Treanor–Marrone or the Park dissociation mod-
els), and one with additional vibrational relaxation time uncertainty due to electrons produced via ionization using the
approximate procedure described in Sec. 2. Since the differences between the results obtained with the different models
are not large throughout most of the nozzle, for clarity of presentation, only the values at the nozzle exit (L=3.78 m) are
shown in Table 1. The “P.” and “T.–M.” denote the Park and Treanor–Marrone dissociation models, correspondingly;
“Boltz. VDF” and “T.–B. VDF” denote the Boltzmann and compound Treanor–Boltzmann distributions, correspond-
ingly. It is evident that the choice of vibrational distribution and dissociation model has a noticeable effect on the
vibrational temperature. The physically superior model for the distribution of vibrational energy levels results in about
a 5% lower vibrational temperature predicted at the nozzle exit. But it hardly changes any other flow feature, since the
vibrational temperature enters the numerical model directly only via the non-equilibrium dissociation rate, which plays
a minor role in the nozzle expansion. The Landau–Teller approach of the vibrational relaxation is driven only by the
energy difference and not the temperature difference. Thus, the difference in the vibrational temperature is a different
interpretation of the same vibrational energy, for which the equations are solved; this has to be taken into account
when comparing with experimental data. The Park dissociation model freezes less vibrataional energy compared to the
Treanor–Marrone model and therefore predicts slightly higher translational temperature and velocity at the nozzle exit.

As evidenced by the last line in Table 1, the influence of ionization is very small, as the results differ very slightly
from the case with no ionization. As seen from Fig. 7, the region where vibrational non-equilibrium is present begins
roughly at temperatures of 4000 K, where the equilibrium electron number density is low, and thus, the presence
of electrons has little influence on the vibrational relaxation rate. Freezing of the charged particle recombination
might lead to higher electron densities and higher electron temperatures than the ones computed using the equilibrium
assumption; a more consistent investigation of the potential impact of ionization is planned for future work. Analysis
of the sensitivities of the flow properties with respect to the approximated electron number density parameter αVT,e, as
depicted on Fig. 9, shows that the impact of the electrons (at least, in the present simplified formulation) is negligibly
small.

Analysis of the sensitivities for the case of the Park dissociation model and the compound Treanor–Boltzmann
distribution showed the same trends as depicted on Fig. 8, with the main contributors to the flow uncertainty being the
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Figure 9: Total Sobol sensitivity indices of flow parameters at nozzle exit with respect to uncertain model parameters.
Flow of nitrogen through HEG Nozzle V with equilibrium electron number densities.

uncertainties in the reservoir conditions and vibrational relaxation times.
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Figure 10: Profiles of temperature, velocity, pressure, and molecular molar fraction along the nozzle axis. Flow of
oxygen through HEG Nozzle V. Values at nozzle exit expressed explicitly.

Finally, we consider the same set of reservoir conditions and the same HEG V nozzle, but model a flow of oxygen
through the nozzle. Figure 10 shows the flow properties (computed using the Boltzmann vibrational distribution and
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Treanor–Marrone dissociation model) along the nozzle axis. Due to the rapid vibrational relaxation of oxygen, the
difference between Tv and T remains extremely small (on the order of 10 K) throughout the whole nozzle; therefore,
only the temperature is plotted. Since the flow remains in vibrational equilibrium, the equilibrium molar fraction can
be computed from the pressure and temperature data throughout the nozzle, this is shown with the dashed red-line
on Fig. 10. It can be seen that the chemical composition remains in equilibrium throughout the first 20-25 cm of the
nozzle, but further along the nozzle, the chemical reactions freeze rapidly, and the composition becomes strongly non-
equilibrium. Due to the very low degree of vibrational non-equilibrium, the choice of vibrational distribution function
model or vibrational-dissociation coupling model has little impact on the flow properties.
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Figure 11: Total Sobol sensitivity indices of flow parameters at nozzle exit with respect to uncertain model parameters.
Flow of oxygen through HEG Nozzle V.

Figure 11 shows the total sensitivity indices of the flow parameters with respect to the uncertain model param-
eters. It can be seen that apart from the reservoir conditions, it is the chemical reaction rates that have the most the
influence. Analyzing the sensitivity of the degree of vibrational non-equilibrium, as quantified by Tv − T , it is evident
that the fast relaxation time of oxygen in collisions with oxygen atoms is the main reason for the almost vibrationally
equilibrium flow.

4. Conclusion

In the present work, the methodology for uncertainty quantification and sensitivity analysis of expanding high-enthalpy
flows has been presented and applied to binary flows of nitrogen and oxygen for several conditions based on NASA
EAST and HEG test conditions. The utilized approach, based on polynomial chaos expansion, allows for global uncer-
tainty quantification/sensitivity analysis study of the join impact of all uncertain model parameters on the flow, whilst
requiring relatively little computational effort compared to traditional Monte Carlo methods. Moreover, a parametriza-
tion of vibrational relaxation times and chemical reaction rates has been proposed, which reduces the number of model
parameters, and allows one to better maintain a physically meaningful range of values.

Numerical studies show that in nitrogen, the main sources of uncertainty in the flow properties at the nozzle
exit are uncertainties in the reservoir conditions and vibrational relaxation times, whereas in oxygen, the flow is close
to thermal equilibrium and is most sensitive to the chemical reaction rates. Due to the rapid drop in temperature,
even in high-enthalpy conditions the flows were found to be very weakly sensitive to high-temperature relaxation time
corrections; the impact of the degree of vibration-dissociation coupling was also found to be small. The minor role of
the dissociation reaction in expanding flows reduces the choice of Treanor–Marrone or Park preferential dissociation
model mainly to the different amount of vibrational energy gained by the recombination of molecules. Due to the
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lower vibrational relaxation times for molecule-atom collisions, the role of uncertainty in this relaxation pathway
is more significant in both nitrogen and oxygen flows when sufficient atoms are present. For the higher-enthalpy
conditions, the choice of vibrational distribution model and vibration-dissociation coupling model was found to have
a noticeable effect on the vibrational temperature at the nozzle exit. A preliminary analysis of the potential influence
of flow ionization on the flow (via electron-impact vibrational relaxation) showed that it has little influence, at least
within the simplified approach utilized in the present work.

Simulations of oxygen flows through the HEG nozzle showed that the flow remains in vibrational equilibrium
throughout the nozzle due to the fast vibrational relaxation via molecule-atom collisions; a strong degree of chemical
non-equilibrium is present throughout the flow. Sensitivity analysis studies show that the flow parameters are mostly
influenced by the reservoir conditions and chemical reaction rates. The study is planned to be extended to a wider
range of reservoir enthalpies, as well as to air flows.
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