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Abstract 
The aerodynamic data fusion method with multi-fidelity surrogate proposed in this paper provides an 

effective way to generate high quality aerodynamic data. RBF and Kriging surrogate modelling 

methods are discussed. RBF is used to build the low-fidelity model due to its high efficiency in 

practice and Kriging is used to build increment model due to its high accuracy. The difficulties of 

matrix operation that may occur during the process of constructing the surrogate model with large 

scale low-fidelity data set are also discussed and the solution is proposed later. Two study cases are 

taken as example to validate the data fusion method, one is about aerodynamic force, and another one 

is about aerodynamic heat flow. The fusion results are both satisfactory. It can be concluded that the 

method proposed in this paper can successfully deal with aerodynamic data fusion problem. 
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1. Introduction 

In general, aerodynamic data is generated via three sorts of aerodynamic testing: flight testing, wind-tunnel testing, 

and computational simulation[1]. Flight testing can obtain the most accurate and reliable aerodynamic data and is 

often used as a final assessment, however, the flight testing is so expensive and the test cycle so long. So, during the 

engineering development phase, aerodynamic development and analysis rely on wind-tunnel testing. Wind-tunnel 

testing is an important means to simulate the performance of aircraft, including the prediction of aerodynamic 

force/heat inside the flight envelope, the establishment of aerodynamic database, confirming the reliability of 

numerical simulation results[2]. Although the test data accuracy is relatively accurate, wind-tunnel testing is not 

cheap to perform in terms of cost, time and resources. Computational Fluid Dynamics (CFD) is also widely applied 

in the aerodynamic engineering field to simulate the performance of systems, saving the cost of expensive wind 

tunnel experiments. Especially in recent years, benefit from the development of computer technology, the ability of 

the CFD method to simulate the complex physical problem have rapid and constantly improved, however, such 

computational experiments still consume time to produce a large number of accurate aerodynamic data and often 

show discrepancies in results compared with experiments, particularly with low-fidelity computational models. 

Therefore, CFD method is commonly conducted at an initial stage of aerodynamic development and often be 

examined by wind-tunnel testing. It is often necessary to combine experimental and computational aerodynamic data 

sets to successfully produce high-quality aerodynamic data[3,4]. 

The aerodynamic characteristics are closely related to its configuration and flow field. Compared with the 

conventional sensor measurement data, aerodynamic data has its own complexity and particularity. Modeling-based 

aerodynamic data fusion method usually needs to construct the mathematical model which can describe the 

aerodynamic characteristics and the data fusion operation bases on. Data modeling methods are often divided into 

two groups: conventional aerodynamic modeling method with explicit physical meaning and surrogate-based 

aerodynamic modeling method[5]. The aerodynamic data fusion steps based on conventional model with explicit 

physical meaning are: the analysis of the aircraft aerodynamic characteristics, the construction of aerodynamic model, 

the parameter identification of model using data from different sources. The advantages of this method are that the 

model can reflect the aerodynamic characteristics in the level of physical laws and the model has the anti-

interference ability on the aerodynamic noise data. The deficiencies are that the modeler must have a deep 

understanding on the physical theory of aerodynamic and the modeling period is always too longer. Surrogate-based 

aerodynamic data fusion method needs to construct a surrogate model. Although the surrogate model is more 
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sensitive to noise data, which cause that its anti-interference ability is inferior to the former. However, its modeling 

efficiency is higher and modeling time is shorter. What’s more, with the development of computer technology and 

wind tunnel test technology, the quality of the aerodynamic data continuously increase, the interference amplitude 

noise data continuously decrease. 

In this study, we use a multi-fidelity surrogate modeling method to fuse the low-fidelity sample data of the 

computations with a few high-fidelity data of the wind tunnel experiments. The target of method is to generate 

dataset that is more accurate than the low fidelity data and more quantity than high fidelity data. The idea of the 

method relies on the assumption that low fidelity data is used to predict global trends while high fidelity data is used 

to provide absolute values and correct the global trends. Surrogate modelling is widely used to describe the 

performance of system, due to its simplicity and efficiency[6,7]. Surrogate model is an approximation of the 

relationship between the input variable and their response of certain system, and it often be used in the initial 

development phases to reduce the resource required for design and optimization[8,9]. Surrogate models are generally 

constructed by two steps: (a) choose a predefined function according the design points in the region of interests, (b) 

determine coefficients of the predefined function by the true values of system at some design points.  

2. Surrogate Models 

Surrogate models is often applied in the domain of engineering design and optimization of aerospace, which can 

statistically approximate the relationship between a set of design variables and their response, resulting in reducing 

the resource required for design, search and optimization. Consider an input-response model which commonly 

represented mathematically as[10]: 

 

   [ ]     ( )  (1) 

 

Be sure that the symbols in your equation are defined before or immediately following the equation or add a 

nomenclature. where    (          )
  is a vector of p input variables or design variables over the experimental 

region D and   is the output for a given input vector x from the true response function g(·). For most engineering 

applications, g(·) is an unknown function, Therefore, it is desirable to construct an approximate function of g(·) that 

is explicit, less computationally expensive, and accurate enough for the entire design space. The unknown g(x) is 

approximated by a function  ̂(   ), where β is a vector of unknown coefficients, and the primary task then becomes 

one of estimating the coefficients. 

Surrogate Models include polynomial response surface (PRS), spatial correlation models (or “kriging”), Multivariate 

Adaptive Regression Splines (MARS), regression trees and boosting, Artificial Neural Networks (ANNs), Radial 

Basis Functions (RBFs), and least interpolating polynomials[11,12]. For all approaches, the general task at hand is to 

estimate the relationship between a response variable and several inputs. With the known values of g(x) 

corresponding to a given set of design variables, the approximate function can be constructed using the RSM, RBF, 

Kriging, or other methods. This study focused on constructing surrogate models using the Kriging and RBF. 

2.1 Kriging model 

The Kriging model assumes some form of spatial correlation between points in the multi-dimensional space, and 

uses this correlation to predict response values between observed points[13,14]. The general form can be written as: 

 

   ( )  ∑   
 
     ( )   ( ) (2) 

 

where ∑   
 
     ( ) is the linear regression model of M known functions bm(X) with unknown coefficients βm. 

The stochastic component Z(x) is a random process, commonly assumed to be Gaussian, with mean zero and 

covariance    [ ( )  (  )]     (    ), where    is the process variance and  (    ) is the correlation. The 

most common form of correlation function is: 

 

    (    )  ∏     |     
 |

  
 
    (3) 

 

where     ,       . The “Gaussian” correlation function (    ) results in an infinitely differentiable 

approximation appropriate for smooth underlying functions[15]. It is the hyperparameters, j , that are optimized to 

train the model. This is performed by maximizing the following logarithmic likelihood. 
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                                                                 (  )   
 ⁄ [     ̂    | |]                                                       (4) 

 

In practice, a constant regression model is commonly used as shown in Eq.(5), since the inclusion of a more complex 

linear model does not necessarily yield a better prediction. 

 

   ( )     ( ) (5) 

 

For a given set of sample points {(  ,  ), (   ,  ),  , (    ,   )}, the approximation  ̂ of the input vector   is: 

 

   ̂    ̂    ( )   (      ̂) (6) 

 

where    [           ],   (       )  and  

 

    ( )  [ (    )  (    )    (     )] (7) 

 

    [
 (     )   (      )

   
 (      )   (       )

] (8) 

 

  is estimated using the method of least squares, 

 

   ̂  (      )          (9) 

 

And the estimated variance value of   ̂  can be obtained as, 

 

                                                                 ̂  [(     ̂)
 
   (     ̂)]/    (10) 

2.2 RBF model 

The general form of the RBF approximation can be written as: 

 

  ̂( )  ∑    (‖    ‖)
 
    (11) 

 

where   is the number of the response observations, ‖    ‖ is the Euclidean norm between the design variable X 

and the i
th 

observation point, and    is the corresponding weight coefficient of the i
th

 basis function  (‖    ‖). A 

matrix equation denoted as below is used to solve for the coefficients β： 

 

      (12) 

 

Where      (‖     ‖) and Y is the vector of response observations. Several choices for the basis function b(·) 

are summarized in table 1[16,17]: 

Table 1: Basis functions 

Name  Basis function 

Linear b(r) = r 

Cubic b(r) = r
3
 

Gaussian b(r) = exp(-cr
2
),  0<c≤1 

Multi-quadratic b(r) = (r
 2
 + c 

2
 ) 

1 / 2
,  0<c≤1 

Inverse multi-quadric b(r) = (r 
2
 + c 

2
 ) 
− 1 / 2

,  0<c≤1 

Thin plate spline b(r) = r
2
 ln (cr),  0<c≤1 

 

As to the basis function, Gaussian basis is commonly used. As described above, the method is an interpolating 

approximation. RBF approximations have produced good fits to arbitrary contours of both deterministic and 

stochastic responses[18].  
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2.3 Comparisons between kriging and RBF model 

Both Kriging and RBF method are well global interpolation technique, Ai Yi Si made comparison between the two 

methods[19], and the results are displayed in table 2 and table 3. Root mean square error (RMSE) is used to describe 

the accuracy of the surrogate model, and the construct time is used to describe how difficulty to construct the 

surrogate model. Six function has been used to test，including Six-hump Camel-Back Function (SCBF), Banana 

Function (BF), Schaffer’s Function (SF), Generalized polynomial function (GF), Goldstein and Price Function (GP) , 

and all test points are sampled at the same experimental region [-2,-2; 2,2]. 

Table 2: Comparison of interpolation accuracy between Kriging and RBF 

Sample data 20 200 2000 

RMSE Kriging RBF Kriging RBF Kriging RBF 

SCBF 3.8779 5.725 0.0045 0.3565 2.8067e-005 0.0092 

BF 104.9760 112.7978 0.0010 9.1819 5.6382e-005 0.4787 

SF 0.1154 0.084 1.0026e-006 0.0071 1.2390e-008 2.0347e-04 

GF 41.4654 22.8205 0.0104 2.5423 6.0568e-005 0.1024 

GP 2.0080e+05 7.61e+04 10.4108  6.808e+03 0.5696 194 

Table 3: Comparison of interpolation time between Kriging and RBF 

Sample data 20 200 2000 

time Kriging RBF Kriging RBF Kriging RBF 

SCBF 0.016148 0.0033 0.411711 0.1007 59.797163 79.2178 

BF 0.018040 0.0014 0.316916 0.1099 54.598063 87.112 

SF 0.015633 0.0014 0.413025 0.0972 55.994902 78.0021 

GF 0.021908 0.0019 0.462016 0.1004 60.292655 79.6166 

GP 0.016101 0.0034 0.406938 0.101 62.856208 80.2997 

 

We can conclude from the test results: the addition of data points in a Kriging model would always increase the 

accuracy of the interpolation model, but the time to construct the model also constantly increases. The RBF 

interpolating approximation’s complexity of computation is lower than Kriging with medium or small data sets, 

although its accuracy is lower than Kriging at the sample points with big data sets. So RBF surrogate model can 

reduce computation expense compared with Kriging with small data sets, and guarantee the accuracy at the same 

time. The RBF surrogate model also has some shortages: the selection of basis-functions and related parameters 

according to the system characteristics and experience is always not easy; surrogate model is constructed slowly with 

big sampling dataset; the accuracy of surrogate model depends on the selection of sample points. 

3. Aerodynamic Data Fusion with a Multi-fidelity Surrogate Modeling Method 

The idea of data fusion is to merge low fidelity data with a few, high quality solutions so the resulting dataset is more 

accurate than either the low or high fidelity data separately. Essentially, it relies on the assumption that low fidelity 

data is used to predict trends while high fidelity data is used to provide absolute values. To implement this idea, two 

function are commonly used, namely, scaling function and increment function. The scaling function  ( )  define the 

ratio between a high fidelity (fhf) and a low fidelity (flf ) solution[20]. 

 

  (  )     (  )    (  )⁄  (13) 

 

where    is the input variables at the observation points. The values of this scaling function  ( ) are interpolated 

throughout the whole design space. Then the function was approximated using the expression:  

 

  ( )   ( )   ( ) (14) 

 

However there are some potential problems associated with scaling function approach when it combines low and 

high fidelity data. If the value of the low fidelity data is exactly zero, the approach would not work. And if the low 

fidelity data is close to zero,  ( ) may be quite large and amplify any approximation errors. To avoid these possible 
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problems, the increment function  ( ) is proposed to instead of computing the ratio between the high and low quality 

data[21].  

 

  (  )     (  )     (  ) (15) 

 

Similarly,  the function is approximated using the equation:  

 

  ( )   ( )     ( ) (16) 

 

This increment function is more reliable than a scaling ratio since the subtraction of small values does not result in 

any amplification errors.  

To build the increment model, we can use the Kriging method to construct the surrogate model. Kriging surrogate 

model goes through the data points exactly, and can approximate the true model with fewer data[22]. It can be 

guaranteed that fusion results are equal to the high fidelity data completely and the quality of model with small 

sample data sets. So the Kriging method is appropriate to build the increment model. 

To build the low-fidelity model, some studies also use the Kriging surrogate modeling method. Despite it has the 

advantage of accuracy and robustness with small data sets and the addition of data points in a Kriging model would 

always increase the accuracy of the interpolation model, the time-consuming will increase significantly. Particularly, 

it is difficult for ordinary computers to support the matrix operations required by the Kriging model as the amount of 

data points increase to a large scale. There are a lot of matrix operations that exist in the process to build a surrogate 

model with Kriging method, especially the inverse operation of the covariance matrix R. If the amount of data points 

used to build Kriging surrogate model is n, the size of the covariance matrix R is n×n. In engineering practice, the 

amount of low-fidelity data points often reach tens of thousands or even more, so the covariance matrix involved in 

model-built process would be even large and the matrix operation would be more difficult. Therefore, it is not 

appropriate to build a surrogate model with the whole data set directly when the amount of low fidelity data is large. 

To solve this problem, we can choose a small part of low fidelity data points to build this model, all those points 

selected should be distributed around the location of the point that will be predicted. The method how to select the 

low fidelity data points will be discussed in section 4.2.As a result, the low-fidelity model will be built repeatedly. 

Compared to the Kriging method, it is less time-consuming, more simple and easier to construct a surrogate model 

with RBF method. In addition, it is easier to adjust the smoothness of the RBF surrogate model[23], and the 

approximate accuracy and the computational complexity is suitable. So the RBF method can be used to build the 

low-fidelity model. 

According the analysis above, the process of data fusion based on surrogate model is: 

(1) Select one data point [xh  yh] in order from the high-fidelity data set; 

(2) If there is low-fidelity data value yl  that exist at the high-fidelity data point position xh，then it can be used 

directly. If not, to obtain the value by choosing a small part of low fidelity data points to build low-fidelity model 

with RBF method. 

(3)To calculate the increment β between low-fidelity data value and high-fidelity data value, where        . 

(4) Repeat steps (1) - (3) until the increment values at all the high-fidelity data positions are calculated. 

(5) Build the increment model based on the Kriging method. 

The result of fusion is the summation of calculate values of the low-fidelity model and values of the increment model. 

For any point in the test area，the fusion method can be used to predict its value. Practically, when the low-fidelity 

data set is small, the low-fidelity model can be built with whole data set directly.  

4. Example demonstrations 

In this section，two cases are used to verify the proposed fusion method. Root mean square error (RMSE) is used to 

describe the accuracy of the results, defined below: 

 

       √
 

 
∑ (    ̂ )

  
    (17) 

 

where n represents the total number of validation points, and    is the real response at the validation point while  ̂  is 

the predicted value. 
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4.1 Aerodynamic force data fusion case 

Taking the aerodynamic force data fusion of an aircraft as an example. The fusion data include aerodynamic force 

data obtained from two different wind tunnel test conditions. One data set is called basis data and another is called 

object data, and a part of data points selected from object data are called sample data.The test variables of 

aerodynamic force data are the attack angle and sideslip angle (   ), the responses are six aerodynamic force 

components (                 ). Normal force coefficient (  ) is used here to test the fusion method above. As 

illustrated in Figure 1, the green line is object data of normal force coefficient and black line is basic data of normal 

force coefficient. A part of data points are selected from the object data set as the sample data. As shown in Figure 2, 

the red points are sample data. There are 75 aerodynamic force data points with different experimental states of 

attack angle and sideslip angle for both basic data and object data. Where, 

 

  {
  [                                                    ]

  [                ]
 (18) 

 

The samples selected from object data points contain 24 aerodynamic force data points with different experimental 

states of attack angle and sideslip angle, where 

 

  {
  [                           ]

  [         ]
 (19) 

 

The basic data can be used as low-fidelity data and the sample data can be used as high-fidelity data. According to 

the method discussed above, we use RBF surrogate to model the basic data and Kriging surrogate to model sample 

data, and start the data fusion process. Data fusion results are shown in Figure 3. The fusion results (red line), object 

data, sample data are all include in figure 3. Obviously, fusion data and sample data of normal force coefficients (  ) 

coincide exactly, and in other positions of the test region, the fusion data reflect the trend of object data and can 

coincide in most test region. Besides, the root mean square error of the fusion results is: 

 

 RMSE  = 0.0025675 (20) 

 

It indicates the error is small and the accuracy of the results is satisfactory. So the results reveal that the fusion 

model is effective. 

 

Fig.1 Basic data and object data of      Fig.2 Basic data and sample data of    

 

Fig.3 Comparison of    between object data and fusion results 
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4.2 Aerodynamic heat data fusion case 

Taking the aerodynamic heat flow data fusion of an aircraft as an example. The fusion data include the continuous 

heating environment data from CFD numerical simulation and the heat flow values obtained from of the wind tunnel 

test points. There are some requirements here: fusion results are coincident with measured results in the locations of 

wind tunnel test points, the CFD numerical simulation values are appropriate corrected, and the data fusion results 

can reflect the characteristic of wind tunnel test data on the whole test region. All the positions where we gain the 

aerodynamic heat data are illustrated in fig.4. 32922 blue points were computed using CFD software to gain the 

aerodynamic heat data as the low fidelity data, and the result is shown in fig5. 118 red points were experimented 

through wind tunnel to gain the aerodynamic heat data as the high fidelity data, and the result is shown in fig.6. 

 

 

Figure 4: Position distribution of CFD and Wind Tunnel 

 

  

Figure 5:    CFD numerical calculation data                               Figure 6: Wind tunnel test data 

In the process of data fusion, increment model ( ( )) of heat data from wind tunnel test and CFD numerical 

calculation should be built, but wind tunnel data and CFD numerical calculation data are usually not available at the 

same locations, so it is necessary to interpolate the CFD numerical calculation data at the locations of all the wind 

tunnel test data that used to modeling. However, there are more than 30000 heat flow data of CFD numerical 

calculation, and just as discussed before, it is difficult to establish a RBF surrogate mode for the whole data. To solve 

this problem, we can choose a small part of CFD numerical calculation data around the location of the wind tunnel 

test data each time to build the low-fidelity model with RBF method. The low-fidelity heat flow value at the location 

of the wind tunnel test data can obtain based the low-fidelity model.  
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The relative position of the CFD numerical calculation data points can be described by array [I, J], since the data are 

copulated at structural gird points. Then, the CFD data set we choose around the wind tunnel test data can be easily 

described. The method is shown in Figure 7, where the blue dot represents the CFD grid point position and the red 

dot represents the wind tunnel test point position. For example, In Figure 7a, the wind tunnel test point is located 

between CFD data points [4, 4] [4, 5] [5, 4] and [5, 5]. In order to improve the modeling accuracy, we determine the 

modeling data by 4 steps both in I and J axis, namely, I = [3, 4, 5, 6], J = [3, 4, 5, 6], so 16 CFD data are selected in 

all to modeling. In Figure 7b, the wind tunnel test point is located in the edge of test area. Also, we determine the 

CFD data point by 4 steps, then the condition that I = 9 appears.  The state that I = 9 should be ignored, because there 

are no points in that position. So 12 CFD data are selected in all to modeling, where I = [6, 7, 8], J = [3, 4, 5, 6]. 

 

 

Figure 7: Strategy for choosing low-fidelity data points 

In order to validate the fusion method proposed in this paper, about 10% of the wind tunnel test data, totally 11 data 

points, were randomly selected as validation data, the remaining 90% were used to construct the fusion model with 

all CFD numerical calculation data. The red dots in Figure 8a and figure 8b are the 10% randomly selected points 

from the wind tunnel test data. Figure 9a and figure 9b are the comparison between data fusion results and validation 

data, where horizontal axis the true value of the wind tunnel test data for the validation and vertical axis is the 

predicted values obtained from the fusion model at the same locations of validation data. 

 

 
(a)                                                                                    (b) 

Figure 8: Position distribution of validation data 

 

The root mean square error of the two cases: 
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  {
     ( )           

     ( )           
 (21) 

 

It indicates the error is small and the values predicted are very close to the real values. So the conclusion can be 

drawn that the fusion model is effective and the accuracy of the results is satisfactory  

 

   
(a)                                                         (b) 

Figure 9: The comparison of values between fusion results and validation data  

5. Conclude 

It has great potential and prospects of data fusion technology in the domain of aerodynamic. The aerodynamic data 

fusion method with multi-fidelity surrogate proposed in this paper provides an effective way to generate high quality 

aerodynamic data. It can also reduce the number of wind tunnel test (or flight test) and save cost. In this paper, two 

surrogate modeling methods, namely, RBF and Kriging, are discussed, and the advantages and shortage of them are 

analyzed. RBF is used to build the low-fidelity model due to its high efficiency in practice and Kriging is used to 

build increment model due to its high accuracy. Two study cases are taken as example to validate the data fusion 

method, one is about aerodynamic force, and another one is about aerodynamic heat flow. In the aerodynamic heat 

flow case, solution is proposed to solve the difficulties of matrix operation with large scale low-fidelity data set. 

From the value of RMSE and the comparison between fusion results and validation data, it can be concluded that the 

results are satisfactory.  
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