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Abstract

Aerodynamic drag can be approximated by the entropy flux across fluid domain boundaries with a
formula due to Oswatitsch. The adjoint solution that corresponds to this representation of the drag is
investigated. For subcritical flows, the resulting adjoint variables are identical to the entropy variables,
while for shocked flows there is a significant difference that is explicitly demonstrated with analytic
solutions in the quasi-1D case. The approach is also investigated for 2D and 3D flows, where the adjoint
equations and boundary conditions are derived. The approach is applied to mesh adaptation, performing
comparably to the conventional near-field drag adjoint approach.

1. Introduction

Adjoint methods are routinely used in computational aerodynamics for shape design [1, 2] and error estimation and
grid adaptation [3, 4] applications, among others. Adjoint states depend on both a base-line flow solution and an output
function of the flow variables, in such a way that, for a given flow, there is a wide variety of adjoint solutions
corresponding to different outputs. Typical output functions in aerodynamic applications are force (lift, drag, etc.) and
moment coefficients, pressure distributions, flow input parameters (free-stream Mach number, flow direction), and
combinations thereof.

This paper focuses on the adjoint solution corresponding to the entropy flux across domain boundaries. Since there is
no entropy flux across solid walls, the above output measures the entropy balance across inlet/exit and far-field
boundaries. This is of practical relevance since the boundary entropy balance is directly related to loss in turbomachines
[5]. Likewise, as reviewed in section 2, under suitable assumptions aerodynamic drag can be approximated by the
integrated entropy flux across far-field boundaries with a formula due to Oswatitsch [6]. In practice, other approaches
for drag estimation that are indirectly based on the far-field entropy balance are used [7] besides conventional wall
integration. These approaches allow for a clear separation of the different physical sources of drag and can be exploited
in mesh adaptation [8].

Using entropy-based functionals is not new (see [9, 10] for general reviews on the use of entropy in numerical
simulations). In [11], an adjoint-based shape design procedure for turbomachinery applications based on minimization
of entropy losses was proposed, which however used the adjoint to a volume cost function measuring entropy
production at boundary layers instead of the boundary entropy balance. Likewise, different forms of the residual of the
entropy transport equation have been used as indicators for error estimation and grid adaptation in [12, 13, 14, 15, 16].
Along the same lines, it was pointed out in [17] that, for the Euler equations, the integrated entropy residual can be
written as the residual of the flow equations weighted by the entropy variables [18, 19] and, likewise in shock-free
cases, as the entropy flux across the domain boundaries. When shocks are present, the functional must include the
shock loci as additional boundaries [20, 21, 22]. A similar relationship was established for the Navier-Stokes equations
and was subsequently applied to drag error estimation and mesh adaptation via the Oswatitsch formula in [23]. The
paper is organized as follows. Section 2 reviews the connection between entropy flux and aerodynamic drag. Section
3 addresses the far-field drag (Oswatitsch) adjoint for inviscid quasi-1D flow, where exact results can be derived, as
well as for inviscid two-and three-dimensional (2D/3D) and laminar 2D flow. Section 4 presents numerical tests of the
Oswatitsch-adjoint-based mesh adaptation approach, comparing it to the entropy adjoint and near-field drag adjoint
approaches. Finally, section 5 contains a brief summary and discussion of the results.

Copyright © 2019 by Carlos Lozano. Published by the EUCASS association with permission.
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2. Drag and entropy flux

Aerodynamic drag is the force exerted by a moving fluid on a solid body along the direction d of the body’s motion.
For a body with a solid wall surface S, immersed in a fluid domain with external (far-field) boundary S (Figure 1),

drag can be computed as the integral of the fluid’s momentum flux over the body surface. For inviscid flows, it reduces
to

D,,, = [ pd-ads (1)

where 71 is the outward-pointing unit normal vector and p is the pressure. Under suitable assumptions [23, 24], the
contribution to eq. (1) due to shocks or boundary layers can be approximated by the entropy flux across the far-field
boundary S, with Oswatitsch’s formula [6]:

- g L
osw uo;w 2 I (D ’ l’ldS (2)
}/ 0 SX

where @ =—psu/R is the entropy flux, p and u are the fluid’s density and velocity, respectively,
s=Rlog(p/p”)/(y—1) is the entropy, R the gas constant, y the adiabatic exponent, u_ the velocity of the
incoming flow (free-stream velocity) and M the free-stream Mach number.

Figure 1: Sketch of a typical 2D flow configuration.
3. The Oswatitsch adjoint

We will now analyze the adjoint solution corresponding to the entropy flux across the fluid domain outer boundaries.
As a warm-up we will start with quasi-1D inviscid flow (for which exact results for both the flow and the adjoint
equations can be derived) and then proceed to the more engineeringly relevant 2D and 3D cases.

3.1. Quasi-one-dimensional inviscid flow
The (steady) quasi-one-dimensional Euler equations in a duct of cross-section A(x) with —1<x <1 read

R(U,A):%(AF)—%P:O, 3)

where
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P pu 0
Us=|pu| F=lpi’+p|, P=|p )
PE puH 0
and
L p_yv p,l,
p=(y-Dp|E-—=u’|, H=E+-=—"—"+—u 5)
2 p y=1p 2

Here u is the velocity, while E and H are the total energy and enthalpy, respectively. Eq. (3) holds for shock-free flows.
If the solution contains a shock at x,, Eq. (3) holds on either side of the shock, and matching across the shock is

provided by the Rankine-Hugoniot jump condition [F ]: =0. Away from shocks, entropy is conserved. Letting

® =—pus/ R denote the entropy flux, entropy conservation is encoded in the equation d(A®)/dx =0 . Focusing on
the entropy balance through the inlet/exit boundaries, we choose the following cost function

J =[A0]" (6)

(i.e. the net entropy flux across the duct’s ends). The adjoint construction for smooth flows requires one adjoint state
w = (w,,¥,,w,)" toenforce the flow equations in the Lagrangian

J=[A®]"| - [y RW, A)dx ©)

Linearizing (7) with respect to A and U, integrating by parts and rearranging yields

57 =[540]" j v {M—AP—i@AF)} ®)
dx
which is independent of 6U, provided that y obeys the adjoint equation
dy dA
—-AF," —-—P"y =0, 9
PR ©)
with the inlet/exit boundary conditions
(v—y)'F, é‘UL:H =0 (10)
where
2
Vi =2 (ps/R s_p P 11
a(p)(y_leppp (1

are the entropy variables, which obey the compatibility condition ®, = v' F,, . In the shock-free case, it can be shown
that equations (9) and (10) imply that y = v, i.e., the entropy variables are adjoint to the net entropy flux as first
pointed out in [17]. If there is a shock at x_, the linearization now includes the linear perturbation in the shock position,
o0x, [25]. The adjoint construction requires two adjoint states y, @ to enforce the flow and Rankine-Hugoniot
equations, resulting in the Lagrangian

=[]}~ ["y"RU. Aydx—[ 'y RW. Aydx - Ag" [F]" (12)
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where A = A(x,) . Linearizing with respect to A, U and x_, integrating by parts and rearranging yields

doA

dx

d 4 . dSA d
P——(5AF)|d N=Z——_P——(5AF) |dx 13
dx( )} x+'|.xrl//[dx dx( )} (13)

+1 X T
oI =[5A0] +["y [
independently of 6U and Jx,_, provided that ¢ =0 and y obeys the adjoint equation (9) on either side of the shock
with inlet/exit boundary conditions (10), as well as an internal shock boundary condition

w'F,0U|, —y"F,6U| =0 (14)

It can be shown [21] that (14) requires that the adjoint variables be continuous at the shock with zero derivative and
obey the internal boundary condition ,(x,) =0 . The above equations are incompatible with y being the entropy

variables, which are discontinuous at the shock. In fact, the entropy variables are adjoint to the cost function
[Ad)]j —[A®]" measuring the net entropy balance across the domain boundaries and flow discontinuities (including

the shock) [20, 21].
For given flow conditions and area distribution A(x) , the analytic solution to the quasi-1D equations can be obtained

with the Area-Mach number relation [26], while the corresponding adjoint solution, for arbitrary choices of the
functional, can be obtained with the Green’s function approach of [25]. This exercise can be carried out for a
converging-diverging symmetric duct with cross section

{2, |x|>0.5
Ax) =

1+sin’ 7zx, |x| <0.5

and transonic flow conditions which result in a sonic throat at x = 0 and a shock at x, =0.152. The analytic entropy

variables can be obtained from the flow solution using (11), while a closed-form expression for the Oswatitsch adjoint
variables has been obtained in [21]. Both sets of variables are compared in Figure 2 for the shocked case, as well as
for a subsonic case with M;, = 0.2. In the subsonic case, the Oswatitsch adjoint variables are identical to the entropy
variables, while for the shocked case there is a significant difference. While entropy variables are continuous at the
sonic throat and discontinuous at the shock, Oswatitsch adjoint variables are continuous at the shock with zero gradient
but show a finite jump at the sonic throat.
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Figure 2: Entropy variables and Oswatitsch adjoint for subsonic (left) and shocked (right) flow conditions.
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3.2 Two-dimensional inviscid flow

Let us now move on to two dimensions. We assume that the fluid domain Q has a boundary dQ formed by a solid
wall S and a far field boundary S _ , as depicted in Figure 1. The flow obeys the (steady) Euler equations

RU)=V-FU)=0, (15)
where
p pu
U= pu, . F= p’i‘”l + p):c (16)
P, puu, + py
pE puH

In these definitions, ui, u, are the Cartesian components of the velocity vector u . The flow equations are supplemented

with non-transpiration conditions #-72=0 on §, and characteristic boundary conditions on S . If the solution U
contains a shock along a curve ¥ , the Rankine-Hugoniot jump condition [F ]-A; =0 connects the smooth solutions
R(U) =0 on either side. Here [F]=F'| —FI denotes the jump in F across the shock and fi; is the unit

downstream upstream

normal vector to X oriented such that it points upstream of the shock —see Figure 3. The cost function is again the
entropy flux across the domain boundaries

J:a[lci).ﬁdsz—%jpsﬁ-ﬁdsz—%jpsﬁ-ﬁds (17)

For subsonic conditions (such that the flow remains smooth throughout the domain) deriving the adjoint equations
requires an adjoint state ¥ = (y,,¥,,¥,,¥,)" to enforce the flow equations on (17),

J:j&)-ﬁdS—Wv-ﬁ(U)dQ (18)
Q

N

%

Linearizing (18) with respect to U, integrating by parts and rearranging yields

87 = [ @, -#asUdS + [Vy" - F,6UdQ~ [ y"ir- F,50dS - [ y"ir- F,oUdS =
S, Q S, S,

. . 19)
~[. poii-Ayy +¢-ii+y,H)dS+ | V" -F,6UdQ+ [ (v—y) F, -AsUdS ~ | (¢-#)5 pdS
;
where ¢ = (y,,\,) is the adjoint momentum vector and
r__ 0 y s _pi’ pi p
vi=——-(ps/R)=| ——-——-"—,—,—- = (20)
ou y—1 R 2p p p

are the entropy variables. Since ou-n on S, can be written in terms of known quantities using the linearized wall
boundary condition 5(u-n) =0V -n+(0x; -Vyu-n+u-on (here 5x; is the wall boundary deformation that appears

in shape design applications), independence of (19) from SU requires that y obeys the adjoint equation
Vy'-E, =0 Q1)

with boundary conditions
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~v—w)' (E,-")sU| =0,

(22)

(p-fz|su =0.

As in the quasi-1D case, (21)-(22) require that y = v, so the entropy variables are, again, adjoint to the cost function
(17). When (21)-(22) hold, the linear perturbation of J can be computed by the remaining terms of (19) as

5T =— L PO - AW, +@-i +y,H)dS 23)

which can be applied, for example, to compute gradients of the cost function with respect to variations in the shape of
S, in the context of adjoint-based shape design.

When shocks are present, the above analysis needs to be modified to account for the perturbation in the shock strength
and position. A detailed adjoint analysis for shocked 2D cases has been carried out in [27] (see also [21]) for a
functional consisting on a function of the pressure integrated along the wall and can be easily adapted to the present
case as follows. If the flow is perturbed by a small change in boundary or flow conditions, a deformation of the solid
wall, errors or uncertainties in the solution, etc., the shock structure and position will be different, and we will assume
that the new shock curve can be described in terms of a local (small) deformation x; — X; + X, . The perturbations

in the flow SU and shock position 6X,; can be obtained from the linearized flow and Rankine-Hugoniot equations,

V-(F,6U)=0 inQ\X
[F,8U], iy +[F -8ig ], +[(6%, -V)F -7z}, =0 onX

)Y

(24)

X

end
A tZ
nE_J
!
e —
X
l - Sw

Figure 3: Schematics of shock location and conventions. Flow direction is from left to right.

Introducing adjoint states y and y, to enforce the flow and shock equations, the linearized perturbation to the cost
function (17) can be written as

8J = [ @, -#8UdS - [ y'V-(F,6U)dQ~ [y (LF,8U1, ity +[F - 5iy )y +[(6%, -V)F i), )dE  (25)
S

O\x z

The manipulation of Eq. (25) involves three basic steps (further details can be found in [21]): integrating by parts the
field integral, separating 5X, = 6% f; + 6 A, into its tangent and normal components, and integrating by parts along

% the resulting tangent derivatives 0,, = t; -V . This yields

o1 = p5ﬁ-fz(l//0+(ﬁ-ﬁ+l//3H)dS+J.Q\EV1//T  F,0UdQ+ [ (v=y)'F, ~ﬁ§UdS—L\ (@-7)S pdS
w \Xp s, Xp

(26)
~J @y ESUN, A ds - [ 0, IF i) o2, d2 -y [F L), |

Eq. (26) can be computed by the first term on the right-hand side (and thus independently of SU and &X; ) if i obeys
the adjoint equation (21) and wall and far-field boundary conditions (22). At the shock, ¥ and w, must be related

such that '/"zw ==Y, =V|som > 50 ¥ must be continuous across the shock. Eq. (26) also requires
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0, IF i}, =0 @7
which is a differential equation along the shock, and
v (x)IF 1], =0 (28)

at the shock root x, , where [ ]X is the jump across the shock at the shock root. Using the shock equations (27) and

(28), it can be shown [21] that for normal shocks, for example, adjoint normal derivatives are mostly vanishing (and
continuous) across the shock. At any rate, these equations are usually not taken into account for the discretization of
the adjoint equations. It is assumed that the discrete adjoint system picks the correct solution satisfying (27) and (28)
provided that there is enough dissipation across the shock [28]. However, taking the shock relations into account does
have an impact in shape optimization [27].

A final comment concerns the relation of the Oswatitsch adjoint to the entropy variables in the shocked case. Entropy
variables are necessarily discontinuous at shocks, so they cannot obey the above equations. Hence, for shocked flows,
as in the quasi-1D case, the Oswatitsch adjoint differs from the entropy variables, which are in fact adjoint to the cost
function

[ V' RW)aQ= jv.( p‘”de ——jpsu ndS——j psil] -fi,dS (29)

O\X O\X R

3.3 Two-dimensional viscous flow

The Oswatitsch formula can be also applied to viscous flows. As above, it is possible to derive the adjoint scheme in
this case. Adjoint analysis for viscous flows are quite standard now (see for example [29, 30, 31, 32]) and we will not
go through the derivation here. We will just state the basic results. If the (steady) Navier-Stokes equations are written
as

V(F-F")=V-F-V-(K-VU)=0 (30)

where F' =K -VU are the viscous fluxes, then the adjoint state w = (y,,w,,¥,,w,)" that corresponds to (17) obeys
the adjoint equation

~ oK”
F' - Vy-VU". -Vy)=0 31
U 4 oU ¥) (31
with boundary conditions
= O’
s,
s =)l =0, (32)
anl/l3|sw = 0

;=0 have been assumed for the primal flow at the wall.

The situation with entropy variables is different in this case [17]. It turns out that entropy variables are no longer adjoint
variables (i.e., they do not obey eq. (31) but a closely related one) and they are not related to the entropy flux but to
the viscous entropy residual

=——j( ( piis ——(0' Vu+Vv. (kVT)))dQ jcb nds+j—(a Vu+V-(kVT))dQ (33)
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where o :Vu=0,V,u,. Using a clever trick, however, it is still possible to use the entropy variables in this case to

compute the error associated to the Oswatitsch drag [23].
3.4 Three-dimensional inviscid flow

The extension to three dimensions poses no significant complications. In the shocked case, the shock is now a surface
which, for the sake of the analysis, will be taken to be a single sheet attached to the wing surface along a curve o and

with an additional boundary curve o, along which the shock merges with the remaining smooth flow.
It can be shown that the adjoint state is still continuous across the shock, where it obeys the following shock equations

V' [Fl;=0 onX
. (34)
y'[F-i, ], =0 on o

In (34), [1_ is the jump across the shock at the shock root, V,, is the tangent gradient (the covariant derivative on X

)and 7, is the normal vector to the shock boundary curve o which is tangent to the shock surface.

4. Numerical tests

In the cases that follow, the flow and adjoint computations have been carried out with DLR’s unstructured, finite
volume solver TAU [33] using a cell-vertex, second-order, central discretization with JST scalar dissipation [34]. The
near-field drag and Oswatitsch adjoint solutions are computed with the same continuous adjoint solver with only minor
modifications affecting the boundary conditions. In both cases, the following adjoint boundary conditions

¢p-i=f-h onS,
0

along outgoing characteristics on S,

are weakly enforced, with y =y and f equal to the force direction for drag/lift adjoints, and y =y —v and f =0
for the Oswatitsch adjoint.

4.2 2D inviscid flow

The first example is inviscid, subcritical flow over a NACA 0012 airfoil with free-stream Mach number M =0.5

and angle of attack « =2°. We use this case, which was addressed in detail in [23], for validation and to confirm the
equivalence between the entropy variables and the Oswatitsch adjoint variables. This is done in Figure 4, showing a
good agreement which confirms that, as in the quasi-1D case, the entropy variables are dual to the Oswatitsch
functional.
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0.0015 :— Entropy variables (v,)
i — — — - Ostwatitsch adjoint (y,)
0.001 f—
0.0005 f—
I
-0.0005 f—

Figure 4: NACA0012 (M, =0.5, o =2°). Entropy variables and Oswatitsch adjoint on the airfoil surface.

Next, we consider transonic flow past a NACAO0012 airfoil with M =0.8 and o =1.25°, resulting in a strong shock

at 65% chord on the suction side of the airfoil. To this setup we apply adjoint-based adaptation schemes built on the
near-field drag adjoint (1), the Oswatitsch adjoint and likewise the entropy adjoint (using the entropy variables as an
adjoint solution). The initial mesh, which is shown in Figure 5, has 2995 nodes, with the far-field located at
approximately 50 chord-lengths away from the airfoil. Mesh adaptation is carried out by splitting in half the mesh
edges according to the value of Dwight’s dissipation-based local mesh adaptation indicator [35]

(diss) (diss)
| OB g ORT
oK. ok

= (35)

where R'““" is the dissipation part of the JST residual and k! and k! are local values of the dissipation coefficients.

An edge is marked for refinement if the value of the indicator exceeds a threshold that is set implicitly by requiring
that the percentage of new points introduced is fixed at 40%. When edges are split on the airfoil’s surface, the position
of the new points is adjusted using cubic splines reconstruction to conform to the original geometry.

Figure 5 shows the convergence of the drag coefficient for the different adaptive strategies, including isotropic
refinement (where every mesh edge is split in half) for reference purposes. Errors are computed with respect to a
reference value obtained by Richardson extrapolation from the isotropic refinement values. It is clear that both drag-
adjoint-based approaches yield nearly identical results (and perform consistently better than the entropy adjoint) in
terms of the drag coefficient (computed by pressure wall integration (1)).

The above behavior is reflected in the adapted meshes, which are shown in Figure 6. Drag-based and Oswatitsch adjoint
adapted meshes show similar trends (with the Oswatitsch adjoint seemingly targeting the wake somewhat more
intensely), including intense refinement along the incoming stagnation streamline and the contour of the supersonic
bubble on the suction side of the airfoil, which are typical features of adjoint-adapted meshes. The entropy adjoint
approach, on the other hand, targets strongly the wake and shock regions. This over-refinement prevents the entropy-
based adaptation from properly refining the mesh to produce a more accurate drag coefficient.
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Figure 6: NACAO0012 M_ =0.8 and o =1.25°. Final adapted meshes after 5 adaptation cycles. Top: near-field drag
adjoint-based adaptation. Mid: Oswatitsch-drag-adjoint-based adaptation. Bottom: entropy adjoint.

4.3 2D viscous flow

We now examine viscous flow past a NACA 0012 airfoil with M_ =0.5, a =2° and Reynolds number Re = 5000.

The initial mesh is a hybrid, unstructured mesh with about 30 structured layers of quadrilaterals in the boundary layer.
The far-field boundary is approximately 100 chord-lengths away from the airfoil.

Adjoint-based adaptation is again performed based on Dwight’s indicator. Adaptation in the triangular region proceeds
as explained above, while adaptation in the boundary layer proceeds by edge bisection in the streamwise (i.e., parallel
to the airfoil surface) direction only.

Figure 7 shows the convergence of the near-field drag coefficient using the different adaptive strategies. We see that
the Oswatitsch adaptation and the near-field drag adaptation perform comparably, and are both outperformed by the
entropy adjoint approach.

The adapted meshes after 4 adaptation iterations are shown in Figure 8. Both the Oswatitsch and near-field drag adjoint
approaches strongly refine the region close to the airfoil, including the wake and the incoming stagnation streamline.
The Oswatitsch adjoint also targets intensely the entire wake all the way to the far-field, a feature that is shared by the
entropy adjoint approach, which also targets regions of the mesh near the airfoil, as well as the portions of the wake
near the airfoil but leaves the incoming stagnation streamline significantly unrefined.

log,,(Error) ————— Uniform refinement
- ——o—— near-field drag
———— Entropy adjoint
Oswatitsch adjoint

3
i o(1)

35}
- o)

4

T !
2.2 2.4 2.6 2.8 3 3.2

12

log,,(# points)
Figure 7: NACAQ012 M_ =0.5, Re = 5000 and & =2°. Convergence of near-field drag
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For completeness, we provide a more challenging 3D test case addressing transonic flow past an ONERA M6 wing at
a =3.06°, sideslip angle f=0° and M_ =0.84 . The flow has a strong lambda-shaped shock on the suction side.

The initial mesh consists of ~ 205000 tetrahedra and ~ 41000 nodes.

Near-field drag convergence results are shown in Figure 9. Errors are established with respect to a reference value
obtained using Richardson extrapolation from computations in a sequence of globally refined meshes. The entropy
adjoint approach shows error convergence, but it performs worse than uniform refinement at every stage and even
worse than feature based adaptation at the earliest stages. This is likely due to the over refinement of the shock and
wing-tip vortex regions that is clearly noticeable in the adapted meshes (Figure 10 and Figure 11). On the other hand,
the Oswatitsch adjoint gives results comparable to the near-field drag-adjoint based scheme. This can be surprising,
since in 3D the Oswatitsch formula misses a significant contribution to the drag coming from trailing vorticity (the
induced drag). This should affect the drag values predicted with the formula but seems to have little influence in the
adaptation process as far as prediction of near-field drag is concerned. Accordingly, the Oswatitsch adapted mesh
shows a more even refinement pattern that is closer to the specific drag-based adaptation, with a slight refinement of
the shock and strong refinement immediately upstream of the wing.

----o---- Uniform refinement
——0—— Drag adj
Oswatitsch adj
Entropy adj

Local gradient adap.

log,,(Error)

1 1
1.6 1.8 2

1/3

log, ,(# points)
Figure 9: ONERA M6. Convergence of near-field drag for different adaptation schemes.

Initial mesh swatitsch near-field drag entropy adjoint
Figure 10: ONERA M6. Initial (left) and adapted surface meshes after 4 adaptation steps.

Oswatitsch near-field drag entropy adjoint

Initial mesh
Figure 11: ONERA M6. Cut through the wing horizontal symmetry plane for the initial and adapted meshes
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5. Discussion

Aerodynamic drag can be estimated by the integrated flux of entropy through domain boundaries. Following this idea,
an adjoint-based mesh adaptation approach that targets the entropy flux has been investigated. For inviscid, subcritical
flows, the resulting adjoint state is equivalent to the entropy variables and, thus, the approach is identical to the entropy
adjoint approach of Fidkowski et al., while for shocked or viscous flows both approaches differ. In all cases, the entropy
variables are related (adjoint in the inviscid case, and “quasi”-adjoint in the viscous —laminar— case) to the integrated
entropy residual, which can be expressed as a global entropy balance comprising the entropy entering and leaving the
domain and the entropy generated within the domain, including entropy created at shocks and boundary layers. This
relates the entropy variables to spurious entropy generation, while the Oswatitsch adjoint is related to physical entropy
production.

At the numerical level, on the other hand, the flow residuals weighted with the Oswatitsch adjoint target errors in the
entropy flux, so they clearly include spurious entropy generation. At the same time, the residuals weighted with the
entropy variables target regions of spurious entropy production (which are errors in the entropy residual) but also
regions (such as shocks) of physical entropy production.

The next question is the practical application of these approaches. Both approaches have been tested in shocked inviscid
2D and 3D flows, as well as in 2D viscous flows, and compared with conventional output-based adjoint mesh
adaptation. The Oswatitsch adjoint tends to mimic the drag convergence behavior of the near-field drag adjoint-based
adaptation, even in 3D where the Oswatitsch formula does not account for induced drag. The adapted meshes are
likewise similar, with the Oswatitsch adjoint targeting the wake more intensely than the near-field drag adjoint but
avoiding the over-refinement of the shock regions that is present in both entropy-based approaches. The positive result
in 2D cases may have been expected given that the Oswatitsch adjoint also targets regions of spurious entropy
production which, as pointed out in [23], accounts for the difference between near-field and Oswatitsch drags.

The entropy adjoint approach, on the other hand, has the advantage of not requiring a separate adjoint solution, but it
has been seen to perform worse than the drag adjoint in inviscid shocked cases. Likely, the creation of entropy at the
shocks is leading to over-refinement in those regions, which may be counter-productive as far as prediction of output
quantities of engineering interest is concerned. This tendency could be alleviated by weighting the sensor with cell-
size dependent factors, but a more physically-based solution would be worth investigating.

The situation is different in viscous cases, at least in the subsonic, laminar case that we have analyzed, where the
entropy adjoint approach has been seen to outperform the drag and Oswatitsch adjoints in terms of drag error
convergence. The effect of including turbulence or viscous shocks remains to be seen.

We end with two considerations which concern the relevance of the Oswatitsch adjoint approach and the influence of
the particular adaptation strategy adopted. Regarding the first issue, we explained in the introduction that the far-field
evaluation of the entropy flux by itself (and not just as a surrogate for aerodynamic drag) is relevant in turbomachinery
flows as a means to compute loss, which has sources other than aerodynamic drag. The adjoint formulation presented
here could be of relevance in the numerical estimation of loss for these flows, as well as for optimal shape design.
Finally, the adopted adaptive strategy focuses on the elimination of artificial dissipation errors, and this should be kept
in mind when assessing and extrapolating these results. However, artificial viscosity contributes significantly to
spurious entropy generation, especially in inviscid flows, which supports the choice of adaptation strategy. Besides,
the overall conclusions are not significantly different from what can be found in the published literature, giving more
confidence in the generalizability of the results.
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