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Abstract 
In this paper, the design of a control law is investigated in order to overcome the high angle of attack 

manoeuvring control problem. Both linear and nonlinear design methods are analysed with theoretical 

background. While, linear control laws are synthesized using eigenstructure assignment, the nonlinear 

control laws are derived by nonlinear dynamic inversion technique. Effectiveness of the proposed 

control strategies are tested with a high angle of attack manoeuvre on F-16 aircraft model. Superiority 

of the nonlinear dynamic inversion is demonstrated with graphical results. 

1. Introduction 

Nonlinear dynamic inversion is the most studied nonlinear control technique for the high angle of attack 

manoeuvring problem. Nonlinear dynamic inversion is a feedback linearization method which is based on the 

inversion of the system dynamics [1]. Generally, aircraft dynamics can be separated into two; as slow and fast 

dynamics and F-16 is not an exception. Slow dynamics are identical for fixed wing aircrafts which can be derived 

using wind axis differential equations. Fast dynamics on the other hand are unique for each aircraft and aerodynamic 

database must be included while deriving the fast dynamics of an aircraft. 

In this paper, a subsonic aerodynamic database which is based on wind tunnel test results of F-16 at NASA Langley 

and Ames Research center has been used [1]. This database is valid for           ,            and 

      ach flight conditions. Therefore, it is a suitable platform to test newly developed control laws at high angle 

of attack region. A 6 DOF mathematical model of F-16 has been developed in Simulink environment. Mathematical 

model includes aerodynamic database, engine model, atmospheric equations and equations of motion [3], [4]. Trim 

algorithms for level flight, climb, descend and steady level turning flight conditions have been developed [5]. 

Furthermore, linearization algorithms have been derived based on the small disturbances theory [6]. 

In order to compare the performance of nonlinear dynamic inversion control law with a linear control law, linear 

control augmentation systems for both lateral and longitudinal motion have been designed. Linear control laws were 

synthesized with eigenstructure assignment technique. Longitudinal controller is a simple angle of attack control 

command system which is designed using short period dynamics of F-16 aircraft. Lateral controller is a sideslip and 

stability axis roll-rate command system which is designed using linearized lateral stability axis equations of F-16 

aircraft. Design process of linear controllers was finalized with scheduling the gain matrices with respect to altitude 

and velocity in order to achieve a full-envelope valid flight control law. 

Comparison of linear and nonlinear flight control laws was conducted with a predefined high angle of attack 

manoeuvre. This manoeuvre was defined as a rapid and simultaneous pitch-up and roll motion. While, pull-up 

motion varies between     and     of angle of attack, roll motion is kept constant at      of bank angle. With 

increasing values of angle of attack, the longitudinal and lateral dynamics cannot be decoupled, therefore the 

manoeuvring capability of gain scheduled linear controller and nonlinear dynamic inversion controller becomes 

significant.  
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2. Nomenclature 

                  :  reference wing area  [  ] 

 ̅                   :  wing span  [ ] 
 ̅                   :  mean aerodynamic chord  [ ] 

                   :  dynamic pressure  *
  

   
+ 

                  :  engine angular momentum  *
     

 
+ 

                 :  moments of inertia  [     ] 

                   :  product moment of inertia  [     ] 
                  :  center of gravity 

    
             :  reference     for aerodynamic data 

                   :  angle of attack  [   ] 
                   :  angle of sideslip  [   ] 
                   :  true airspeed   [  ⁄ ] 
                   :  pressure altitude  [ ] 
                   :  gravitational acceleration  [   ⁄ ] 
                :  atmospheric gravitational acceleration 

                  :  gravitational acceleration at sea level 

                  :  normal accelerations  [   ⁄ ] 

                :  body axis accelerations  [   ⁄ ] 

                   :  air density  [    ⁄ ]   
                    :  air density at sea level  

                   :  air pressure at sea level  [   ⁄ ] 
                  :  throttle position (0-1) 

                    :  aileron deflection  [   ] 
                   :  elevator deflection  [   ] 
                  :  rudder deflection  [   ] 
                 :  leading edge flap deflection  [   ] 
                  :  body fixed reference frame 

                  :  wind axis reference frame 

                   :  stability axis reference frame 

                  :  body axis reference frame 

                     :  roll angle  [   ] 
                     :  pitch angle  [   ] 
                   :  yaw angle  [   ] 
                    :  bank angle  [   ] 
                     :  flight path angle  [   ] 
                   :  heading angle  [   ] 
                :  angular rates  [     ] 
             :  body axis moments  [  ] 
D                  :  drag  [ ] 
L                 :  lift  [ ] 
Y                  :  side force  [ ] 
T                  :  thrust  [ ] 
 ̅                 :  total force at xb axis  [ ] 
 ̅                 :  total force at yb axis  [ ]   
 ̅                 :  total force at zb axis  [ ] 
               :  aerodynamic coefficients 
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3. Nonlinear F-16 Model Description 

Aerodynamic model is based on wind tunnel test results of F-16 at NASA Langley and Ames Research center. This 

database is valid for           ,            and             flight conditions  

Engine model has been modelled according to the studies [3] and [4]. Engine model data is valid for            

and          flight conditions. 

Control surface actuators are modelled according to the parameters given in Table 1. 

 

Table 1: Actuator Model Parameters 

Control Position Limit Rate Limit Time Constant 

                      
                        
                       

                        

 

Leading edge flap actuator is modelled in an open loop structure. The leading edge flap position is scheduled with 

angle of attack. 
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Reference frames are demonstrated in Figure 1. 

 

 

Figure 1: F-16 Reference Frames 

Transformation among the reference frames can be stated as follows: 
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4. Nonlinear Dynamic Inversion 

Since there is significant time scale difference between slow and fast dynamics of the F-16 aircraft, nonlinear 

dynamic inversion method can be applied at two steps [1]. In the first step slow dynamics are inverted to design a 

controller for       inputs and       outputs. In the second step, fast dynamics are inverted for       inputs and 

         outputs. 

Aircraft motion can be expressed in nine state equations: 
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In equations (5) to (10) aerodynamic forces can be replaced by normal accelerations [7]. Transformation among wind 

axis aerodynamic forces and body axis forces are defined in terms of   and  . 
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Normal accelerations are calculated from body axis forces. 
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where 

                ,                     and                    . 

Now, it is possible to represent the wind axis dynamic equations in terms of normal accelerations. 
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3.1 Outer Loop - Slow Dynamic Inversion  

Slow state dynamic equations represent the relationship among wind axis angles and angular rates. Equations (17), 

(18) and (20) can be represented in the matrix format.  
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Desired angular rates can be calculated using the dynamic inversion technique. 

 

                                   [

  
  
  
]  [

                   

          

        ⁄          ⁄
]

  

(*

 ̇ 
 ̇ 
 ̇ 

+  *

  (          )

  (          )

  (          )
+)                              (23) 

 

Slow dynamics are invertible unless      ⁄ . 

  ̇ ,  ̇  and  ̇  are computed with proportional controllers with respect to pilot commands. Proportional gains 

(        ) are generally set to 1 or 2 rad/s in the outer loop [1]. Block diagram of the outer loop dynamic 

inversion control is demonstrated in Figure 2. 

 
Figure 2: Outer loop slow dynamic inversion 
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3.2 Inner Loop - Fast Dynamic Inversion  

Fast dynamic equations represent the relationship among the angular rates and the control surface deflections. 

Equations (11) to (13) can be represented in the matrix format by deriving the aerodynamic moments. 
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Desired control surface deflections are calculated by dynamic inversion technique. 
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 ̇ ,  ̇  and  ̇  are computed with proportional controllers with respect to outer loop angular rate commands. 

Proportional gains (        ) are generally set to 5 or 10 rad/s in the inner loop [1]. Block diagram of inner loop 

dynamic inversion control is given in Figure 3. 

 

DOI: 10.13009/EUCASS2017-228



HIGH ANGLE OF ATTACK MANOEUVRING CONTROL OF F-16 AIRCRAFT BASED ON NONLINEAR DYNAMIC 

INVERSION AND EIGENSTRUCTURE ASSIGNMENT 

     

 

 

 

7 

 
Figure 3: Inner loop fast dynamic inversion 

In Figure 4, the resultant control law structure is shown as the combination of outer and inner loop controllers. The 

dash line indicates the virtual control loop which generates the necessary pilot command  ̇ . In this control loop, a 

first order low-pass filter with a time constant of       is included in order to build a proper pilot signal. 

 
Figure 4: Nonlinear dynamic inversion control 

4. Eigenstructure Assignment 

Eigenstructure assignment is a linear control technique which places the closed loop poles into desired locations and 

for multi input systems, it also gives the designer a flexibility to manipulate the corresponding eigenvectors. For a 

linear time independent system with   states and   control inputs (   ), the designer can arbitrarily assign the   

elements of the each eigenvector [8]. 

4.1 Longitudinal Linear Control Law Design 

Longitudinal control law is based on the linearized short period dynamics of the aircraft. Linearized longitudinal 

state equations are derived in terms of small perturbations [6]. 
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where 

[
  
  
   

]  *

 ( )     

 ( )     

  ( )    
  
+ , ( )   is the trim condition and      . 

An angle of attack command tracking system can be designed by including an additional error state (  ̇    
    

  ). 
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]                                                              (27) 

 

If we assume that       is a step input then the steady state system behaviour can be represented as shown in the 

equation below [9]. 
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+      [   ( )     ( )]                           (28) 

 

Since this is a single input system, an asymptotically stabilizing gain matrix    can be calculated using eigenvalue 

assignment technique. For      [       ] the block diagram of the control system is given in Figure 5. 

 
Figure 5: Longitudinal linear control system 

 

Computation of the gain matrix is illustrated with an example. Longitudinal aircraft dynamics are linearized at a trim 

condition of 10kft and 200kts. 

[

  ̇
  ̇
  ̇

]  [
             
            
    

] [
  
  
  

]  [
      
      
 

]     

Controllability matrix: 

   [
                  
                 
           

] ,      (  )      the system is controllable. 

The system can be transformed into controller form by the similarity transformation matrix P. 

  *

 
     
     

 
+  [

                   
              
              

]   where      
  (   ) and (   ) denotes the n

th
 row. 

 The controller form of the linearized system can be computed as: 

         
   [

   
   
              

]   and           [
 
 
 
]. 

A basis vector [     ]  of the controllable pair (         ) for the closed loop system pole    satisfies: 
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For single input systems, the following equation is defined [10]. 
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where         
    ,     [      ]  and    [      ]. 

If the desired closed loop poles are selected as                and       then accordingly the basis vectors are 

calculated as following: 
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  and   matrices are calculated as following: 

  [                         ]  and    [
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and finally the gain matrix is: 

        
   [                 ]. 

 

4.2 Lateral-Directional Linear Control Law Design 

Lateral-directional control law is based on the linearized dutch-roll and roll-subsidence dynamics of the aircraft. 

Linearized lateral-directional state equations are derived in terms of small perturbations and transformed into stability 

axis state variables [6]. 
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A stability axis roll rate and sideslip angle command tracking system can be designed by including the additional 

error states        
        and      

      . 
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If we assume that       and    
     are step inputs then the steady state system behaviour can be represented as 

shown in the equation below [9]. 
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Since this is a multi-input system, an asymptotically stabilizing gain matrix      can be computed using 

eigenstructure assignment technique.  

For      [                ] the block diagram of the control system is given in Figure 6. 

 
Figure 6: Lateral linear control system 

Computation of the gain matrix is illustrated with an example. Lateral-directional aircraft dynamics are linearized at 

a trim condition of 10kft and 200kts. 
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Controllability matrix: 

    [                 ]  
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 , 

    (  )      the system is controllable. 

The system can be transformed into controller form by the similarity transformation matrix P. Matrix P can be 

constructed by the following steps: 
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Step 1: Reorder the first 5 linearly independent columns of    in the order of [            
           ]. 

Step 2: Compute the inverse of the matrix   ̅  in Step 1. 

Step 3: Determine controllability indices    &   . (           ) 

Step 4: Take the rows     and       in   ̅
  

 as    and   . 

Step 5: Construct the similarity transformation matrix as   [              
         ]

 . 

The controller form of the linearized system can be computed as: 
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A basis vector [     ]  of the controllable pair (         ) for the closed loop system pole    satisfies: 
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For multi input systems, the following equation is defined [10]: 
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 , [ ]  refers to complex conjugate. 

Since the system has two control inputs, the designer can arbitrarily assign the two elements of each eigenvector. 

Hence, the dutch-roll and roll-subsidence modes can be decoupled by eliminating the cross coupled terms in 

eigenvectors [11]. 
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Proposed eigenvector structure can be achieved by the appropriate selection of    vectors. An appropriate selection 

might be achieved by the inverse solution of the problem.  
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The resultant eigenvector satisfies the desired structure. 
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The gain matrix      assigns the closed loop poles to desired locations and also builds the decoupling eigenvector 

structure.  
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5. Simulation Results 

Proposed control strategies in section 3 and 4 were subjected to a supermanoeuvrability test. A super-manoeuvre can 

be defined as a rapid and simultaneous pitch-up and roll motion. Three triangular form pitch-up motions of    , 
   and     angle of attack has been aimed with a synchronized roll motion of      bank angle. Simulations were 

initialized with the 10kft pressure altitude and 200kts airspeed trim condition. Engine power has not been changed 

during the simulations. Linear controllers were scheduled with respect to airspeed and altitude in order to adapt the 

changing flight conditions.  

In Figure 7, results of     angle of attack manoeuvre are presented. Both linear and nonlinear controllers were able 

to perform the manoeuvre since this is a pre-stall region. However, the sideslip motion could not have been 

eliminated by the linear controller. 

    angle of attack manoeuvre results are demonstrated in Figure 8. Results show that the linear controller is still 

able to perform the manoeuvre but the tracking performance becomes unsatisfactory. In addition the aileron and 

rudder control surface deflections were saturated; therefore the proper control of sideslip angle could not have been 

achieved. 

In Figure 9, it can be seen that the linear controller is not able to control the aircraft at    angle of attack. Nonlinear 

controller on the other hand can still conduct the manoeuvre as expected. 

 
Figure 7:     angle of attack manoeuvre 
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Figure 8:     angle of attack manoeuvre 

 
Figure 9:     angle of attack manoeuvre 
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6. Conclusion 

Control methods for high angle of attack manoeuvring problem have been investigated. Nonlinear dynamic inversion 

and eigenstructure assignment design techniques were applied on nonlinear F-16 aircraft dynamics. Nonlinear 

dynamic inversion control law was designed in two steps. The first step is the inversion of slow dynamics; the second 

step is the inversion of fast dynamics. Inversion of the fast dynamics was based on the aerodynamic database of F-16 

aircraft. Eigenstructure assignment is a linear multi input control technique. However the longitudinal motion of F-16 

simulation model is controlled by the elevator only, therefore the longitudinal control design reduced to an 

eigenvalue assignment problem. Lateral-directional motion is controlled by the aileron and rudder, so it was possible 

to apply eigenstructure assignment technique. Eigenvalues of the closed loop lateral-directional control system were 

placed in the desired locations furthermore the structure of the corresponding eigenvectors was shaped in order to 

decouple the dutch-roll and roll-subsisdence modes. 

A high angle of attack manoeuvre was simulated in Simulink by using the proposed control strategies and then the 

simulation results were provided in a comparative fashion. Results show that as the angle of attack increases, the 

eigenstructure assignment technique begins to fail, because it does not address the coupling problem of the 

longitudinal and lateral dynamics of the aircraft. Nonlinear dynamic inversion shows great superiority at high angle 

of attack regions, in addition the control power usage is more effective than the eigenstructure assignment. 
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