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Abstract
A new boundary layer intermittency model based on linear stability theory and e-N method is
presented. The intermittency depends on the turbulent spot formation rate function. Unlike other
models the spot formation rate is not treated empirically but obtained from characteristics of unstable
wave packets causing laminar-turbulent transition. These characteristics as well as the transition onset
are determined using the linear stability theory and the e-N method. The proposed intermittency model
is incorporated into the Spalart-Allmaras RANS model. Numerical simulations of laminar, transitional
and turbulent flow are made for two-dimensional configurations (flat plate and circular cone at zero
angle of attack) in a wide range of free-stream parameters (Mach number from 0.04 to 7.93 and wall
temperature factors from 0.07 to 1). For all cases considered, transition is due to amplification of
Tollmien-Schlichting waves for subsonic flows or the Mack second mode for hypersonic flows.
Predicted distributions of the heat-flux and viscous-drag coefficients are compared with experimental
data.

Introduction
The flight quality of aircrafts and aerospace systems highly depends on the state of boundary-layer flow.
Characteristics of laminar and turbulent boundary layers, such as drag coefficient, heat flux coefficient, extent of
separation zones etc. are considerably different. In many practical cases, the following flow regime is observed on
the vehicle surface. Near the leading edge the flow is usually laminar. At some point the boundary layer becomes
unstable and initially small disturbances grow exponentially downstream. This region is treated in the framework of
linear stability theory (LST). Further downstream nonlinear processes destroy the laminar flow and turbulent regime
sets in. Thus, there are three characteristic regions: laminar, transitional and turbulent.
Nowadays numerical simulations of such flows are usually carried out using RANS (Reynolds Averaged NavierStokes) models. These semi-empirical models, as a rule, are calibrated to predict the well-developed turbulent
boundary layer flow. To simulate the transitional flow one should make some modifications of the RANS model.
One approach is to add some equations to a particular RANS model, e.g. intermittency transport equation and/or
activation of turbulence kinetic energy production/destruction terms in a distributed manner [1]. Although
qualitatively resembling the intermittency process, these approaches usually are empirics based and do not take into
account the detailed prehistory of the transition to developed turbulence.
For predictions of the transition onset, the state of the art method suitable for practical configurations and
engineering studies is the e-N method [2],[3], which is based on the linear stability theory (LST). There are
numerous attempts to couple a RANS solver with an e-N LST solver and develop a hybrid RANS-LST code (see, for
example, [4],[5]). While predicting the transition onset in a physics-based manner, this approach does not simulate
the transitional region associated with the nonlinear breakdown. To remedy this defect, empirical correlations for the
intermittency are usually integrated into the RANS model, e.g. [6]. In this case, the transition zone length is a semiempirical quantity determined using available experimental data.
An attempt to couple LST with RANS in a more physics-based manner was made in [7]. The Reynolds-stresses
produced by the most amplified disturbances were evaluated at the transition onset and used as an input for RANSmodel. Namely, the Reynolds-stress proﬁles were derived from the linear stability analysis and the e-N method. Then
these profiles were calibrated with the aid of direct numerical simulation data.
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In this paper, we use the LST analysis to predict not only the transition onset, but also the spot-rate function – a
number of turbulent spots originating at a given point per second per unit square of a body surface. This can be done
using the physics-based amplitude method developed by Mack [8] and recently applied to hypersonic configurations
in [9],[10]. Calculating the spot-rate function and using the spot shape factors available from experiments and DNS
data, we compute the intermittency function. The latter is incorporated into the Spalart-Allmaras (SA) turbulence
model [11]. Using such a hybrid LST-RANS method, the numerical simulations are conducted for simple geometries
(flat plates and circular cones at zero angle of attack). The predicted distributions of heat flux and skin friction are
compared with available experimental data.

1. LST analysis
In the framework of linear stability theory for 2D compressible boundary-layer flows [12], the 3D disturbance vector
Q   {u , v , w , p ,T }T is expressed in the traveling wave form

Q '(x , y, z, t )  qˆ(, ; x , y )e i(x z t )

(1.1)
where (x , y, z ) - Cartesian reference frame with the x - axis directed downstream and y -axis directed normal to the
wall, t - time,  - circular frequency, (,  ) - wavenumber components, (u, v, w ) - velocity components, p pressure and T - temperature. The form (1.1) is valid in the local-parallel approximation. The shape-function
qˆ(y; x ) is a solution of the local eigenvalue problem consisting of the linear stability equations and homogeneous
boundary conditions on the wall ( q̂1,2,3,5 (0)  0 ) and outside the boundary layer ( q̂1,2,3,5 ()  0 ). Assuming that 
and  are real quantities, the complex eigenvalue (, ; x )  r  i i corresponds to one of the boundary-layer
modes of the discrete spectrum. For 2D flows considered herein, these could be Tollmien-Schlichting (TS) waves (at
subsonic speeds), the first and/or second mode (at supersonic and hypersonic speeds). The local growth rate is
determined as   i (, ; x ) .
Following Mack [8] we assume that in natural transition phase shifts between waves of a particular mode are random
so that the wave amplitudes add in the square. In this case the average square of a certain physical quantity q(x , y, t )
related to the disturbance is written as:


q 2 (x , y ) 







2

d   A02 (, ; x 0 ) qˆ(, ; x , y ) e 2N (, ;x )d 

(1.2)



x

N (, ; x ) 

 dx

(1.3)

x0

where N is the integral amplification or N-factor, x 0 (,  ) is the neutral point of a particular wave; A0 (, ; x 0 ) is
the wave amplitude at the neutral point, which is treated as an initial amplitude,

denotes ensemble averaging.

It is assumed that the initial amplitudes weakly depend on  and  (the initial spectrum is broad). Then the power
spectral density of the random disturbance q can be approximated by the Gaussian function. Namely, in the
observation station x the N-factor has maximum at c and c determined by the conditions
  N (c , c ; x )  0,   N (c , c ; x )  0

(1.4)

In the vicinity of (c , c ) the N-factor is expanded as:

2N (, ; x )  2N (c , c ; x )  2 N (c , c ; x )(  c )2  2 N (c , c ; x )(  c )2  ... (1.5)
where the mixed derivative N  is omitted because we consider instabilities having c  0 for all frequencies; i.e.
the most unstable are plane waves and  /  is zero.
With the help of (1.2) and (1.5) the power spectral density is expressed as
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(1.6b)

The correlation function Rq (,  )  q(t, z )q(t  , z   ) is calculated as:


1
Rq (,  ) 
S (,  )e i  i  d d 

2 

Available experimental data show that in transitional boundary layers turbulent spots originate when fluctuating
quantities exceed certain threshold values. For example, in the case of hypersonic boundary layers over a flat plate,
where transition is dominated by the Mack second mode, turbulent spots emerge when the RMS level of u  fluctuations exceeds approximately 5% of the boundary-layer edge velocity. In order to predict the spot-rate function
it is important to calculate the average frequency t of exceeding the threshold level a . This can be done using the
theory of random processes [13], which gives the relations
t 

v
2

e



a2
22

 2  Ru (0), v2  

d 2Ru

d2
Ru ( )  u (t )u (t   )

(0) ,

,

2
2
where  2  2Sc  uRMS
, v2  uRMS
2 , and uRMS is root-mean-square of u  -fluctuations at the observation point.

A similar approach can be applied to calculate the average spatial frequency z of exceeding the threshold level a
of u  -fluctuations versus the lateral coordinate z .
With the assumption that a turbulent spot originates every time uRMS  a , the average number of turbulent spots
generated in the intervals z, z  z  and t, t  t  is calculated as:

dN  t z dtdz 

 (x , z ) (x , z )
4 2



e

a2
2
( x ,z )
uRMS

dtdz

(1.7)

For 2D mean flows the dispersions  ,  do not depend on time and z -coordinate, and a turbulent spot formation
rate function is expressed in the simple analytical form:
a2

 (x ) (x ) u 2 (x )
dN
g(x ) 
e RMS

dzdt
4 2

(1.8)

2. Intermittency model
Using the model developed by Narasimha [14], the intermittency for 2D boundary-layer flows is expressed as


 

2
  1  exp 
 g(x tr )(x  x tr ) 


 Ue




(2.1)
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where gn is the turbulent spot formation rate function,  is the turbulent spot shape factor and U e is flow speed at
the upper boundary-layer edge, x tr is the transition onset location coordinate.
The function g
2

exp(a / u

2
RMS

can be calculated using (1.8). Assuming that at the onset of transition exponential multiplier
(x tr )) is nearly a constant value A , we obtain
g(x tr )  A (x tr ) (x tr )

(2.2)

and express the intermittency in the form suitable for practical applications:
 (x  x )2 
tr
 ,
  1  exp 
2






1/2

 U


e

  
 A  
 

(2.3)

Here  characterizes the transition length. For a flat plate boundary layer the transition length is usually defined as
, and the relation (2.1) is written in the form
N  x
x
  0.75

  0.25


(x  x tr )2 
(2.4)
  1  exp 0.41
 , N   / 1.56
N 2 

Chen & Thyson [15] modified the relationship (2.3) for axisymmetric flows as:

x  x tr
x 
(2.5)
  1  exp gx tr
ln 
Ue
x tr 

Comparing (2.5) to (2.4) we obtain the formula convenient for numerical implementation:

x  x tr x tr
x 
  1  exp 0.41
ln 
N N x tr 


(2.6)

According (2.3) the transition length  essentially depends on the shape factor  . Assuming that the shape of
turbulent spots can be approximated by triangle, the shape factor is expressed as [16]:
cf  cr
(2.7)

tg
cr cf
Here cf  c f / U e ( cr  cr / U e ) is a speed of the spot leading (rear) edge, and  is half-angle of the spot lateral
spreading. For example, in the incompressible boundary layer on a flat plate cf  0.9, cr  0.4,   10 and
  0.25 [14]. Experiments show [17],[18] that (cf  cr ) / (cr cf ) and 

strongly depends on the local Mach

number Me and the wall temperature ratio Tw / Te . Herein the distributions of  and (cf  cr ) / (cr cf ) versus Me
were obtained using the data of Fisher [19] (red line in Fig.1). The dependence on Tw / Te is not taken into account
because of shortage of available data.
Note that in the model of Narasimha [14] both the transition onset point x tr and the transition length N are
determined empirically. In our LST-RANS model the transition length is calculated using dispersion characteristics
of unstable wave packets at the transition onset x tr (see Eq. (2.3)). The latter can be evaluated with the help of the
e N method by solving the equation

max N (, ; x tr )  N tr
, 

where N tr is determined empirically.
The expression (2.3) for the transition length  contains the constant A , which can be evaluated once and for all
using a reliable set of experimental data. Consider the transition experiment [20] on a flat plate in the Low-Mach
wind tunnel ( Me  0.04 ), where the intermittency (x ) was measured at various unit Reynolds numbers. The LST
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computations are performed for TS waves in the case of Retr  x trU e / e  2.31  106 . Since TS waves are most
unstable at   0 for all frequencies, N-factors are computed for plane waves only. The dispersion characteristics of
TS wave-packets at the transition onset point x tr

are performed as follows:1) Equations (1.4) are solved to

determine the wave-packet central frequency c ; 2) the second derivatives 2 N (c , 0; x tr ) and 2 N (c , 0; x tr ) are
computed to evaluate the dispersions  and  from (1.6b); 3) the length  is computed using (2.3) with the form
factor   0.25 ; 4) the intermittency (x ) is computed using (2.3) and compared with the experiment. Steps 3) and
4) were performed at various values of the constant A , and it was found that A  0.072 provided the best fit to the
experimental distribution of (x ) as shown in Fig. 2.
Further computations were carried out for transitional boundary layers at supersonic and hypersonic speeds, where
characteristics of turbulent spots were orders of magnitude different from the foregoing subsonic case. Nevertheless,
in all cases considered hereafter, the constant A was fixed and equal 0.072 .

Fig.1
Approximations of the spreading angle of a turbulent spot and phase factor versus Mach number used in this work
(dots are available experimental data from [17],[18],[19]).

Fig.2
Comparison between experimental measurements of intermittency [20] (black line) and calculations with our model
(red line). Dotted line is the schematic spot-rate function distribution.
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3. RANS model & CFD code
TsAGI’s in-house CFD solver HSFlow [21] was used to make all RANS-based numerical calculations in this paper.
It is a finite volume method which solves full Navier-Stokes equations in the conservative form

∂Q ∂E ∂G ∂F
(3.1)
0
+
+
+
=
∂t ∂x ∂y ∂z
directly (DNS) or with various RANS closures. Here Q is the conservative vector of unknowns and E, F, G are

flux vectors. Herein the SA turbulence model is used, where:
Q  {, u, v, e, t }T

(3.2)

Here t is the eddy viscosity calculated via t with the wall function f 1 : t  t f 1 , and the equation for the
value t is
(t )
t




 t


1 
(t u j )  C B 1S t  [
((  t ) t )  C B 2  t
]  C w 1 fw ( t )2
x j
x j
x j x j
 x j
d

(3.3)

Here all trip terms that internally control the transitional behavior of the model are disabled. Expressions for basic
parameters of the SA model can be found in [22]. We use the standard version of the model with the only
modification – the eddy viscosity is controlled using the intermittency factor as:
  lam  t

(3.4)

where lam is for molecular viscosity. Note that the production and destruction terms in (3.3) are not modified that
may unbalance the model. This issue will be clarified in our further studies.

4. Computational results
For all cases considered herein the first-order in time and second-order in space TVD scheme was used. The
converged stationary solution with the modified SA model was obtained in 2D plane or axisymmetric computational
domains.
4.1 Flat plate experiment, Me=4.95
The boundary-layer flow on a flat plate is considered at the free-stream Mach number M   5 . The flow
parameters correspond to the experiment [23] in the shock tunnel UT1M (TsAGI). The Reynolds number based on
the free-stream parameters and the model length is Re  5.6  107 . The temperature factor (the ratio of the wall
temperature to the stagnation temperature) is Tw / T0  0.55 . It is assumed that transition is dominated by the
second mode. The critical N-factor for the facility is evaluated as N tr  4.5 . The heat flux to the model surface was
measured with temperature sensitive paint and presented as distributions of Stanton number St on the model surface.
The LST-RANS computations were carried out on the computational grid with 200 nodes in the streamwise direction
and 220 nodes in the wall normal direction. More than 15 nodes were in the laminar sub-layer of the turbulent flow
part at the onset of transition. Approximately 120 nodes were inside the boundary layer near the outflow boundary of
the computational domain. For the all the cases considered, similar grids were used.
The predicted distribution of St(x ) is compared with the experiment in Fig.3. A satisfactory agreement for the
transition length is obtained. The predicted heat fluxes are 10% -15% higher than in the experiment.
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Fig.3
Comparison of wall heat flux distributions for a flat plate from Section 4.1. Black dots – experimental data [23], red
line – CFD calculation with our model.
4.2 Sharp cone at zero AoA, Me=5.3
A flow past a 7 degree half-angle sharp circular cone at M   6 is considered. The flow parameters corresponds to
the experiment [24] in the VKI H3 wind tunnel (von Karman Institute). The Mach number at the upper boundarylayer edge is Me=5.3 at the transition onset point. The Reynolds number based on the free-stream parameters and the
cone length is Re  2.2  107 , the temperature factor is Tw / T0  0.53 . It is assumed that transition is dominated
by the second mode. At the transition onset point x tr  144 mm the critical N-factor is N tr  5.3 .
Figure 4 compares the heat-flux distributions. Both laminar and turbulent levels of St are predicted satisfactory by
the LST-RANS model, while the transition length is slightly greater than in the experiment. The modified SA model
does not give an overshoot near the transition end, which is observed experimentally.

Fig.4
Comparison of wall heat flux distributions for a sharp cone from Section 4.2. Black dots – experimental data [24],
red line – CFD calculation with our model.
4.3 Sharp circular cone, Me=5.5
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A flow past a 5 degree half-angle sharp circular cone at M   6 . The flow parameters correspond to the experiment
[25] conducted in the high-enthalpy shock tunnel T5 (CalTech). The local Mach number at the transition onset point
is Me=5.5. The Reynolds number based on the free-stream parameters and the cone length is Re  5.56  106 , and
the wall temperature factor is about 0.07. It is assumed that transition is dominated by the second mode. At the
transition onset point the critical N-factor is N tr  6.6 .
The longitudinal distributions of the heat flux were measured by calorimeters and presented as St(Rex ) , where
Rex   U x . As shown in Fig. 5, the predicted distributions St(Rex ) agree very well with the experiment in

laminar, transitional and turbulent regions.

Fig.5
Comparison of wall heat flux distributions for a sharp cone from Section 4.3. Black dots – experimental data [25],
red line – CFD calculation with our model.
4.4 Flat plate at Me=5.95
A flow past a flat plate at M   6 is considered. The flow parameters correspond to the experiment [26] conducted
in the NASA Langley M6 wind tunnel. The CFD studies of this experiment are discussed in [27]. The Reynolds
number based on the free-stream parameters and the model length is Re  2.64  107 , the temperature factor is
Tw / T0  0.6 . It is assumed that transition is dominated by the second mode. At the transition onset point the
critical N-factor is N tr  5.3 . The heat flux distribution was measured along the plate surface. As shown in Fig. 6,
the predicted distribution of St(Rex ) and the transition length agree well with the experiment.
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Fig.6
Comparison of wall heat flux distributions for a flat plate from Section 4.4. Black dots – experimental data [26], red
line – CFD calculation with our model.
4.5 Sharp cone at Me=6.82
A flow past a 7-degree half-angle sharp cone is considered at M   7.93 and zero angle of atack. The flow
parameters correspond to the experiment [28] conducted in the AEDC tunnel B (Arnold Engineering Development
Center). The Reynolds number based on the free-stream parameters on the cone length L is Re  6.6  106 , the
temperature factor is Tw / T0  0.39 . It is assumed that transition is dominated by the second mode. At the transition
onset point x tr  0.36 the critical N factor is N tr  5.4 . The heat flux distribution is measured along the cone
surface and presented as Ch(x ) , x  x / L . AS shown in Fig. 8, the LST-RANS prediction agrees satisfactorily
with the experiment.

Fig.7
Comparison of wall heat flux distributions for a flat plate from Section 4.5. Black dots – experimental data [28], red
line – CFD calculation with our model.

5. Conclusions
A new physics-based LST-RANS model is developed for holistic modelling of transitional boundary layers. Namely,
the linear stability theory is used to predict the transition onset with the help of e N method and dispersions of
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unstable wave-packets at the transition onset point are computed. The latter are used to evaluate the turbulent spot
formation rate function and predict the intermittency function. The new intermittency model contains only one
empirical constant, which was determined using the experimental data obtained on a flat plate model in the lowMach wind tunnel. The intermittency calculation method was incorporated in the turbulence model of Spallart and
Allmaras.
The hybrid LST-RANS model is validated using available experimental data for 2D and axisymmetric boundarylayer flows on flat plates and sharp cones at zero angle of attack tested in different supersonic and hypersonic wind
tunnels. For the all cases considered, it was assumed that transition is dominated by the second mode. In the ranges
of the free-stream Mach number from 5 to 8 and the temperature factor Tw / T0 from 0.07 to 0.6, the heat-flux
distributions, predicted in laminar, transitional and turbulent regions, agree satisfactorily with the experiment.
These findings encourage us to continue the study. It is planned to extend the proposed LST-RANS model to the
cases where transition is dominated by oblique waves such as the first mode and cross-flow instability. It is also
important to treat 3D boundary-layer flows relevant to realistic supersonic and hypersonic configurations.
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