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Abstract 

In the scope of the ExoMars 2020 mission, this paper addresses the formal analysis and verification of 

the cruise GNC with as main focus the certification of the control loops in terms of stability and 

robustness. In particular, it is shown how the main cruise GNC control loop can be modelled as a so-

called linear fractional transformation (LFT) model, while explicitly including parametric and dynamic 

uncertainties such as MCI parameters, un-modelled dynamics, delay, estimation errors, etc. 

Subsequently, it will be demonstrated by means of the 𝜇-tools that the structured singular value (SSV) 

or 𝜇-theory can be adopted for the systematic verification and certification of robustness of the uncertain 

system.  

1. Introduction 

The ExoMars programme 2016-2020 is the result of a broad cooperation between the European Space Agency (ESA) 

and the Russian Space Agency (Roscosmos) with as main purpose to investigate the Martian environment and to 

demonstrate key flight & in-situ enabling technologies paving the way for the future Mars sample return mission. The 

programme consists of two missions to Mars that are scheduled for launch in 2016 and 2020 respectively.  

The 2016 mission was composed of a trace gas orbiter (TGO) and an entry, descent and landing demonstrator module 

(EDM), also known as the Schiaparelli. The TGO carries scientific instruments to detect and study atmospheric trace 

gases such as methane, while the EDM contains a sensor suite to evaluate the lander’s performance during the entry, 

descend, and landing as well as sensors to study the Martian environment at the landing site. On the other hand, the 

2020 mission includes a rover equipped with a drill and a suite of other instruments dedicated to exobiology and 

geochemistry research. 

Within this programme, SENER is involved in various projects. For the 2016 mission SENER was in charge of: 1) the 

front shield separation mechanism; 2) the surface platform structures and separation mechanisms, which includes the 

crush-structure that absorbs the energy of the impact of the landing; 3) the development of the special check-out 

equipment (SCOE) for the guidance, navigation and control (GNC) subsystem of Schiaparelli; 4) and the quality 

assurance activities of the NOMAD instrument software. On the other hand, for the 2020 mission, SENER is in charge 

of: 1) the development of three different mechanisms that are part of the drill system that is integrated in the Rover to 

obtain samples of the Martian soil (i.e. extension rods, drill translation group, and positioner translation group); 2) the 

umbilical release mechanism ; 3) the solar panel attachment and deployment mechanisms; 4) the development of the 

GNC-SCOE for the whole mission including cruise and entry phase. 

Finally, SENER is participating in the ExoMars 2020 cruise GNC analysis and functional verification support project, 

which is being carried out by DEIMOS (prime contractor) and SENER (subcontractor) for Thales Alenia Space Torino 

(TASI) and ESA. The main goal of this project is to perform an independent GNC functional and performance 
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verification, which includes the definition of the verification plan as well as the subsequent execution thereof by means 

of formal and simulation based analysis techniques. For the latter a functional engineering simulator and a cruise GNC 

prototype were developed. 

Within the scope of the latter project, this paper addresses the formal analysis and verification of the cruise GNC 

controller with as main focus the certification of the control algorithm in terms of stability and robustness. The cruise 

GNC ensures the correct attitude and trajectory control along the Earth to Mars journey from launcher separation up 

to the descent module release. The formal (i.e. analytical) stability analysis of a spin-stabilised attitude control system 

is challenging and requires advanced modelling and analysis techniques for a proper certification. Indeed, the problem 

comprises a multi-variable feedback control system which includes, among other things, dynamic coupling effects, 

actuator and measurement delay, estimation errors, as well as parametric and dynamic uncertainties such as mass, 

centre of mass, and inertial (MCI) parameter variations and un-modelled dynamics. 

An important approach for the verification of stability and robustness in the presence of the previously mentioned 

characteristics is the framework of linear fractional transformations (LFT), which facilitates the modelling of uncertain 

control system interconnections as well as the systematic verification of robust stability in the presence of parametric 

and dynamic uncertainties by means of structured singular value (SSV) theory [1], [2], [3], [4]. The corresponding 

tools are readily available in MATLAB’s robust control toolbox [5], [6]. 

The paper is organised as follows. Fist, a brief qualitative overview of the ExoMars 2020 mission and the cruise GNC 

is provided in Section 2 and 3 respectively. Subsequently, the paper continues in Section 4. Starting with the 

formulation of the nonlinear model of the spinning spacecraft, it is demonstrated how to systematically verify and 

guarantee stability and robustness of the ExoMars 2020 cruise GNC algorithms by means of the LFT framework and 

SSV theory. In particular, it will be shown that robustness can be guaranteed in the presence of dynamic coupling 

effects, actuator and measurement delay, estimation errors, MCI parameter variations and un-modelled uncertainties. 

The paper is concluded in Section 5 with some final remarks and conclusions. 

2. Exomars mission overview 

The 2020 ExoMars mission, which is led by Thales Alenia Space as prime contractor, consists of an ESA spacecraft 

composite (SCC), which will be launched by a Roscosmos Proton launcher. The SCC includes a carrier module (CM) 

and a descent module (DM), which are developed under ESA and Roscosmos responsibility respectively. The latter 

transports a surface station and a rover module (RM), while the CM facilitates the nine-month cruise phase of the SCC 

up to the arrival at Mars, where the DM is released from the CM. The CM will then break up and burn out in the 

Martian atmosphere, while the DM will perform its entry, descent and landing (EDL) on the Martian surface. After the 

successful landing, the RM is deployed on the Martian surface to accomplish its science and technology objectives. 

Here the corresponding strategy is to: 

 land in an “ancient” location that possesses high exobiological potential for past life signatures; 

 collect well preserved samples, free of oxidation and radiation damage, at different sites using the RM drill 

system; 

 conduct an integral set of measurements that will provide reliable evidence for or against the existence of a 

range of bio-signatures for a nominal lifetime of 218 sols (~7 Earth months). 

 

 

Figure 1: EXM 2020 Spacecraft Composite (image credit: TASI) 
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3. Cruise GNC overview 

The SCC cruise GNC ensures that the trajectory and the attitude control of the SCC, needed for communication, power 

generation, and fine pointing during DM release during all mission phases from launcher separation up to the DM 

release, are carried out correctly. In addition, it ensures that the SCC’s spin rate is actively controlled at 2.75 rpm about 

the principal axis of inertia (close to the SCC x-axis) during the cruise phase. Even though the spin-rate is relatively 

high, the selected star tracker unit will allow attitude determination at this angular rate with the required performances. 

The following requirements drive the cruise GNC design: 

 Spin stabilized SCC 

 High level of autonomy in relation to manoeuvres execution 

 Pointing with the medium/low gain antennae (MGA/LGA), depending on mission phase and GNC mode 

 Pointing strategy towards Sun or Earth depending on mission phase 

 Accurate pointing at DM release for EDL mission initialization 

 Fail safe and fail operational settings defined depending on mission phase criticality 

The CM is equipped with two Sun detection sensors (SDS) and two star-trackers (STR) in cold redundancy, while the 

on-board computer (OBC), the two inertial measurement units (IMU) in cold redundancy, and the ground 

communication system (TM/TC) are located in the DM such that they are available for both the cruise as well as the 

EDL phase. This fact implies also that, after separation, the carrier is no longer capable to perform any “fine” attitude 

or trajectory determination and control. The SCC actuators consist of two sets, nominal and redundant, of 8 hydrazine 

thrusters. The thrusters are mounted such that forces and torques can be generated in any direction. 

The attitude estimation is performed by a gyro-stellar Kalman filter. In case of short-term unavailability of the star 

tracker, the attitude is propagated by integration of the gyro data. The nominal attitude control during cruise brings the 

SCC x-axis pointing to the Sun in the first phase (about 50 days) to ensure sufficient power generation from the solar 

arrays and communication via the LGA. In the second phase (about 200 days), when Sun/SCC/Earth aspect angle is 

limited, the spin axis points towards the Earth in order to ensure communication with the MGA at higher distances. 

In case of major anomalies, following sensor and actuator reconfigurations, the SCC autonomously enters a safe 

pointing attitude, making use of SDS sensors and gyros as main attitude sensors. The safe attitude ensures power 

generation and minimal communication with Earth stations; this level of autonomy can be maintained for several days. 

The SCC cruise GNC will execute several trajectory correction manoeuvres (TCM). During these Δ𝑉 manoeuvres, the 

IMU accelerometers are used to integrate the SCC acceleration and to shut-off the reaction control system’s (RCS) 

thrust once the target Δ𝑉 is reached. These measurements are also used for trajectory control purposes to autonomously 

detect and correct any deviation from nominal trajectory as a consequence of attitude manoeuvres or external 

disturbances. 

In summary, the cruise GNC implements the following modes: 

 Spin-up mode (SUM) 

 Sun/Earth/inertial pointing mode (SPM/EPM/IPM) 

 Delta-V mode (DVM) 

 Pre-separation mode (PSM) 

 Stand-by mode (SBM), Safe mode (SM), Survival mode (SVM) 

3.1. Cruise GNC algorithm 

An important driver for the cruise GNC design is simplicity. To this end, all the GNC modes rely on the same control 

architecture, sharing the same interfaces; they are configured differently depending on the particular GNC mode. 

The GNC guidance and navigation functionalities provide the estimated SCC state deviation with respect to the 

reference SCC state and the estimated SCC MCI properties to the GNC controller that provides corrective actions at a 

frequency of 2 Hz. In turn, the controller provides the force and torque commands as well as the thruster heating 

requests to the RCS system (by means of on/off times). In addition, the GNC controller implements the estimation of 

the remaining propellant mass and provides information flags on the correct tracking/execution of the manoeuvres to 

the GNC manager. To this end, the GNC controller consists of the following functionalities: 

 Mode manager: This function configures the control functionalities depending on the GNC mode/sub-mode 

 Attitude control: This function computes the torque control commands needed for attitude control 

 𝚫𝑽-control: This function computes the force control commands needed for trajectory control. 

 SCC inverse dynamics: This function accounts for the gyroscopic terms of the SCC dynamics 

 Dispatching: This function computes the RCS thruster on-times commands from the force-torque requests. 
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3.2. Stability requirements and verification approach 

The verification of the stability requirements was carried out by means of formal and simulation based analysis 

techniques. As discussed in Section 4, the formal robustness analysis is based on the 𝜇-tools that can be used for the 

systematic analysis of stability and performance properties of uncertain feedback interconnections [1], [2], [3], [4]. 

The use of these advanced techniques (rather than a more classical approach) was foreseen in the GNC requirement 

specification as some of the scenarios cannot be easily treated by means of classical techniques. 

The simulation based analysis techniques rely on the use of a nonlinear high fidelity functional engineering simulator 

developed by DEIMOS [8]. The approach is primarily considered for GNC performance verification consisting of an 

extensive Monte Carlo campaign. On the other hand, its use in relation with the stability requirements is twofold:  

1. Validate the linearized models of the GNC controller, the SCC plant, and the system feedback interconnection 

2. Cross-check the predictions of the formal analysis to assess the potential conservativism of the applied 

methods 

In addition, sensitivity analyses on the FES were performed for those (uncertain) parameters for which the formal 

robustness analysis revealed potential criticalities. Note that the functional engineering simulator includes the SCC 

flexible modes mainly due to deployable solar arrays and the liquid slosh of the fuel inside the tanks. 

4. Stability analysis 

Let us now proceed with the stability analysis. To properly assess the behaviour of the closed-loop system it does not 

suffice to rely on classical analysis approaches (e.g. checking the gain- and phase-margins). Indeed, the classical 

techniques are mostly restricted to the analysis of single-input single output (SISO) systems and do not allow to 

systematically incorporate uncertainties, while the nature of the system under consideration is multi-input multi-output 

(MIMO) and includes various sources of uncertainties. This calls for a more advanced way forward which offers the 

capability to address these concerns. One such approach is the LFT/𝜇-framework [1], [2], [3], [4] which allows to 

systematically verify the stability properties of uncertain MIMO systems as will become clear in the sequel. 

As discussed, the stability analysis of the cruise phase consists of various GNC modes. Among others, it is possible to 

perform the following actions: 

1. Spin-up/down: The SCC cruise GNC is capable of both increasing and decreasing the SCC’s spin-rate in 

order to spin-stabilize the spacecraft after launcher separation at a certain angular rate and to de-spin the 

vehicle for slew execution in survival mode. 

2. Cruise: After the spin-up phase, the SCC cruise GNC maintains a constant spin-rate, which is actively 

controlled throughout most of the cruise phase. 

3. TCMs and 𝚫𝑽 corrections: On several occasions, a Δ𝑉-manoeuvre needs to be performed in order to adjust 

the transfer orbit trajectory and to ensure that Mars is correctly reached. 

4. Slew/Search: A slew/search manoeuvres are frequently performed to change the SCC’s orientation to keep 

Earth pointing along the trajectory and/or to establish Earth-, Sun-, or inertial-pointing. Note that since the 

SCC is spin stabilised it maintains a fixed pointing of the spin-axis in an inertial reference frame. 

In this paper, we restrict our attention to the formal verification of the cruise phase, which includes most of the relevant 

technical topics (i.e. the Δ𝑉 and the slew/search manoeuvres are automatically covered as these actions rely on the 

same feedback control law, while applying a smoothly varying feedforward reference profile). 

4.1. Robustness analysis framework 

As mentioned above, the LFT approach together with the 𝜇-tools offer the possibility to systematically verify if an 

uncertain system is robustly stable [1], [2], [3], [4]. This proceeds as follows. 

In a first step, it is key to obtain a so-called LFT model of the nonlinear feedback interconnection. Such representations 

consist of a nominal (closed-loop) plant 𝑃 and an uncertainty block Δ, which is defined by the diagonal repetition of 

all modelled uncertainties and which is assumed to be confined to some bounded (i.e. stable) linear time-invariant 

(LTI) set 𝚫 with 0 ∈ 𝚫. The main idea is illustrated in Figure 2. 

In addition, we consider LFT models that have so-called generalised disturbance inputs (e.g. tracking reference (𝑟), 

external disturbance (𝑑), and noise inputs (𝑛)), as well as generalised performance outputs (i.e. tracking error (𝑧1), 

control/plant outputs (𝑧2/𝑧3)). 

DOI: 10.13009/EUCASS2019-658



8TH EUROPEAN CONFERENCE FOR AERONAUTICS AND SPACE SCIENCES (EUCASS) 

     

 5 

P
r

d

n







1

2

3

z

z

z









 

Figure 2: Linear fractional representation of the uncertain system interconnection 

If partitioning 𝑃 as 

𝑃 = (
𝑃11 𝑃12

𝑃21 𝑃22
), (eq. 1) 

with the dimensions of the individual blocks being compatible with Δ, then the LFT defined by 𝑃 and Δ is given by: 

𝑃 ⋆ Δ ≔ 𝑃22 + 𝑃21Δ(𝐼 − 𝑃11Δ)−1𝑃12. (eq. 2) 

An LFT is said to be well-posed if (𝐼 − 𝑃11Δ)−1 exists and is proper for all Δ ∈ 𝚫. In addition, it is assumed that the 

nominal closed-loop system (i.e. 𝑃22, which is obtained for Δ = 0) is stable. Obtaining LFT models is facilitated, for 

example, by powerful tools that are readily available in MATLAB’s robust control toolbox. 

Given the LFT model representation, the task of verifying robust stability has now been reduced to checking if 

(𝐼 − 𝑃11Δ)−1 is stable for all of the modelled uncertainties Δ ∈ 𝚫. To do so, in this paper, we rely on the computation 

of the so-called structured singular values (SSV) by means of the 𝜇-tools [4]. This proceeds as follows. 

Let us consider complex matrices that have the same structure as Δ: 

𝛥c = diag(𝛿1
𝑟𝐼, … , 𝛿𝑙

𝑟𝐼, 𝛿1
𝑐𝐼, … , 𝛿𝑚

𝑐 𝐼, 𝛥1
𝑓

𝐼, … , 𝛥𝑛
𝑓

𝐼) ∈ ℂ𝑛𝑝×𝑛𝑞  (eq. 3) 

where 

1. 𝛿𝑖
𝑟 ∈ ℝ, 𝑖 = 1, … , 𝑙, are real parameters with |𝛿𝑖

𝑟| < 1; 

2. 𝛿𝑗
𝑐 ∈ ℂ, j= 1, … , 𝑚, are complex parameters with |𝛿𝑗

𝑐| < 1; 

3. 𝛥𝑘
𝑓

∈ ℂ∗×∗, 𝑘 = 1, … , 𝑛, are full complex matrices with ‖𝛥𝑘
𝑓

‖ < 1; 

If denoting the set of all these complex matrices by 𝜟𝑐, then the structured singular value of the complex matrix 𝑃𝑐 ∈
ℂ𝑛𝑞×𝑛𝑝 with respect to the set of structured complex matrices 𝜟𝑐 is defined as:  

𝜇𝜟c
(𝑃𝑐) =

1

sup{𝑟 ≥ 0: det(𝐼 − 𝑃𝑐Δ𝑐) ≠ 0   ∀𝛥𝑐 ∈ 𝑟𝜟𝑐}
. (eq. 4) 

This leads to the following result [4]: Let 𝑃𝑐 be a complex matrix and 𝜟𝑐 an arbitrary set of (structured) complex 

matrices. Then the inequality 

1. 𝜇𝜟c
(𝑃𝑐) ≤ 𝑟𝑢 holds if and only if det(𝐼 − 𝑃𝑐𝛥c) ≠ 0 for all 𝛥𝑐 ∈ 𝑟𝑢

−1𝜟𝑐; 

2. 𝜇𝜟c
(𝑃𝑐) > 𝑟𝑢 holds if and only if det(𝐼 − 𝑃𝑐𝛥c) = 0 for some 𝛥𝑐 ∈ 𝑟𝑢

−1𝜟𝑐 . 

Let us now return our attention to the uncertain system interconnection in Figure 3 and observe that the interconnection 

is robustly stable if (𝐼 − 𝑃11Δ) has a stable inverse for all Δ ∈ 𝑟𝑢
−𝟏 𝜟, which in turn holds if and only if 

𝜇𝜟c
(𝑃11(𝑖𝜔)) ≤ 𝑟𝑢     ∀𝜔 ∈ ℝ ∪ {∞}. (eq. 5) 

Hence, robust stability is achieved for all Δ ∈ 𝜟 if 𝑟𝑢 ≤ 1. This is an exact characterization of robust stability for the 

feedback interconnection under consideration. Unfortunately, the exact computation of the SSV is in general hard, 

which enforces to resort to the computation of upper- and lower-bounds. This is what is done in the robust control 

toolbox of MATLAB. 
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4.2. Attitude dynamics 

To perform the robustness analysis it is key to first formulate a dynamics model that represents the behaviour of the 

spinning satellite. In particular, let us consider the attitude dynamics, which can be described by Euler’s equation as: 

𝐽
𝑑𝜔(𝑡)

𝑑𝑡
= 𝑇𝑒𝑥𝑡(𝑡) − 𝜔(𝑡) × (𝐽𝜔(𝑡)). (eq. 6) 

Here 𝑇𝑒𝑥𝑡(⋅) ∈ ℝ3 denotes the external torque, 𝐽 ∈ ℝ3×3 the spacecraft moment of inertia matrix, and 𝜔(⋅) ∈ ℝ3 the 

spacecraft angular velocity with respect an inertial reference frame expressed in body frame coordinates. 

To be able to analyse the stability of the closed-loop system by means of the 𝜇-tools, it is essential to obtain a linear 

model. Since the spacecraft is spinning with an almost constant and regulated spin-rate, 𝜔𝑠 ∈ ℝ, we proceed by 

introducing a rotating reference frame whose 𝑥-axis coincides with the spin-axis of the spacecraft’s inertial frame in 

order to express the angular velocity as 𝜔 = 𝜂 + 𝑅𝜉. Here 𝜂 denotes the angular velocity of the spacecraft with respect 

to the rotating reference frame expressed in the body frame, 𝜉 = col(𝜔𝑠 , 0,0) the angular velocity of the rotating 

reference frame with respect to the inertial reference frame and expressed in the rotation reference frame, and 𝑅 is a 

rotation matrix that maps reference frame coordinates into the body frame. Hence, the last matrix represents the attitude 

deviation of the spacecraft with regard the rotating reference frame. This allows to linearize the nonlinear equations of 

motion about the rotating reference frame in order to obtain a linearized state-space model that explicitly depends on 

the spin-rate 𝜔𝑠: 

(
𝜃̇(𝑡)

𝜓̇(𝑡)
) = (

0 𝐼3

𝐴21(𝜔𝑠) 𝐴22(𝜔𝑠)
) (

𝜃(𝑡)

𝜓(𝑡)
) + (

03×3

𝐽−1 ) 𝑢(𝑡), 𝑦(𝑡) = (
𝜃(𝑡)

𝜓(𝑡)
). (eq. 7) 

Here the states 𝜃 = col(𝜃𝑥 , 𝜃𝑦 , 𝜃𝑧) and 𝜓 = col(𝜓𝑥 , 𝜓𝑦 , 𝜓𝑧) respectively denote the angle and angular velocity, while 

𝑢(⋅) ∈ ℝ3 is the external torque input and 𝑦(⋅) ∈ ℝ3 the output of the linearized system, which is equal to the state. 

Since the state 𝜃𝑥 is not controlled, since it can be decoupled from the rest of the system, we instead consider the 

following decoupled state-space realisation for the analysis of the SCC x-axis pointing stability: 

𝐺: {𝑥̇(𝑡) = 𝐴(𝜔𝑠)𝑥(𝑡) + 𝐵𝑢(𝑡), 𝑦(𝑡) = 𝑥(𝑡). (eq. 8) 

This state space representation is obtained by applying the state transformation 𝑇5 = (05×1 𝐼5) such that 𝑥 =

col(𝜃𝑦 , 𝜃𝑧, 𝜓𝑥 , 𝜓𝑦 , 𝜓𝑧).  

As a final step, the obtained linearized model was validated against the nonlinear one by means of applying steps and 

sinusoidal to the inputs, while comparing the outputs. These results are not shown here. 

4.3. Nonlinear and linearized controller 

To continue, the to-be-analysed controller consist of a linear feedback law and a nonlinear feedforward compensator.   

The feedback law is defined by a simple PD control action, while the nonlinear feedforward compensator actively 

cancels the gyroscopic torques 𝜔 × (𝐽𝜔). The controller can be modelled as follows: 

𝑦𝑐(𝑡) = 𝐽(𝑘𝑝𝑇2𝑒𝜃 + 𝑘𝑑𝑒𝜔) + 𝜔 × (𝐽𝜔), (eq. 9) 

Here 𝑦𝑐(⋅) ∈ ℝ3 is the control output, 𝑒𝜃(⋅), 𝑒𝜔(⋅) ∈ ℝ3 the angular and angular velocity control errors respectively, 

𝑘𝑝 and 𝑘𝑑 the proportional and derivative control gains, and 𝑇2 = (02×1 𝐼2). As before, the nonlinear term can be 

linearized about the rotating reference frame. This yields the linearized controller 𝐾: 

𝐾: {𝑦𝑐(𝑡) = (𝐽𝐾𝑓𝑏 𝐾𝑓𝑓(𝜔𝑠)) (
𝑢𝑓𝑏(𝑡)

𝑥(𝑡)
) , 𝑢𝑓𝑏 = col(𝑒𝜃𝑦

, 𝑒𝜃𝑧
, 𝑒𝜓𝑥

, 𝑒𝜓𝑦
, 𝑒𝜓𝑧

). (eq. 10) 

Here 𝑒𝜃𝑖
= 𝜃𝑟𝑖

− 𝜃𝑖, 𝑖 = 𝑦, 𝑧 and 𝑒𝜓𝑗
= 𝜓𝑟𝑗

− 𝜓𝑗 , 𝑗 = 𝑥, 𝑦, 𝑧 denote the tracking error signals with 𝜃𝑟𝑖
 and 𝜓𝑟𝑗

 being 

the reference signals for the angle and angular velocity respectively. 

4.4. Closed-loop system interconnection 

In a next step, given the plant 𝐺 and the controller 𝐾, let us proceed by considering the cruise control system 

interconnection as shown in Figure 3. Here, respectively, 𝑟, 𝑑 and 𝑛 denote the reference, external disturbance and 
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noise inputs, while 𝑧1, 𝑧2, and 𝑧3 denote the tracking error, control, and plant performance outputs. These signals are 

dimension compatible with 𝐺, 𝐾. 
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Figure 3: Control interconnection 

The system interconnection is augmented by the actuator and sensor models 𝑇𝑎𝑐𝑡 and 𝑇𝑠𝑒𝑛 respectively, which are 

given by: 

𝑇𝑎𝑐𝑡(𝑠) = 𝑒−𝑠𝜏𝑎𝑐𝑡
𝛼𝑎𝑐𝑡

𝑠+𝛼𝑎𝑐𝑡
𝐼3, 𝑇𝑠𝑒𝑛(𝑠) = 𝑒−𝑠𝜏𝑠𝑒𝑛

𝛼𝑠𝑒𝑛

𝑠+𝛼𝑠𝑒𝑛
𝐼5. (eq. 11) 

These are low-pass filters with a cut-off frequency equal to the sampling frequency, which define the constants 𝛼𝑎𝑐𝑡 , 

and 𝛼𝑠𝑒𝑛, while 𝜏𝑎𝑐𝑡  and 𝜏𝑠𝑒𝑛 denote the delay times that are present in the actuator and sensor channel respectively. 

Clearly, these models are simplified and of low fidelity. However, they are sufficiently representative to proceed with 

the formal verification. In the following section it is shown how to include uncertainties in the control system 

interconnection in order to facilitate the robustness analysis. 

4.5. Introducing uncertainties 

4.5.1. Parametric uncertainty descriptions 

For the robustness analysis, let us observe that various parameters, such as the moment of inertia matrix 𝐽 are not 

precisely known. Within the robust control framework such parameters are called uncertainties, which can be easily 

incorporated in the system interconnection shown in Figure 3 as follows. 

First, let us recall that the moment of inertia matrix, 𝐽, scales linearly with the mass, 𝑚 ∈ [𝑚𝑏𝑜𝑙 , 𝑚𝑒𝑜𝑙], where 𝑚𝑏𝑜𝑙 

and 𝑚𝑒𝑜𝑙  denote the begin-of-life and end-of-life mass respectively. By taking 𝑚0 = 0.5(𝑚𝑏𝑜𝑙 + 𝑚𝑒𝑜𝑙) and 𝑚𝑑 =
0.5(𝑚𝑏𝑜𝑙 − 𝑚𝑒𝑜𝑙) the nominal mass can be expressed as: 

𝑚𝑛𝑜𝑚 = 𝑚0 + 𝑚𝑑𝛿𝑚, 𝛿𝑚 ∈ [−1, 1]. (eq. 12) 

Here 𝛿𝑚 denotes the normalized mass parameter, which, in the robustness analysis will be assumed an uncertainty. It 

is emphasized that even though this parameter is varying in time, it varies slowly enough to assume it to be time-

invariant (which is a requirement for the 𝜇-analysis). In addition, note that the mass is not exactly known on-board the 

SCC. If 𝑚𝑢 denotes the maximum deviation of the mass with respect to the nominal mass, 𝑚𝑛𝑜𝑚, the total mass can 

be expressed as: 

𝑚 = 𝑚0 + 𝑚𝑑𝛿𝑚 + 𝑚𝑢𝛿𝑚𝑢, 𝛿𝑚, 𝛿𝑚𝑢 ∈ [−1, 1]. (eq. 13) 

In the same fashion, it is possible to express the uncertain moment of inertia matrix as: 

𝐽 = (1 +
𝑚𝑑

𝑚0
𝛿𝑚 +

𝑚𝑢

𝑚0
𝛿𝑚𝑢) (

(1 + 𝛿𝑥𝑥𝑤𝑥𝑥)𝐽0,𝑥𝑥 𝛿𝑥𝑦𝐽𝑥𝑦 𝛿𝑥𝑧𝐽𝑥𝑧

𝛿𝑥𝑦𝐽𝑥𝑦 (1 + 𝛿𝑦𝑦𝑤𝑦𝑦)𝐽0,𝑦𝑦 𝛿𝑦𝑧𝐽𝑦𝑧

𝛿𝑥𝑧𝐽𝑥𝑧 𝛿𝑦𝑧𝐽𝑦𝑧 (1 + 𝛿𝑧𝑧𝑤𝑧𝑧)𝐽0,𝑧𝑧

). (eq. 14) 

Here 𝛿𝑖𝑗 ∈ [−1,1], 𝑖, 𝑗 ∈ {𝑥, 𝑦, 𝑧}, while 𝐽0,𝑥𝑥, 𝐽0,𝑦𝑦, 𝐽0,𝑧𝑧 are obtained by averaging the begin-of-life and end-of-life 

inertia values of the diagonal elements of 𝐽, while 𝑤𝑥𝑥 = 𝑤𝑦𝑦 = 𝑤𝑧𝑧 denote the relative size of the uncertainty in the 

diagonal elements of 𝐽. This allows to obtain the nominal and uncertain moment of inertia matrix along the cruise 

trajectory. 
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To continue, the spin rate is also slowly varying about its nominal reference value with some minimum and maximum 

value 𝜔𝑠 ∈ [𝜔𝑠,𝑚𝑖𝑛 , 𝜔𝑠,𝑚𝑎𝑥]. As we did for the mass, we can take 𝜔𝑠,0 = 0.5(𝜔𝑠,𝑚𝑎𝑥 + 𝜔𝑠,𝑚𝑖𝑛) and 𝜔𝑠,𝑑 =

0.5(𝜔𝑠,𝑚𝑎𝑥 − 𝜔𝑠,𝑚𝑖𝑛) to obtain 𝜔𝑠 = 𝜔𝑠,0 + 𝜔𝑠,𝑑𝛿𝑠 with 𝛿𝑠 ∈ [−1, 1]. 

In addition to the latter uncertainty descriptions, the controller takes estimated information on the parameters 𝐽 and 𝜔𝑠 

as input to scale the control gains according to the mission state. Since the estimations are not exact, this introduces 

extra unknowns that can be assumed as uncertainties. Indeed, the estimated inertia 𝐽 can be related to the one appearing 

in the plant as 𝐽𝑖𝑗 = (1 + 𝑤̂𝑖𝑗𝛿̂𝑖𝑗)𝐽𝑖𝑗, 𝑖, 𝑗 ∈ {𝑥, 𝑦, 𝑧}. Here 𝛿̂𝑖𝑗 ∈ [−1,1] are the normalised estimation uncertainties, 

while the constants 𝑤̂𝑖𝑗 capture the magnitude of the estimation error. Here it is noted that the estimation errors of the 

off-diagonal elements of 𝐽 are typically significantly larger that the diagonal ones. 

Finally, the spin rate 𝜔𝑠 is also affected by estimation errors. As before, this can be expressed as 𝜔̂𝑠 = (1 + 𝑤̂𝑠𝛿̂𝑠)𝜔𝑠 

where 𝛿̂𝑠 ∈ [−1,1] and 𝑤̂𝑠 again captures the magnitude of the estimation error. 

In summary, the closed-loop control interconnection is subject to 16 parametric uncertainties that all will be taken into 

account in the robustness analysis. 

4.5.2. Dynamic uncertainty descriptions 

In addition to parametric uncertainties, the control system is also subject to dynamic uncertainties. Indeed, the models 

𝑇𝑎𝑐𝑡 and 𝑇𝑠𝑒𝑛 are subject to actuator and sensor model uncertainties and also include the delay terms 𝑒−𝑠𝜏𝑎𝑐𝑡  and 

𝑒−𝑠𝜏𝑠𝑒𝑛, which need to be reformulated in order to be able to include the effect in the robustness analysis. To this end, 

we replace 𝑇𝑎𝑐𝑡 and 𝑇𝑠𝑒𝑛 with the following multiplicative uncertainty models: 

𝑇𝑎𝑐𝑡(𝑠) = (1 + 𝑤𝑎𝑐𝑡(𝑠)𝛿𝑎𝑐𝑡(𝑠)) (1 + 𝑤𝑎,𝑑𝑒𝑙(𝑠)𝛿𝑎,𝑑𝑒𝑙(𝑠))
𝛼𝑎𝑐𝑡

𝑠+𝛼𝑎𝑐𝑡
𝐼3, ‖𝛿𝑎𝑐𝑡‖∞ < 1,    ‖𝛿𝑎,𝑑𝑒𝑙‖

∞
< 1, 

𝑇𝑠𝑒𝑛(𝑠) = (1 + 𝑤𝑠𝑒𝑛(𝑠)𝛿𝑠𝑒𝑛(𝑠)) (1 + 𝑤𝑠,𝑑𝑒𝑙(𝑠)𝛿𝑠,𝑑𝑒𝑙(𝑠))
𝛼𝑠𝑒𝑛

𝑠+𝛼𝑠𝑒𝑛
𝐼5, ‖𝛿𝑠𝑒𝑛‖∞ < 1,    ‖𝛿𝑠,𝑑𝑒𝑙‖

∞
< 1. 

(eq. 15) 

Here the terms (1 + 𝑤𝑎𝑐𝑡(𝑠)𝛿𝑎𝑐𝑡(𝑠)) and (1 + 𝑤𝑠𝑒𝑛(𝑠)𝛿𝑠𝑒𝑛(𝑠)) express the dynamic uncertainty of the actuators and 

sensors by means of 𝛿𝑎𝑐𝑡 and 𝛿𝑠𝑒𝑛, which are unknown and possibly infinite dimensional transfer functions that are 

bounded in the 𝐻∞-norm by one. The uncertainties are weighted over frequency by the high-pass filters 𝑤𝑎𝑐𝑡(𝑠) and 

𝑤𝑠𝑒𝑛(𝑠). In other words, the actuator and sensor models are assumed to be more accurate at low frequencies than at 

higher frequencies.  

In addition to the dynamic uncertainties, 𝑇𝑎𝑐𝑡  and 𝑇𝑠𝑒𝑛 are affected by delay. Since this effect cannot be directly taken 

into account in the robustness analysis (without introducing conservatism in the analysis), we proceed in the standard 

fashion by modelling it as an uncertainty (see e.g. [7]). To do so, the initial terms 𝑒−𝑠𝜏𝑎𝑐𝑡  and 𝑒−𝑠𝜏𝑠𝑒𝑛 can be replaced 

by the multiplicative uncertainty models (1 + 𝑤𝑎,𝑑𝑒𝑙(𝑠)𝛿𝑎,𝑑𝑒𝑙(𝑠)) and (1 + 𝑤𝑠,𝑑𝑒𝑙(𝑠)𝛿𝑠,𝑑𝑒𝑙(𝑠)). Here 𝛿𝑎,𝑑𝑒𝑙 and 𝛿𝑠,𝑑𝑒𝑙  

are also bounded in the 𝐻∞-norm by one, while the weighing functions 𝑤𝑎,𝑑𝑒𝑙  and 𝑤𝑠,𝑑𝑒𝑙  should be chosen as 

|𝑒−𝑖𝜔𝜏 − 1| ≤ |𝑤𝑑𝑒𝑙(𝑖𝜔)𝛿𝑑𝑒𝑙(𝑖𝜔)| ≤ |𝑤𝑑𝑒𝑙(𝑖𝜔)||𝛿𝑑𝑒𝑙(𝑖𝜔)| ≤ |𝑤𝑑𝑒𝑙(𝑖𝜔)| for all delay values 𝜏 ∈ [0, 𝜏𝑚𝑎𝑥] and for all 

𝜔 ∈ [0, ∞]. A 𝜇-robustness analysis can then proceed in the usual fashion. See e.g. [7] for further details. 

In summary, we have introduced all the relevant sources of uncertainties and so that we can proceed with the robustness 

analysis as summarized in the following section. 

4.6. Robust stability analysis 

Given the control system interconnection together with the uncertainty descriptions, it is now possible to obtain an 

LFT representation of the control system interconnection shown in Figure 3, by means of MATLAB’s robust control 

toolbox (i.e. the “sysic” routine). This yields a representation as depicted in Figure 2, where 𝑃 represents the nominal 

closed-loop system and where Δ denotes the main uncertainty block, which is defined by the diagonal repetition of all 

the modelled uncertainties: 

Δ = diag(𝛿𝑚𝐼, 𝛿𝑚𝑢𝐼, 𝛿𝑥𝑥𝐼, ⋯ , 𝛿𝑧𝑧𝐼, 𝛿̂𝑥𝑥𝐼, ⋯ , 𝛿̂𝑧𝑧𝐼, 𝛿𝑠𝐼, 𝛿̂𝑠𝐼, 𝛿𝑎𝑐𝑡𝐼, 𝛿𝑎,𝑑𝑒𝑙𝐼, 𝛿𝑠𝑒𝑛𝐼, 𝛿𝑠,𝑑𝑒𝑙𝐼). (eq. 16) 

Given the LFT representation it is now straightforward to compute the robust stability margin by means of performing 

the 𝜇-analysis. This yields the information shown in Figure 4. These are the computed lower- and upper-bounds of the 

SSV as a function of frequency. As can be seen, the largest SSV is approximately 0.68, which means that the robust 

stability margin is 1

0.68
= 1.47. In other words, we have formally verified that the system is robustly stable to all of the 

modelled uncertainties with a margin of 1.47. 
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Figure 4: Computed structured singular values for the uncertain system including all modelled uncertainties 

It is emphasized that the robustness analysis can be easily extended to include robust performance. However, this was 

outside the scope of the project. In addition, it is noted that a proper robustness analysis includes a sensitivity analysis, 

where the uncertain parameters are varied in order to detect to which of the modelled uncertainties the control system 

is most sensitive. To do so, let us first consider the case where all dynamic uncertainties are set to their nominal value. 

This yields the results shown in Figure 5. As can be seen, the SSV bounds are significantly lower in the frequency 

range starting from 0.1 rad/s and higher. From this (and other analysis that is not shown here) we can infer that the 

control system interconnection is not sensitive to the parametric uncertainties. 

To further investigate this, let us again consider the full set of uncertainties, but now varying the maximum delay 

uncertainties as 𝜏𝑠𝑒𝑛 = 0.5𝜏𝑚𝑎𝑥 , 𝜏𝑎𝑐𝑡 = 𝜏𝑚𝑎𝑥 , and 𝜏𝑚𝑎𝑥 ∈ {0, 0.125, 0.25, 0.375, 0.5} seconds. This yields the results 

shown in Figure 6. As can be seen, the maximum SSV upper-bound (i.e. 𝜇𝑚𝑎𝑥) degrades noticeably for increasing 

𝜏𝑚𝑎𝑥 . However, in all scenarios robust stability is guaranteed, even in the case that the delay uncertainties exceed their 

maximum value with a factor of 2. 

 

 

Figure 5: Computed structured singular values for the uncertain system including all parametric modelled uncertainties, while 

the dynamic uncertainties are set to their nominal value. 
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Figure 6: Computed structured singular values for the uncertain system including all modelled uncertainties, while varying the 

delay uncertainties with 𝜏𝑠𝑒𝑛 = 0.5𝜏𝑚𝑎𝑥, 𝜏𝑎𝑐𝑡 = 𝜏𝑚𝑎𝑥, and 𝜏𝑚𝑎𝑥 ∈ {0, 0.125, 0.25, 0.375, 0.5} 

5. Final remarks and conclusions 

In the scope of the ExoMars 2020 cruise GNC analysis and functional verification support project, a formal verification 

of was performed to certify the cruise GNC algorithms. In particular, in this paper, we have addressed one of the main 

scenarios: The robustness analysis of the cruise GNC phase (inertial-pointing). 

In particular, we have shown how to derive a linear fractional transformation (LFT) model describing the control 

feedback interconnection. Subsequently, we have shown how to include all the relevant uncertainties that are present 

in the control feedback loop. Finally, given the LFT uncertainty model, a robustness analysis was performed by means 

of the 𝜇-tools. 

It was concluded that the cruise GNC is guaranteed to be robustly stable in the presence of all of the modelled 

uncertainties. In addition, a sensitivity analysis was performed in order to identify to which of the modelled 

uncertainties the control system is sensitive the most. This analysis revealed that the system is most sensitive to delay 

uncertainties (if compared to the other uncertainties). Nonetheless it was shown that control feedback interconnection 

can tolerate twice the amount of delay uncertainties without becoming unstable. 
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