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Abstract

This paper presents a fault tolerant adaptive control scheme for an aircraft with actuator failures using
L, adaptive control. An £; adaptive controller is proposed for a nonlinear, multi-input, affine-in-control
system for the case when the closed-loop reference system is nonlinear. The proposed method is imple-
mented in the control of an aircraft with actuator failures, where an ideal controller is designed a priori
based on backstepping scheme to achieve asymptotic tracking of aerodynamic angles. Numerical simu-
lation is conducted to demonstrate the performance of the proposed controller using the F/A-18 HARV
model.

1. Introduction

Fault tolerant control has been an important research issue in flight control design for the past decades.! The objective
of fault tolerant control is to design a controller that can accommodate the effect of various faults which can be fatal
to the stability of the system. Fault tolerant control can be classified into two major categories, passive fault tolerant
control and active fault tolerant control.” Passive fault tolerant control aims to design a controller that is robust to all
deviations in the system within the bounds of the uncertainty.?> Active fault tolerant control, on the other hand, aims
to estimate the fault and reconfigure the controller online. Especially with the recent development of reference-based
adaptive control schemes such as £, adaptive control* and closed loop reference adaptive control,> adaptive control
has become an appealing strategy in dealing with fault tolerant systems, because one can enforce the output of the plant
under faults to follow that of the reference model by adjusting the control parameters through adaptation.

One of the challenging topics in fault tolerant control is the control of aircraft under actuator failures. Many related
works decoupled the aircraft dynamics into longitudinal and lateral dynamics to simplify the problem.®® However,
asymmetric failures in actuators result in a complex coupling effect that cannot be handled by a simplified approach.
Moreover, when an actuator failure occurs, the corresponding control input should be disconnected from the system.
During this process, additive disturbance may be introduced, which may be time-varying and state dependent. For
example, in the case of floating actuator failures, the control surface deflection follows an unknown angle such that
the hinge moment becomes zero. This angle is mostly affected by the local angle of attack or side-slip angle, which is
dependent on the relative velocity and angular rates. However, few research focus on the compensation of time-varying
disturbances introduced by the actuator failures.

In this study, a nonlinear fault tolerant adaptive control scheme is proposed using the full aircraft dynamics to achieve
good tracking of aerodynamic angles, i.e., aerodynamic roll angle, angle of attack, and sideslip angle even under actu-
ator failure. An ideal controller would be one that achieves the same closed loop dynamics regardless of the actuator
failure. To achieve fast adaptation without compromising robustness, £; adaptive control is adopted. Although £,
adaptive control theory is limited to linear reference systems, similar results were also obtained for a class of nonlinear
reference systems with single input using a first-order low-pass filter.” In this study, the pre-existing nonlinear £;
adaptive control theory is extended to treat systems with multiple inputs.

This paper is organized as follows. The problem formulation is given in Section 2. Section 3 presents the .£; adaptive
controller for nonlinear affine-in-control systems with multiple inputs. Sections 4 and 5 deal with the fault tolerant
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adaptive control scheme for an aircraft with actuator failures. The design process of the virtual backstepping controller
is introduced in Section 4, and simulation results conducted on the F/A-18 HARV model are discussed in Section 5.
Section 6 presents the conclusion.

2. Problem Formulation

2.1 Preliminaries

Notations The euclidean norm of a vector and the induced norm of a matrix is denoted as || - ||. The truncated £, norm
of a vector signal y() € R" is defined as [yl = supy.,., lly()Il. The minimum and maximum singular values of a
matrix is denoted by A,,,;,(+) and A, ().

Projection Operator Consider a convex compact set with a smooth boundary given by Q. = {8 € R"|f(0) < c}, where
0<c<1,and f: R" — R is the smooth convex function defined as

(& + D)6 - 62,

2
€y Hmax

f(O) = “ ey

with positive constants 6,,,, and €. The projection operator is defined as

Vf [V .
Proj(6.y) = | ¥~ WA {wm¥) [@ i f©)20nV/Ty>0 @
’ y if otherwise

Note that (9—6*)T (Proj(6, y) — y) < 0, for giveny € R", 6" € Q, and 6 € Q,. Also, for the system () = I'Proj(6(z), y(t))
with any positive definite matrix I' and any piecewise continuous function y(#) € R”, the projection operator ensures
6(t) € Q; for all t > 0, from any initial condition 6(0) € Q.'°

Lemma 1 Consider a system

(1) = a(n)z(t) + b()v(1)

3
V(8) = (Inxn = C(5))07(5),2(0) = 0

where z(f) € R is the state and v(f) € R” is the input. The function a(t) € R is continuous, b(f) € R" is differentiable,

C(5) = W/(s + W) X Lix, is a matrix low-pass filter, and o (t) :€ R is a differentiable bounded input. Assume that a(t),
b(t) and b(t) are bounded by |la(®)|| < pi, ||| < p2, and ||b(t)|| < ps for all t € [0, 7]. Then,

T 0
llzell 2, < lloell 2., f (pzewﬁ’ +(p1p2 + p3) f e“‘e(o, /l)) dadp )
0 0
where ¢(t,T) > 0 is the state transition matrix of the system z(t) = a(t)z(?).

Furthermore, if |0z, is also bounded, then

T T
llz<ll £, < (Ol p2 fo e (r,0)do + 10+l z., P2 fo f e o(t, 0)dAdp &)

2.2 Problem Statement

Consider the following nonlinear system:

x(1) = f(t, x(1) + g1, x(0)7,  x(0) = xo
(1) = ¢, x(D)u(?) + h(z, x(1))

where x(7) € R”, 7(¢) € R/, and u(r) € R™ are the state, virtual control, and control input,/ <n,l<m, f: RS xR" —» R",
g: Rg xR" - R™ and ¢ : Rar x R" — R are known functions, and 4 : Rg x R" — R!is an unknown
function. Assume that ¢(z, x(¢)) has full rank, there exists a virtual control law, 7(f) = k(¢, x(¢)), and f,,(¢, x(t)) =

S, x(1)) + g(t, x(£))k(z, x(1)).

(6)
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2.3 Assumptions

Assumption 1 f,,(z, x), %(r, x), g(t, x), ¢(t, x), and h(t, x) are continuous, bounded, and lipschitz in x, uniformly in t,
forallt € R§ and all x in a compact set.

o

Assumption 2 %(l, x), 21, x), r

s o (t, x), and %(I, x) are bounded for all t € Rg and all x in a compact set.

Assumption 3 There exists a function  : Rj x R" — R™" such that y(t, x)g(t, x) = Ij;. Moreover, y(t, x), %f(t, X),
%(t, x) are bounded for all t € R§ and all x in a compact set.

Assumption 4 There exist positive constants 7, ¢, ¢z, C3, C4, Cs, C¢ and a twice differentiable positive definite function
V. R(J; X R" — R such that for allt > 0 and e € {e € R"||le|| < y}:

cillell* < Vit e) < callell” (7)
v v )
Ta. X _Jm t’ S -
o+ g In(:0) < —csllel (8)
A% i2a% 2
—| < — | < — |l <
5] < cotet. | 55] < s aeat|_c6||e|| ©)

Assumption 5 There exist positive constants dy, d», d3, B aw and a differentiable positive definite function W : Rj X
R" — R such that for all t > 0 and x € {x € R"|||x|| < Vd>/d ||xol| + € + v}:

di Ixl* < W(t, x) < ds ||x|? (10)
ow oW
— + ——f(t,x) < —d 2 11
o+ o () < —ds |l (11)
ow
‘ E < B%V (12)
Let us define p and p,. s as
d
Pref = \/d—2||xo||+6 (13)
1
P =Pref+y 14)

Then, from Assumptions 1, 2 and 3, we have for all # > 0 and all x, x;, x € {x € R"|||x|| < p}:

IE(z, x1) = E(t, x2)Il < Lz llx1 — x| 5)
(7, 0l < By (16)

- Ofn + Oh oh 08 0g Oy oY
Where_‘ e{ m:ﬁ g’¢T9h}, and\P € {ﬁn’g’(b"h»w’ E7 EC’ E’ 57 E, E}'

Assumption 6 The constant vy also satisfies

DyLyy, < 22 (17)
ax CaCy

3. Nonlinear £; Adaptive Controller

In this section, the structure of the £; adaptive controller is introduced for the nonlinear multi-input multi-output
system in Eq. (6). The structure of the proposed controller and its analysis discussed in the following subsections are
similar to the single input version of the controller proposed in Wang and Hovakimyan.’
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3.1 Control Architecture

Consider the state predictor:
X(0) = f(t, x()) + g(t, x(1)) ($(t, x(D)u + F(1)) + AnX(1),  (0) = xo (18)

where £(¢) € R" is the state prediction, X(¢) = X(¢) — x(¢) is the prediction error, and A,, € R™" is a hurwitz matrix. The
function &() € R! is the estimate of the unknown function A(z, x(t)) governed by the following projection-type adaptive
law.

(1) = T Proj(a(), —g(t, x(0)) "PX(1)),  I6:(0)|| < By, 19)

where I € R is the adaptation gain, and P = PT > 0 is the solution of the algebraic Lyapunov equation A] P + PA,, +
Q = 0 for arbitrary Q = Q7 > 0. Let us define 6,,,, and & such that B, = 6,,,, and By, = 0,4/ Ve + 1, where B, is a
positive constant such that B, > Bj,. The projection operator ensures that ||67(¢)|| < B, for all £ > 0.

The adaptive control law is defined as

u(r) = (1, x(1))" (k(t, x(1)) = (1)) (20)

where 7j(s) = C(s)d(s), C(s) = w/(s + w) X I1x is a low-pass filter matrix, and w is the bandwidth of C(s).
3.2 Performance Analysis

Consider the following non-adaptive version of the adaptive control system in Eqgs. (6) and (20). In this study, this
system is called the reference system:
xref(t) = fm(t, xref(t)) + g(t, xref(t))(_nref(t) + h(t, xref(l))), xref(o) = X0
ey (1) = Bt Xpef (D) (Kt Xreg (1)) = e (1) @1
NMref(8) = C(8) LA, Xy (1))}

In this subsection, under certain conditions, the followings will be shown: (a) the reference system is bounded, (b) the
prediction error is bounded, and (c) the error between the real system and the reference system is bounded. First, let us
show that the reference system is bounded.

Condition 1 The constant w satisfies the following condition.

pref 2

2z PO ) 2)

where

BM Bg d2 ( Bh Bhref )

é‘ — Ox
(@ = =\l =gl * Do

B . = B% + B%(Bfm + I = C(s)llz, BgBr)

%{x"), and d3(w) approaches 0 as w increases, Eq. (22) holds if w is large enough.

Remark: Since pfef =
Lemma 2 Suppose Assumptions 1, 2, 4, and 5 hold. If w satisfies the inequality (22), then ||x,crl| £ < Pref and the
system is uniformly ultimately bounded, i.e. there exist T > 0 and €(w,T) such that ||x,.f|| < €(w,T) foranyt > T
where

“ar
€(w,T) = \/ *fo’x‘)) + 63(w) (23)

Next, let us show the boundedness of the prediction error and the filtered estimate of the unknown function A(z, x(¢)).
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Lemma 3 Suppose Assumptions 1 and 2 hold. If there exists p > 0 such that ||x(?)|| < p for all t € [0, 7], then

XNl < Bx = By, + (1 + IC(9)ll £, ) B, Bo (24)
(e, x(0)Il < Bj, = B + B By (25)
(2, x()ll < By = B + Bus By (26)

forallte[0,T1].
Lemmad Let (1) = X(t) — x(1), 6(¢) = 6(¢t) — h(t, x(1)), and 7j(s) = C(s)F(s). Suppose Assumptions I and 2 hold. If
there exists p > 0 such that ||x(¢)|| < p for all t € [0, 7], then

@
_B

4B,> 4B, Bj, Amax(P)
where a = \/ e+ e and B = (IIC(9)ll g, (By 1Anll + By) + IC(s)sllz, By) e

1%l 2., (27)

77l ., < (28)

The following lemma shows the lower bound on the adaptation gain for the performance bound on the error x(¢)—x,. ¢ (t).

Condition 2 There exists T > 0 such that

2 2Lony + Lome(w, T) < <3 (29)
ox ax CyCy

Remark: Note from Assumption 6 that, Loy < <2, and therefore Eq. (29) holds if w and T are large enough.
ax

204 ’

Condition 3 The constant w satisfies the following condition.

51(0)) + 62(0)) < (30)
where b + o(prcaB, + M)
C4box + 0(P1C4 +
oj(w) = L——-—-F 31
aw
BycslL B, .calg0
Go(w) = 29 | Ty K (32)
[l& — wl| aw
with py = 2 + <2LMP+LmPref)f.—‘:, ¢ =2-u2>0 o= CXP(C4LMprefT/Cl)’ M = csBy(B,L; +
dx ax : s dx :
LeBp) |l = C(s)llg, + ceBg + ¢5Bg (Lfm + L%(Zy +p,ef)) + 4By, By = Ba + BngX, and B; = By + (1 +
Ox ot ox

IC (Sl z,)ByBn-

Lemma 5 Let x,.7(t) — x(t) = e(?). Suppose that Assumptions I to 6 hold. If there exists p > 0 such that ||x(¥)|| < p
forall t € [0, 7], assuming inequalities (22), (29), and (30) hold, and the adaptation gain T is selected large enough to
satisfy

pBg(wey + Ly Bycs) B <
wilcr — 01(@) — 62@) V)

(33)
with y; <y, then we have |le<||p_ < 1.
Lemma 3 through 5 assumes the boundedness of ||x(#)||. The following theorem shows that this can be relaxed.

Theorem 1 Suppose that Assumptions 1 to 6 hold. Assuming inequalities (22), (29), (30), and (33) hold, we have
Ixrer — xll£..< v1. Moreover, if k(t, x(1)) is bounded and locally Lipschitz in x, uniformly in t, then, ||uer — ull £ < Vus
where

Yu = By (L + ICO)lLz, Ly + Ly (Be +IC(5)ll, Bi) v1 + By

_B
\ /lmin (r)

and By, is the bound of k(t, x(t)), and Ly, is the lipschitz constant of k(t, x(t)) over {x € R"| ||x]| < p}.
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3.3 Design Analysis

In this subsection, the closeness of the reference system and the design system will be shown. The design system is
defined as

Xges(t) = fin(t, Xges(D),  Xges(0) = Xo

: (34)
Mdes(t) = ¢(t5 xdes(t)) (k(t» xdes(t)) - h(t’ xdes(t)))
Condition 4 There exists v, < 7y such that
B,6
ng(w) < eryr (35)
g

Theorem 2 Suppose that Assumptions I to 6 hold. Given a positive constant y, < v, if inequalities (22), (29), and (35)
hold, we have ||X,ef — Xgesll £, < ¥2. Moreover, if k(t, x(t)) is bounded and locally Lipschitz in x, uniformly in t, then,

B, (1—eo
i) )] (36)
w

letrer (1) — ttaes(ON < Byi (L + Ly)ys + Lgi Biys + By (Hh(O, xo)lle™" +
where By, is the bound of k(t, x(t)), and Ly is the lipschitz constant of k(t, x(t)) over {x € R"| ||x|| < p}.

Proof The proof is similar to the proof of Lemma 5, and is omitted due to the limited space.

4. Fault Tolerant Control of an Aircraft with Actuator Failures

In this section, the £; adaptive controller proposed in the previous section is used to achieve aerodynamic angle tracking
of an aircraft with actuator failures. The target aircraft model is the F/A-18 HARV. If the direct effect of control input in
the aerodynamic angle dynamics is neglected, the aircraft system can be approximated as a strict-feedback form with a
relative degree of two. First, a virtual controller that achieves asymptotic tracking of aerodynamic angles is introduced,
and the system is reformulated to match the system defined in (6). Following the work of Seo and Kim,!! a virtual
control law 7(¢) = k(t, x(¢)) is designed based on backstepping scheme. Finally, an £, adaptive controller is formulated
which estimates the time varying disturbances via adaptation, and cancels the disturbance within the bandwidth of the
low-pass filter.

4.1 Aircraft Model

The aerodynamic angle dynamics, velocity roll angle u, sideslip angle 3, and angle of attack a, of the F/A-18 HARV
model can be represented as

&) = 11, £(0) + &1(1,EM)(D),  £(0) = &o (37

{0 = f(t, €0, L) + g2(1, (1), {(1) (Au + (I = Mug(t,£(1), é“(t))), £0)=4o (38)

where £ = [u B a] are the velocity roll angle, sideslip angle, and angle of attack, { = [p ¢ r]" are body-axis
roll, pitch, and yaw rates, u = [§, 6., 6, 6,]" are left elevator, right elevator, aileron, and rudder deflection, and
up(t,€@),L@) € R* is an unknown function representing the input disturbance due to faults in the actuator. Also, let us
define I as follows,

A= diag(/ll, /12, /13, /14) (39)

which represents the fault status where 4; = 0 means the loss of control and 4; = 1 means no fault in the i’th actuator.
Assume that A is known, and g»(7, £, {)A is always column-wise full rank. Note that the direct effect of control input
in (37) is neglected in this study.
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4.2 Virtual Backstepping Controller

Following the work of Seo and Kim,'! a virtual output tracking controller is designed via backstepping. Let £,(f) € R3
be a twice differentiable tracking reference, and let us define the tracking error e; = & — &,. Also, let us define a virtual
control v(t, e;) € R3 such that £ = v(z, ez) in Eq. (37) renders e; uniformly asymptotically stable.

V(1. ee(t)) = ~1 (L ED) ™ (fi(t £0)) = (1) + Kee(0)) (40)

where K is some positive definite matrix. Let us also define z(r) = () — v(t, es(¢)) and x(r) = [e£(f)"z(r)T]". Then, the
system can be reformulated as follows,

x(1) = f(t, x(1)) + g(t, x(1))7(1) @l
(1) = (1, X()u(?) + h(t, x(1))

where

Keg(1) + 81(1, £(0)z(1)
f(t, x(0) =

P E0,20) — (5 + 2(Keeln) + 811 €0)2(0)

with g(t, x) = [03x3 D3x3]T, @(t, %) = ga(t,E(1), {(D)A, and h(t, x) = ga(t, £(1), L()T — Nuy(t, (1), {(1)). It can be proven
that the following control T = k(¢, x)

o b .
k(1. x(1)) = = fo(1,£(0). L) + (6{ + @Vma@gm + 81, f(t))z(t))) - Py (1t E0) e + N2)  (42)

renders x(¢) asymptotically stable with

fm(t,x(t))=( —Keg(t) + 811, §(1)z(0) )

—P~! (g1(t. £()Tee(t) + Nz(1))
and a lyapunov function U(¢, x) = %egese + %ZTPZ satisfying Assumptions 4 and 5, given that xo € A2 where A2 is

defined in Seo et al.!!
Once the virtual control law 7 = k(z, x) is established, the £; adaptive controller in (18), (19), and (20) can be adopted.

5. Numerical Simulation

In this section, the £, adaptive fault tolerant controller proposed in this study is applied to the F/A-18 HARV model
with actuator failures. Because the actual bounds of the functions in Assumption 1 and 2 are hard to calculate, the adap-
tation gain I" and the bandwidth w were selected by trial and error. The controller parameters used in the simulations
are summarized in Table 1.

Table 1: Controller parameters

Parameter Value
K LN

P L33

N 4 I35

An =5 I3x3
Ornax 10

€y 3

r 1000 353

w 5 rad/s

All actuator dynamics are assumed as a rate-limited first-order system with time constant 7. = 0.1s. It is assumed that
the location of the faults can be obtained by a separate fault detection and isolation(FDI) strategy. The initial condition
for all the simulations is the trim condition for a level flight at a airspeed of 130 m/s and an altitude of 3048m. The
engine thrust is fixed to a constant trim value at the trim point.
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In all simulations, step commands were filtered through a rate-limited third-order low-pass filter of bandwidth 5 rad/s
to generate the tracking reference. Step commands were given to 8(5°) at # = 10s, @(10°) at ¢ = 15s, and u(30°) at
t = 20s, consecutively. Two scenarios are considered in this study. In both scenarios, a floating actuator failure occurs
at the right elevator at r = 15s. Since the F/A-18 HARV model has only four control surfaces, there can be only one
actuator failure occurring at a given time in order for ¢(¢, x(¢)) to have full rank. In Scenario 1, the floating control
surface is assumed to follow the negative of angle of attack. In Scenario 2, the failed control surface is assumed to
follow an external sinusoidal signal of magnitude 5° and frequency x/2 rad/s.

To demonstrate the performance of the proposed controller, a simulation was conducted using the controller without
the adaptive portion, u(t) = ¢(t, x(t))"k(t, x(t)), in a nominal condition without any actuator fault. The results are shown
in Fig. 1. It can be seen that the aerodynamic angles follow the reference signal without any performance degradation
in a wide range of flight envelope. Fig. 2 shows the simulation results of scenario 1. The controller achieves good
tracking of aerodynamic angles despite the actuator fault. In Fig. 2, n represents the disturbance introduced by the
actuator filtered through the low-pass filter, and 7 represents the filtered estimated disturbance from the adaptive law. It
can be seen that the state predictor and the adaptive law provide almost perfect identification of the disturbance. Fig. 3
shows the simulation results of scenario 2. Similar to the result in scenario 1, the filtered disturbance is almost perfectly
identified. However, in this scenario, there exists some degradation in performance, because the £; adaptive controller
only attempts to compensate for the disturbance within the bandwidth of the low-pass filter, and higher frequencies
are not compensated. The spikes in disturbance around ¢ = 10s, r+ = 15s and ¢t = 20s shown in Figs. 2 and 3 are
caused by the difference between the actuator command and the actual actuator response, which was not considered
in the design of the controller. This means that the proposed .£; adaptive controller is also attempting to compensate
for the unmodeled dynamics of the actuator. This suggests that that the unmodeled actuator dynamics should be taken
into account, as done in the £; adaptive control theory for linear reference systems, because increasing the bandwidth
of the low-pass filter without considering the bandwidth of the actuator could result in an inadequate response of the
system.
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Figure 1: Nominal controller response
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6. Conclusion

This paper proposed a fault tolerant adaptive control scheme for an aircraft with actuator failures using £; adaptive
control. A £; adaptive controller for nonlinear reference systems was proposed for a family of nonlinear, multi-
input, affine-in-control systems. Conditions for the performance bounds on the reference system, errors between the
reference system and the real system, and errors between the reference system and the design system were derived.
The proposed method was applied to achieve aerodynamic angle tracking of an aircraft with actuator failures. Finally,
numerical simulations were conducted on the F/A-18 HARV model to demonstrate the performance of the proposed
controller.

Appendix

Proof of Lemma 1 From the BIBO stability of LTV system, we have ||z;ll, = [Hll., llo-llc, . where H is the map
from o to z.'2 Consider the impulse response matrix ¢.(¢) of z(¢) and g,(¢) of v(¢).

qv(t) = Lxn(6(2) - we—wt)
q.(1) = ‘fo @(1, Vb()gq,(DdA = ¢(t,0)b(0) + j(; (—we™Ye(t, Hb(A)dA

= @(1,06(0) + ™ p(t, Db _, — fo e (—a(t)p(t, (D) + @(t, Db(A)) dA

t ' (A1)
= (1) — f e (—aldp(t, DB + ¢(t, b)) dA
0

lg-(0)ll < e Ib@)l| + fo e (lla@ll @ (t, D IB)I + (e, ) |[b)) dv
< p2e™ + (p1p2 + p3) fo e y(t, DdA

Therefore, we have (4) since || H:|l,, = fOT llg-(Dll dt. Furthermore, if ||o|| . is also bounded, then the system can be
rewritten as

1) = a()z(t) + b(v(®),  2(0) =0

. . (A2)
v(t) = —wv(t) + (), v(0)=0c(0)

Solving this equation, we have

2(6) = f o(t,0)b(0) (e_“’QO'(O) + fQ e_‘”’ld'(/l)d/l) do (A3)
0 0
Therefore, we have (5). O

Proof of Lemma 2 Suppose that the statement is not true. Since ||x,.f(0)l|< prer and x,.¢(f) is continuous, there exists
7 > 0 such that ||x,.;(t*)l|= prer and ||x,. (D)< pyer for all £ € [0, 7%). By Assumption 5, over the time interval [0, 7*],
there exist a positive definite function W(z, x,.r) and constants dy, d,, d3 such that

. ow ow
W(t, xpep(t)) = o + %xref(t)

ow
< _d3||xref(t)||+mg(t’ Xref (D) (=M (1) + (1, Xpep (1)) (A.4)

d ow
< =2 W, Xep (1) +
d>

axref g(t’ xref(t))(_nref(t) + h(t’ xref(t)))

Solving this inequality, we have

a5 T d gy OW
W(t, Xpe (D) < €% "W(0, x0) + f e >Wg(t,xmf<t))(—mef<t>+h(r,x,ef(t))>dr (AS5)
0

ref

10
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The second term on the right-hand side of the preceding inequality is the solution to the following system.

08 33

v(s) = (Upa = CONLAE, xpep (1)), 2(0) =

(A.6)

where

|22 900, ey (0)]| < Baw By and e, e 0)I1< By
bound on z(¢):

» forall # € [0, 7*]. Then, by Lemma 1, we have the following

(o)l < Baw B¢ By f —wr- - "dt + Bav B,B, f f 50 2dr

eV —e @ 7 B"WB ¢Bj [ 1 - et l—e_@
= Baw B,B, 7 d; - @ (A7)
n-e gme ¢ &
Bh Bhre/
<B wB _ —‘ =dio
e 1030
for all ¢ € [0, 7%], which implies that
4,
e 2 W(0, xg)
12t p (DI < a4 + 03(w) (A.8)

holds for all 7 € [0,7"]. Therefore, p2,, = [lxre/(7")lI< WO + §3(w), which contradicts (22). Thus, [Xefll, < Prey-

and from (A.8), the system is also uniformly ultimately bounded O

Proof of Lemma 3 The system dynamics (6) with controller (20) leads to the following equation.

X(1) = fn(t, x(1)) + g(2, x(0))(h(1, x(1)) — 7)(1)) (A.9)
where ||[7(0)|| < ||C(s)||||F]l, and ||67|| < B, is guaranteed by the projection operator. Thus, (24) is satisfied. Also,
, Oh
h(t, x(1) = — + ——X(1)
ot 0x
P lﬁ oy (A.10)
i(t, x(1)) = — + —x(t
Y(t, x(1)) o ar x(1)
which leads to the inequailties (25) and (26). O
Proof of Lemma 4 The error dynamics between the real system and the state predictor is given as follows,
X(t) = Ay X(t) + (1, x(1))a(r),  %(0) =0 (A.11)
Consider the following lyapunov candidate function.
U = X)) Px(1) + () T '6(r) (A.12)
The time derivative of U(¢) can be written as
U(r) = —x(0)T Qx(1) + 25(1) T Pg(t, x()3 (1) + 26() T~ 6(r) + 26-(6) T e, x(1)) (A.13)
Substituting (20) leads to
U(r) < —%(0)T Qx(1) + 26°(1) T~ h(z, x(2)) (A.14)
Using the bound on h(t, x(t)) from Lemma 3, and ||6:(?)|| = ||6(t) — h(t, x(1))|| < 2B,, we have
U < - A @ IE0) + 22 (A15)
= T T (D) '
which implies that ||%(?)|| < % or U(f) < 0. Thus, we have (27).

Now, consider |||l . From (A.11) and Assumption 3, we have y(z, x(0)X(t) = y(t, x(1)A,,%(t) + 6(t), which implies
d .
@) = 7 (@ (1, x(0)X(1)) — Y2, x(1)X(1) — (2, X(1))A X(2) (A.16)

11
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Therefore,
il 2, < NCsllz, By IXellz, + IC g, By Xl £, + ICS)N g, By lAmll %] £, (A.17)

which leads to (28). O

Proof of Lemma 5 The error dynamics between the real system and the reference system is given as follows,
é(t) = fu(t, e(n) + At, e()) + D1 (1, x(1)) + Do (2, x(1)) (A.18)

where
A(t, €(D)) = fnlts Xrep(8) + €(t)) = fnlts Xrep (1)) = fin(t, ()
Oy (1, x(1)) = g(t, X()((t) - 7(1))
Dy (t, (1)) = g(t, (1)) (h(t, x(1)) = 1(E) = h(t, Xyeg (1)) + ey (1))
+ (8t x(1)) = (., Xy (1)) (A1, Xyep (1)) = rep (1))

Suppose that the statement is not true. Since |le(0)|| = 0 and e(?) is continuous, there exists 7* > 0 such that |le(7")|| = y;
and ||e(?)|| = y; for all ¢ € [0, 7*). Consider the system during the time interval [0, 7*]. By the mean value theorem, we

have
aﬁn
Ox

(A.19)

(t, 2()e(?)) e(t) (A.20)

Ofm
At e() = 6i (£ Xrep () + D1 (Det)) e(t) -
X
Therefore, the following bounds hold:
IAG, eIl < 2Logn le()II* + Logu [ Ol el

B, B (A.21)
V/lmin(r)

By Assumption 4, over the time interval [0, 7], there exist a positive definite function V(¢, e(?)) and constants ¢y, ¢z,
c3, ¢4 such that

112, x(D)I <

. Al
V() = E + %e(l‘)

1% 17)% ov
< —cslle + | 3o |1 e+ | 5o 101 v + w0, x0) (A22)
Ode de Oe
BBy 0V
< —c3lle®|? + car(® |le@|> + —= + — @ t, x(t
3 lle@II” + cax(®) lle@)l T oe 2(t, x(1))
where k(1) = ZL% v+ Laaﬂ ”xre f(t)H. Solving the differential inequality with V(0, e(0)) = 0 results
! csBgBy1 AV )
V(t,e(t) < t,T)| ——— + — Dy (1, x(7)) | dT A.23
(1 e(1) fo¢< )( T+ Ot a(e) (A23)

where ¢(1,7) = exp (-2t - 1) + £ [ k(DdA).
Let us consider «(#). From Lemma 2, there exist e(w,T) and T > 0 such that ||x,ef(t)|| < Pref for all ¢t > 0 and
Hx,gf(t)” < €(w, T) for all t > T. This implies

jo‘t Ixrer(DNldT < €(w, T)t + prefT (A.24)
and ,
j(; k(T)dT < ut + L%prefT (A.25)
where y is defined in Condition 2. Therefore, we have the following bound on ¢(¢, 7):
(t,7) < e (A.26)
where @ and p are defined in Condition 3. Returning to the inequality (A.23), we have

C4Bg,3‘yl

V(t, e(t) < W

SIS

+ f @, T)a—vd)z(f, x(7))dr (A.27)
0 de

12
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Note that, with the definition of ®@,(z, x(¢)), the second term in the right-hand side of Eq.(A.27) is the sum of the states
of two linear systems, z;(#) + z2(¢) given by

vV
200 = (M - E—Z)zlm + S8t G W)

o (A.28)
£1(5) = (I — C(5)) LEA(E, X(0)) = (8, Xrep (1))}
and
. cakg(t) €3
2(n) = ( . ) () + (g(r X(1)) = 8(t, Xyef (1)) £2(0) (A29)
4i(s) = (Ina — C(s) L{A(t, xre_fm)}
The following bounds can be verified for all ¢ € [0, 7*].
ar@ ol H O ot x| < csBen
C1 2 Oe
d (v csB3f
- (ggo, x(r))) <Myt —5 (|n(t, x(6)) = h(t, Xrep (B)]| < Ly (A.30)
oV ,
5 (80.30) = g(t.xe, O))| < sl e, xep0))|| < By,,,

where p; and M are defined in Condition 3, and B;,  is defined in Condition 1. Applying Lemma 1 to (A.28) and
(A.29), similarly to Lemma 2, the following bounds can be obtained, for all ¢ € [0, 7*).

0
1Dl < ¥i61(w) +y
: e " L in(D) (A31)
2Dl < ¥;6a2(w)
_ LyesBipo . " L;,CABgﬁ
where 6; = —~—, and 6;(w) and 62(w) are defined in Condition 3. Let 6, = . Then, returning once again to
the inequality (A.27), we have
71(61 + 62)
V(t,e(r)) £ T —="+ (61(w) + 52(w)) ¥} (A.32)
Vnin ) ‘

for all ¢ € [0, 7*]. This implies that

s _ Y101 +6)
wis
V/lmin(r)

which contradicts (35). Therefore, |le-]|; <7y;. O

+ (61 (w) + 62(w)) ¥7 (A33)

Proof of Theorem 1 Suppose that the statement is not true. Since ||x(0)|| < p and x(¢) is continuous, there exists 7° > 0
such that [|x(7*)[| = p and ||x(?)|]| < p for all ¢ € [0,7"). Consider the time interval [0, 7*]. Let x,.7(?) — x(?) = e(?).
According to Lemma 5, |le(?)|| < y; and since xref(t)” < Pref, We have [|Ix(9)l| < pres + 1 for all ¢ € [0, 7], which
contradicts the assumption |[x(7*)|| = p. Hence, according to Lemma 5, we have |le;||,_ < 1.

Also, from the definition of u,.¢(¢) and u(?) in (21) and (20), we have

tre (£) = (1) = (1, Xy (D) (K, Xre (1)) = My (1)) = Bt (D) (e, (1)) = (D))
= Bt Xrep (1)) (K(E, Xrep (1)) = K2, (1))

(A.34)
= (1, Xre ()" (res (1) = 0) + (1) = (D))
+ (00t Xrep ()" = Bt X)) (Kt Xrep (1)) = Mo (1)
Therefore,
|[trer () — u(t)|| < Byt Liyy + By (||C<s>|| Ly + %) + Lyy1 (B + IC(5)ll By) (A.35)

forallt > 0. O
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