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Abstract
In order to shed light on super- and trans-critical mixing, data from direct numerical simulations of tur-
bulent jets using accurate real gas equation of state as well as thermodynamic and transport properties are
analyzed. The influence of super- and trans-critical thermodynamic conditions, typical of liquid rocket
engines thrust chambers, on the jet turbulent kinetic energy spectral characteristics are investigated. More-
over modeling issues of thermodynamic and transport properties are investigated and quantitatively evalu-
ated over typical LES/RANS cell sizes.

1. Introduction

Liquid Rocket Engines (LRE) thrust chambers usually operate at high pressures causing mixing and combustion of the
propellants to occur under supercritical pressure conditions. Under these severe thermodynamic conditions, the injec-
tion temperature of the reactants can be below the pseudo-boiling temperature, hence transcritical. As a consequence,
abrupt variations of thermodynamic and transport properties are experienced by the mixture during the mixing and
combustion processes.26 In the framework of transcritical non-premixed combustion in LRE-like configurations, the
rate of combustion is mainly controlled by turbulent mixing20 prompting substantial interest in transcritical mixing.

Experimental studies, devoted to the injection and mixing of cryogenic fluids (usually nitrogen) into warm cham-
bers at supercritical pressures, highlighted the strong influence of real gas effects on the jet behavior.10, 15 The cryogenic
jets have been recognized very sensitive to the strong density-temperature coupling and to the elevated heat capacity
in the proximity of the pseudo-boiling temperature.4, 14 However, several difficulties arises dealing with experiments
characterized by such extreme pressure and temperature conditions limiting the fidelity of the quantitative results as
well as their physical interpretation.1 In particular, the detection of small-scale structures and the relevant statistical
fluctuation data are still not easily achieved, motivating a substantial research effort in the numerical simulations. Rel-
evant physical insights of the interactions between transcritical thermodynamic conditions and a turbulent flowfield
were gleaned from two and three dimensional large eddy simulation (LES) studies by Zong et al.27, 28 However, the
interactions between pseudo-boiling and a turbulent flow-field can be consistently addressed only by means of direct
numerical simulation (DNS).

In DNS context, transcritical mixing was studied in a temporally evolving mixing layer configuration by Tani
et al.,21 revealing that the turbulent transport mechanisms of momentum and heat can be considered mildly affected
by the pseudo-boiling. A slower increase of the temperature inside the jet together with relatively weak fluctuations
were found by Terashima and Koshi24 investigating two-dimensional planar and three-dimensional round nitrogen jets.
Transcritical effects were also recently addressed, from the numerical point of view by Terashima et al.22, 23 and Ma et
al.13 They highlighted the necessity of a proper numerical treatment of the sharp density and fluid properties gradients
caused by pseudo-boiling, in particular dealing with compressible solvers. A different approach was recently proposed
for DNS of transcritical mixing,11 coupling the lack of acoustic perturbations in the low-mach number limit with high
order methods to deal with sub-Kolmogorov scales.

In the present work, drawing from a recently developed DNS database of transcritical and supercritical mixing,11

peculiar aspect of real fluid flows simulated in the low-Mach number limit are discussed. Firstly the low-Mach number
conditions of the DNS database are further assessed. Secondly the different spectral characteristics of turbulent kinetic
energy between supercritical and transcritical jets are investigated. Finally modeling issues related to scalar mixing
and transport in LRE-like conditions are investigated evaluated over typical LES/RANS cell sizes.
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2. The DNS database

Classically mixing under severe thermodynamic conditions, such as those encountered in LRE combustion chambers,
have been investigated numerically by means of fully compressible solvers. The latter invariably use conservative
formulations that have been shown to produce serious numerical problems from the numerical scheme stability point
of view. Due to strong nonlinearities of the thermodynamic system, in particular in the pseudo boiling region, spurious
pressure oscillations can cause serious stability issues. Moreover the problem cannot be mitigated by introducing
numerical dissipation from using lower-order schemes or artificial viscosity, as pointed out in a recent work by Ma et
al.13

In this context, a different approach has been proposed in a recent work11 in which a low Mach number approxi-
mation has been used to overcome the issues mentioned above. In the low-Mach number limit, the governing equations
of a flow are recast by filtering out the acoustic wave propagation. Therefore the thermodynamic or background pres-
sure p0 is considered constant allowing an efficient numerical integration of the equations while density variations
caused by thermal non-homogeneity are still fully taken into account.25

Table 1: Physical and numerical parameters summary.
Case 3 Case 4

Difference in velocity streams ∆U jet (m/s) 0.09 0.116
Initial jet width H (mm) 1 1
Reference kinematic viscosity νre f (m/s2) 5.92 · 10−8 7.74 · 10−8

Initial jet Reynolds number Re jet = ∆U jetH/νre f 1500 1500
Jet time unit t jet = H/∆U (ms) 11.3 8.6
Jet Mach number M jet = ∆U/a jet 3.4 · 10−4 5.7 · 10−4

Environment Mach number Menv = ∆U/aenv 2.5 · 10−4 3.2 · 10−4

Density ratio ρ jet/ρenv 10.14 3.63
Domain size LxxLyxLz (mm) 6x6x3 6x6x3
Grid points ≈ 144 Million ≈ 43 Million
Initial velocity perturbations urms 0.05∆U 0.05∆U
Initial velocity perturbations integral scale l0 H/3 H/3
Kolmogorov scale ηK (mm) 0.0297 0.0297
Batchelor scale ηB (mm) 0.0106 0.0228

(a)

(b)

Figure 1: Evolution of the ξ field for the transcritical (a) and supercritical (b) temporal jet at five representative time
instants t∗ = t/t jet = 1, 5, 10, 15, 20.
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Figure 2: Panel (a): speed of sound at p0 = 39.7 bar as a function of the temperature, symbols indicate (4) the
environment conditions and the initial jet conditions for (�) case 3 and (©) case 4. Panel (b): Reference Mach number
at p0 = 39.7 bar as a function of the non dimensional temperature for the two cases considered.

The DNS database that is used in the present work11 has been created using a modified version of the massively
parallel, incompressible and low-Mach number spectral element method (SEM)5, 16-based CFD code nek50006 coupled
with constant pressure tabulated real fluid properties for nitrogen by means of the National Institute for Standards and
Technology (NIST) Refprop software.12 The SEM-based high-order discretization allows to correctly resolve the large
thermodynamic variations caused by the pseudo-boiling, with a reasonable number of grid points. The thermodynamic
conditions of the planar temporal jet configuration used, were chosen to match the experiments of cryogenic injection
of nitrogen at supercritical pressures, performed by Mayer et al.4, 14 Two cases from the original experimental test
matrix were considered: a transcritical case and a supercritical case corresponding respectively to cases 3 and 4 in
the experiments.14 Simulation characteristics are summarized in Tab. 1 while spanwise cuts of the dimensionless
temperature field ξ = T − T jet/Tenv − T jet are shown in fig.1

In order to further asses the low-Mach conditions for the transcritical and supercritical mixing cases, a reference
Mach number can be defined: Mre f = ∆U/a based on the velocity difference between the jet and the environment
and on the speed of sound at p0 = 39.7 bar as shown in Fig. 2 which experiences a drop across the pseudocritical
temperature. Note that local velocities greater than ∆U are not experienced in any of the two simulations (case 3 and
case 4) as clearly observable in Fig. 3; for this reason we can consider the definition of Mre f amply conservative.

The hydrodynamic (or perturbation) pressure p1 can be denoted as p1(x, t) = p(x, t) − p0(t), where p(x, t) is
the pressure field and p0(t) the uniform background pressure, which is constant in the open domain considered. Such
hydrodynamic pressure is an O(M2) deviation from the background pressure so that p1/p0 = O(M2). Fig. 3 displays
the pdfs of the computed p1, showing the extremely limited range of hydrodynamic pressures as expected from the
low Mach numbers at play. Indeed, a reference pressure disturbance can be estimated as δp ≈ p0max(M2

re f ), based
on the maximum reference Mach number. We obtain for the transcritical case δp ≈ 1.03 · 10−5 bar while for the
supercritical case δp ≈ 1.29 · 10−5 bar. These pressure perturbations are largely insufficient to influence the constant
pressure property tabulation in any significant way.

3. Results and discussion

The temporal evolution of the transcritical and supercritical jet shown in Fig. 1 highlights some fundamental differ-
ences. The transcritical jet qualitatively resembles a liquid-like jet break-up during its time evolution, in spite of the
vanishing surface tension which confines the fluid to a single supercritical phase. This liquid-like behavior, which is
absent in the supercritical jet, is induced by the pseudo-boiling process between the core of the jet, which is charac-
terized by liquid-like densities, and the warm environment which has gas-like properties. Contrary to the commonly
encountered subcritical vaporization, the pseudo-boiling is a continuous, highly stratified processes having a diffuse
interface without a distinct phase change. While this allows a single phase approach, it needs to be taken into account
in sub-grid scale modeling of mixing and transport, as it occurs on characteristics length scale well below LES/RANS
grid sizes.
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Figure 3: Probability density functions of the velocity magnitude for the transcritical jet (case 3) and the supercritical
jet (case 4) at five representative time instants t∗ = 1, 5, 10, 15, 20. Vertical dashed line corresponds to |u| = ∆U.
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Figure 4: Probability density functions of the hydrodynamic pressure for the transcritical jet (case 3) and the supercrit-
ical jet (case 4) at five representative time instants t∗ = 1, 5, 10, 15, 20.
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(a) Case 3, t∗ = 5
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(b) Case 3, t∗ = 10
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(c) Case 3, t∗ = 15

10−4

10−1

102

105

108

0.01 0.1 1 10

E
(k

x
)/
(ν

5
ε)

1
/
4

kηK

u
v
w
ξ

(d) Case 3, t∗ = 20
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(e) Case 4, t∗ = 5
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(f) Case 4, t∗ = 10
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(g) Case 4, t∗ = 15
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(h) Case 4, t∗ = 20

Figure 5: Streamwise, one dimensional spectral densities of the u, v, w and ξ for the transcritical jet (case 3) and the
supercritical jet (case 4) at four representative time instants t∗ = 5, 10, 15, 20. The spectra are scaled in Kolmogorov
units ηK and the dashed lines represent the −5/3 slope. Colored dashed lines are the results obtained with the coarse
grids, characterized by the half of the spectral resolution.

3.1 Spectral characteristics in supercritical and transcritical conditions

In order to investigate the spectral characteristics and structural differences between transcritical and supercritical jets
the one-dimensional energy spectra for the velocity components (u, v and w) and for the non dimensional temperature
(ξ) have been computed in both streamwise and spanwise directions in the jet centerline for 4 representative time
instants (t∗ = 5, 10, 15, 20). The spectra are consistently scaled using Kolmogorov units kηK .19

Figure 5 and 6 shows respectively the streamwise and spanwise spectral densities of the velocity components
and the dimensionless temperature. Both the transcritical and supercritical jets show good resolution characteristics by
having no energy accumulation at the smallest scales, confirming that the smallest fluid scales expected are completely
resolved. In addition also the results from coarse grid simulations are shown in order to confirm the DNS-type reso-
lution of the data. Indeed the coarse grids can be observed to faithfully reproduce the spectral content of the nominal
grids. The effects of the relatively low initial jet Reynolds number are clearly observable due to the limited extension
of the inertial range.

In both the transcritical and supercritical case the ξ spectrum extend well over kηK = 1 confirming that, in the
near critical conditions considered, residual scalar stratifications at sub-Kolmogorov scales are present. This results
from the elevated fluid Prandtl number, defined as Pr = λ/ρCpνre f , which spans a wide range of values over unity.
Under Pr > 1 conditions, a length scale smaller than the turbulence smallest scale, i.e. the Kolmogorov scale ηK ,
is in principle to be expected.2 This scale is usually referred to as the Batchelor scale ηB, where ηB ∼ ηK Pr−1/23

and represents the smallest length scale in scalar concentration. As a result the temperature spectra, with respect to
kηK extends more in the transcritical case rather than in the supercritical case since the former is characterized by a
relatively high Prandtl number (Pr ≈ 7.85) while the latter being relatively close to unity (Pr ≈ 1.65). However a
substantial research effort is needed in order to asses the influence of pseudo boiling on dissipation scales.

3.2 Subgrid scale modeling of thermodynamic and transport properties

In order to include turbulence-chemistry interaction in turbulent combustion modeling of non-premixed flames, one of
the most used technique is the presumed pdf approach. The use of presumed pdf approaches for turbulent combustion
modeling in LES/RANS framework allow a simple expression by means of a convolution operator with a pdf, of every
filtered thermochemistry related variable, such as thermodynamic and transport properties. Therefore these quantities
can be expressed as:18
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(b) Case 3, t∗ = 10
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(c) Case 3, t∗ = 15
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(d) Case 3, t∗ = 20
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(e) Case 4, t∗ = 5
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(f) Case 4, t∗ = 10
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(g) Case 4, t∗ = 15
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Figure 6: Spanwise, one dimensional spectral densities of the u, v, w and ξ for the transcritical jet (case 3) and the
supercritical jet (case 4) at four representative time instants t∗ = 5, 10, 15, 20. The spectra are scaled in Kolmogorov
units ηK and the dashed lines represent the −5/3 slope. Colored dashed lines are the results obtained with the coarse
grids, characterized by the half of the spectral resolution.

Ψ =

∫ χmax

0

∫ 1

0
Ψ(ξ∗, χ∗)p(ξ∗)p(χ∗)dξ∗dχ∗ (1)

where ξ is the mixture fraction 1, χ is the scalar dissipation rate of ξ, p(ξ∗) and p(χ∗) are respectively the sub-grid
presumed pdf of ξ and χ which are considered statistically independent.

The statistics of these two quantities govern the turbulence-chemistry interactions and therefore the modeling of
scalar mixing. Presumed shapes of the pdfs have generally been developed under ideal gas assumptions18 motivating
the present investigation in the effects of the transcritical conditions on scalar mixing and dissipation rate. Therefore a
priori testing, using DNS data, of the widespread presumed pdf methods are carried out under consistent transcritical
thermodynamic conditions.

In the present analysis, attention will be devoted only to scalar mixing statistics, hence to p(ξ∗), since the majority
LES approach neglect the sub-grid variance of χ. The latter assumptions is commonly used since the large part of the
turbulent motion is resolved on the computational grid.17

A commonly employed presumed shape of p(ξ∗), in the context of passive scalar mixing for TCM, is the β-pdf,7–9

which needs a reduced set of statistical information, consisting of only two parameters, to be completely determined.
The parameters needed by the β-pdf, denoted here by Γ, are the mean of the mixing variable ξ and its variance ξ′ξ′:

p(ξ∗) ≈ Γ(ξ∗; ξ, ξ′ξ′). (2)

In a-priori tests, the input data for the sub-grid models is taken directly from the filtered DNS simulations. Three
different levels of approximation will be considered for the pdf p(ξ∗) of Eq.(1):

• Exact or DNS: in which the pdf p(ξ∗) is extracted by directly filtering the DNS data.

• β-model: in which the pdf p(ξ∗) is assumed to be a β-function distribution Γ(ξ∗; ξ, ξ′ξ′) based on mean and
variance of ξ extracted from DNS data.

• No-model: in which the pdf p(ξ∗) is assumed to be a Dirac delta δ(ξ∗ − ξ) centered at the mean value of ξ
extracted from the DNS data.

1Since the DNS database is limited to a non-reactive case the so called mixture fraction will be associated to the non dimensional temperature ξ.
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Figure 7: Pdf of the non-dimensional temperature for the transcritical (left column) and supercritical (right column)
jet, at four representative time instants.

Figure 7 the exact pdf’s of the non-dimensional temperature ξ are compared with the β-function type distribution
based on the DNS-data and with the no-model approximation. The results show a good agreement between the β-
model and the exact distribution over the four representative time instants considered, and for both the transcritical and
supercritical cases. This suggests that the β-pdf is an accurate model of the exact distribution provided that the first
two moments are correctly captured. On the other hand the no-model exhibits obvious limitations especially when the
pdf profiles become wider due to turbulent mixing. Indeed, the no-model approach possess no additional information
about the sub-grid fluctuations of the stochastic variable, other than its mean ξ. This limitation directly impacts on
point-wise evaluation of the thermodynamic and transport properties in a LES/RANS framework, since this depends
on the local scalar field of ξ inside the computational cell.

The performance of the above mentioned models can be assessed using the DNS results averaged on the jet
centerline, to define a global error as:

ε∗(∆ f ilt) =

∫ t f inal

0

|ΨDNS − Ψmod |
ΨDNS

dt∗ (3)

where Ψ is a generic thermodynamic or transport properties evaluated by means of DNS or by a model (β-model
or no-model) as denoted by the subscripts. The error ε∗ measures the discrepancies between the DNS results and the
two models presented, and it clearly depends on ∆ f ilt which represent the LES/RANS grid size chosen.

Figure 8 displays the error defined by eq. 3 for both the transcritical and supercritical case using the β-model and
the no-model, as functions of the ratio between the LES/RANS a priori filter grid size and the original DNS grid size.
The global error of both approaches, as expected tends to zero as ∆ f ilt approaches ∆DNS and the SGS scalar variance
progressively reduces as an increasing part of the turbulent fluctuations gets captured by a finer grid. Focusing our
attention only on coarse grids ∆ f ilt/∆DNS > 10 which are of practical interest, it is clearly observable that accounting
for the sub-grid scalar variance of ξ with a presumed pdf substantially improves the results. This implies that given
an appropriate resolution and a turbulence closure model, using a sub-grid model for the scalar variance of the non-
dimensional temperature allows the use of a coarser LES/RANS grid for Pr > 1 supercritical and transcritical flows
such as those encountered in LRE combustion chambers. Particularly relevant are the errors, using the no-model, in
the density evaluation of the transcritical case as shown in fig. 8(a). On the other hand transport properties are shown
to be less sensitive to the test grid size used. The overall relative magnitude of the errors suggest that neglecting the
sub-grid variance for a supercritical flow leads to large but relatively confined errors. On the contrary in the presence
of pseudo boiling modeling the the sub-grid scalar variance can be crucial in particular using relatively coarse grids.
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(a) density (b) constant pressure heat capacity

(c) thermal conductivity (d) dynamic viscosity

Figure 8: Modeling errors of both thermodynamic and transport properties as function of the ratio between LES/RANS
grid size ∆ f ilt and DNS resolution ∆DNS
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4. Conclusions

Data from a recently developed database DNS of transcritical and supercritical turbulent jets using accurate real gas
equation of state as well as thermodynamic and transport properties have been analyzed.

The spectral densities of the velocity components and the dimensionless temperature have been calculated taking
advantage of the homogeneous directions of the temporal evolving jet configuration. The spectra at various non-
dimensional jet time have evidenced that the temperature spectra, with respect to kηK extends more in the transcritical
case rather than in the supercritical case since the former is characterized by a relatively high Prandtl number (Pr ≈
7.85) while the latter being relatively close to unity (Pr ≈ 1.65).

Mixing related modeling issues of thermodynamic and transport properties have been investigated in the context
of presumed pdf approaches and quantitatively evaluated over typical LES/RANS cell sizes. Results have evidenced
that pseudo-boiling, typical of transcritical flows, is inherently a sub-grid scale phenomenon that needs to be taken into
account in LES/RANS modeling. The use a presumed β-pdf for the sub-grid temperature statistical distribution has
shown to significantly improve the thermodynamic and transport properties evaluation.
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