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Abstract
In the present study, the performance of a propellant-independent multi-dimensional flamelet model for the
simulation of highly non-isobaric and cooled reacting rocket thrust chamber flows is analyzed with respect
to combustion and wall heat transfer characteristics. For this purpose, the modeling framework is ap-
plied to a selected experimentally investigated subscale single-flame configuration incorporating methane
combustion and nozzle expansion, which provides validation data in terms of wall pressure and heat flux
profiles. These are satisfactorily reproduced by the flamelet model presented. The entire relevant enthalpy
space is adequately covered by the combination of multiple different non-adiabatic extension methods.

Nomenclature

cp = specific isobaric heat capacity [J kg−1 K−1]
Da = Damköhler number [−]
h = specific absolute enthalpy [J kg−1]
J = momentum ratio [−]
k = turbulent kinetic energy [m2 s−2]
L = total chamber length [m]
Le = Lewis number [−]
l = length [m]
M = molecular weight [kg kmol−1]
ṁ = mass flow rate [kg s−1]
O/F = oxidizer-to-fuel ratio [−]
P = probability density function [−]
p = static pressure [Pa]
Pr = Prandtl number [−]
q̇ = heat flux [W m−2]
R = total chamber radius [m]
R = universal gas constant [J kmol−1 K−1]
Sc = Schmidt number [−]
T = static temperature [K]
t = time [s]
u = velocity [m s−1]
Z = mixture fraction [−]
Z′′2 = mixture fraction variance [−]
x, r = spatial coordinates [m]
Y = mass fraction [−]
ϵ = turbulent dissipation rate [m2 s−3]
ε = area ratio [−]
ζTinj = actual to nominal injection temperature ratio [−]
θcool = degree of frozen cool-down [−]
λ = thermal conductivity [W m−1 K−1]
µ = dynamic viscosity [Pa s]

ρ = density [kg m−3]
τ = time scale [s]
ϕ = generic quantity [−]
χ = scalar dissipation rate [s−1]
ω̇ = net production rate [kg m−3 s−1]
ω̇T = volumetric heat release rate [W m−3]

Subscripts
chem = quantity representative for chemistry
con = contraction
cyl = cylindrical
exp = expansion
exit = quantity at exit
flow = quantity representative for flow
fu = fuel
i = inner
i, j, k = spatial direction indices
inert = quantity in inert mixture
lb = last burning
min, max = minimum, maximum
norm = normalized
o = outer
ox = oxidizer
st = stoichiometric
t = turbulent
throat = quantity at throat
wall = quantity at wall
α = species index

Superscripts
¯ = Reynolds average
˜ = Favre average
+ = wall units
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1. Introduction

Numerical simulations have become an integral part of today’s development process of modern rocket engines. They
enable the prediction of global performance characteristics and, moreover, profound physical understanding of the
underlying thermochemical and fluid dynamic processes. On this basis, the design optimization process of the overall
technical system and its sub-components as well as their reliability is continuously improved, while development
costs and time are reduced in the long term11 . The requirements for simulative tools are diverse and challenging.
A wide variety of multi-physical phenomena and complex thermochemical processes, as well as their interplay, must
be adequately reproduced in order to make useful statements and derive solid design guidelines. As an essential part
of the propulsion system, the thrust chamber is of particular concern as it is usually subjected to severe thermal and
mechanical loads. In order to prevent system failure and ensure safe operation, sophisticated cooling methods are
crucial, the design of which demands precise predictions of the interaction between the flame and cooled walls as well
as the resulting local heat flux distribution. Furthermore, the expansion process in throat and nozzle extension leads
to an immense pressure gradient which ultimately makes an isobaric and adiabatic modeling approach inadequate.
However, the reactive flow is also characterized by high Reynolds numbers and thus high turbulence, which interacts
dynamically with the chemistry and decisively influences the flame characteristics, making its modeling even more
difficult. All these phenomena must be taken into account in order to make reliable predictions, while keeping the
computational effort at a minimum to allow the application in the industrial context.
Although the available computational power is steadily increasing, at least for chemically more complex propellants
such as hydrocarbon or storable fuels with large reaction mechanisms and associated slow time scales of the chemical
kinetics, tabulated chemistry is still a highly attractive approach in Computational Fluid Dynamics (CFD) applications.
The widely used flamelet-based combustion model according to Peters18 belongs to this category and constitutes the
baseline for the present study. The decoupling of chemical and fluid dynamic computations allows the consideration of
detailed reaction mechanisms and non-equilibrium chemistry at comparatively low numerical costs. This is achieved by
generating thermochemical libraries in advance and coupling them to the flow solver via a reduced set of representative
look-up variables. However, the classical flamelet modeling approach is not suitable for describing the flame-wall
interactions as well as the wide range of described thermophysical states occurring in actively cooled rocket engine
thrust chambers. Therefore, this paper analyzes and applies an advanced, higher-fidelity flamelet modeling framework
allowing for non-adiabatic wall treatment while accounting for large pressure variations. In line with the ongoing
development of the reusable motor Prometheus8 at ArianeGroup dedicated to the next generation of European rocket
launchers, the application will focus exclusively on a methane-fueled configuration, even if it is explicitly not limited
to a specific propellant. As a fuel, methane offers a favorable combination of performance characteristics based on its
chemical valency, manageability as well as decisive cost reduction potentials due to its availability and thermophysical
properties and is therefore particularly suitable for future mission profiles5, 10 .

2. Experimental configuration

(a) Sketch of complete assembly (b) Injector schematic

Figure 1: Experimental configuration of the TUM single-element combustor adapted from Silvestri et al.26

The object of investigation of the present study is the capacitively cooled single-element rocket engine subscale com-
bustor with circular cross-section, which is operated with gaseous methane and oxygen and has been extensively studied
experimentally at the Mobile Rocket Test Bench (Mobiler Raketenprüfstand) (MoRaP) at the Technical University of
Munich (TUM). Figure 1 shows the modular structure of the combustion chamber consisting of injector head, face-
plate, igniter, nozzle and multiple chamber segments as well as a detailed schematic of the injector. In the co-axial
injector element configuration, the oxidizer is introduced into the combustion chamber through a central duct while
the fuel is fed through the surrounding annular gap, where the mixing process of the propellants is triggered by the
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destabilizing shear forces at the contact zone. The oxidizer post tip of the element variation considered has no tapering
and no recess. Instead, it is flush-mounted with the faceplate. Homogenization of the inflow profiles in the injection
plane is achieved by two integrated porous plates. In the convergent-divergent nozzle further downstream, the hot gas
is finally expanded to ambient pressure, which ensures representative Mach numbers in the chamber. Table 1 gives an
overview of some geometric key figures.

Table 1: Main dimensions of the TUM single-element combustor geometry

Parameter Symbol Value Unit
Oxidizer injector radius rO2 2 mm
Inner fuel injector radius rCH4,i 2.5 mm
Outer fuel injector radius rCH4,o 3 mm
Chamber radius R 6 mm
Throat radius rthroat 3.8 mm
Exit radius rexit 6.69 mm
Oxidizer injector length lO2 96 mm
Fuel injector length lCH4 44 mm
Length cylindrical chamber part lcyl 285 mm
Total chamber length L 305 mm
Contraction ratio εcon = R2/r2

throat 2.5 −

Expansion ratio εexp = r2
exit/r

2
throat 3.1 −

The thermocouples and uniformly distributed static pressure transducers provide quantitative measurement data from
hot firing tests on axial wall temperature and pressure profiles in the cylindrical part of the chamber. Additionally,
from the inverse heat transfer method according to Perakis et al.16 , the wall heat flux is reconstructed, which together
with the pressure evolution serves to validate the modeling framework proposed in this work. The operating point and
injection conditions analyzed in the following are summarized in Table 2.
For further details on the experimental setup and test campaign, refer to Silvestri et al.25, 26 .

Table 2: Operating conditions of the TUM single-element combustor

Parameter Symbol Value Unit
Chamber pressure p 20 bar
Oxidizer mass flow rate ṁO2 0.03482 kg s−1

Fuel mass flow rate ṁCH4 0.01339 kg s−1

Oxidizer temperature TO2 275 K
Fuel temperature TCH4 269 K
Oxidizer-to-fuel ratio O/F 2.6 −

Velocity ratio uO2/uCH4 0.92 −

Density ratio ρO2/ρCH4 1.95 −

Momentum ratio J = ρO2 u2
O2
/(ρCH4 u2

CH4
) 1.64 −

3. Physical and Numerical Methodology

3.1 Flamelet-based combustion modeling framework

3.1.1 Classical flamelet approach

The flamelet concept is a widely used approach for efficient modeling of non-premixed combustion scenarios as typi-
cally present in rocket engine combustors. In the underlying model concept, the real-world highly complex turbulent
flame structure evolving downstream of the propellants injection plane is abstracted by an ensemble of simple locally
laminar counterflow diffusion flames, so-called flamelets, as illustrated schematically in Fig. 2. The depicted mixture
fraction Z represents the first fundamental dimension of the flamelet manifold. This conservative scalar can be inter-
preted as the local fuel content in the mixture. In this study, it is determined using Bilger’s definition based on element
conservation21 . The mixture fraction at stoichiometric mixing conditions is often used to identify the flame contour.
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Figure 2: Schematic of the non-adiabatic flamelet concept

Expressed in physical space coordinates, this quasi-1D isobaric problem corresponds to the reacting axisymmetric stag-
nation point flow situation. Its governing system of equations comprises the conservation of mass, radial momentum,
energy and mass fractions of participating chemical species and can be transformed directly into the mixture fraction
space. In this coordinate system, used in the present study, all gradients whose line of action is not perpendicular to the
iso-surface of the mixture fraction can be neglected20 . The resulting so-called steady-state (∂/∂t = 0) flamelet equa-
tions, omitting differential mass diffusion, i.e. assuming a constant unity-Lewis number for each species α (Leα = 1),
become19 :

0 =
χ

2
∂2Yα
∂Z2 +

ω̇α
ρ

(1)

0 =
χ

2
1
cp

∂cp

∂Z
+

∑
α

cp,α
∂Yα
∂Z

 ∂T∂Z + χ2 ∂2T
∂Z2 −

1
ρcp

∑
α

hαω̇α (2)

The introduced scalar dissipation rate χ appearing as a coefficient in the convective and diffusive terms in the species
transport and temperature equations results directly from the coordinate transformation and represents the counterpart
to the physical strain rate, which describes the flow-induced flame stretching and wrinkling, thus incorporating finite
rate effects. It characterizes the deviation from the chemical equilibrium, which is reached in the limiting case of
theoretically infinitely fast chemistry at vanishing strain. The scalar dissipation rate acts as an inverse time scale and
implicitly takes into account the influence of convection and diffusion perpendicular to the flame surface. Usually, an
approach proportional to its stoichiometric value indicating the flame position and depending on the mixture fraction
of the following form is chosen for its modeling:

χ = χst
f (Z)
f (Zst)

(3)

To cover the full range of potentially occurring flame stretching states at a given background pressure, the flamelet
equations have to be solved for a variety of scalar dissipation rate levels from approximated chemical equilibrium con-
ditions at low values to the last burning configuration before flame extinction at high values. However, as a consequence
of using the stoichiometric value of the scalar dissipation rate at the flame as the second look-up variable of the flamelet
table, only these fully burned states on the stable upper branch of the so-called S-shaped curve can be incorporated
unambiguously. Thus no dynamic flame effects such as partially extinguished states or transient re-ignitions are taken
into account.

By means of the total differential of the mass-specific absolute enthalpy h = f (Yα,T, p)

dh =
∑
α

∂h
∂Yα

∣∣∣∣∣
Yα,Yβ,T

dYα +
∂h
∂T

∣∣∣∣∣
Yα,p

dT +
∂h
∂p

∣∣∣∣∣
Yα,T

dp =
∑
α

hαdYα + cpdT +
∂h
∂p

∣∣∣∣∣
Yα,T

dp (4)

and considering the prevailing isobaric conditions (∂p/∂Z = 0), a consistent flamelet energy conservation equation can
also be established based on enthalpy:

0 =
∂2h
∂Z2 (5)

The enthalpy is therefore a linear function of the mixture fraction and represents a passive scalar whose shape depends
exclusively on its boundary values. As the composition and the injection temperatures of the propellants are known
and the background pressure is prescribed, its distribution in the entire solution field can be derived instantaneously
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without having to solve a single equation. It consequently only acts as an equality constraint to the flamelet problem
which is more favorable from a numerical point of view.

In order to close the flamelet equations, both a thermophysical modeling framework that is able to describe the rela-
tionship of pressure, temperature and specific volume, to link the thermal variables of state with the energetic ones
and allows to infer the transport properties, as well as a reaction mechanism characterizing the chemical kinetics are
required.
The moderate pressure levels and with respect to the individual critical points relatively high injection temperatures of
the propellants examined in this study allow neglecting the intrinsic volume of the molecules and intermolecular forces
such as attraction and mutual repulsion and therefore justify an ideal gas treatment. In this context of thermodynamic
modeling, the density is determined from the ideal gas law:

ρ =
pM
RT

(6)

The enthalpy and the specific isobaric heat capacity of the individual species are calculated from the most recent version
of the NASA polynomials with nine coefficients4, 15 . The caloric mixture quantities then result from the mass fraction-
weighted average. For the determination of the dynamic species viscosities, the dilute gas approach according to the
Chapman-Enskog kinetic theory22 is adopted. Based on these viscosities, the thermal conductivities of the species can
then be deduced as proposed by Stiel and Thodos28 . The mixture transport properties are obtained analogously via
mole fraction-weighted averaging.
To compute the chemical source terms, the skeletal reaction mechanism according to Sankaran et al.24 is used, which
is based on the detailed GRI-3.0 mechanism7 for natural gas combustion and was optimized for fuel-rich combustion.
The presence of nitrogen is neglected, which reduces the chemical mechanism further to 16 species and 71 elementary
reactions.

Finally, to account for Turbulence-Chemistry Interaction (TCI), an integration of the laminar flamelet manifold is
carried out using a presumed Probability Density Function (PDF)20 . As described in Kim et al.9 , the density-weighted
Favre-averaged quantities ϕ̃ such as specific heat capacity at constant pressure are calculated from:

ϕ̃ =

∫ ∞

0

∫ 1

0
ϕ (Z, χst) P (Z, χst) dZ dχst (7)

while density-unweighted Reynolds averaged quantities ϕ such as the transport properties are determined via the fol-
lowing integral:

ϕ = ρ

∫ ∞

0

∫ 1

0

ϕ (Z, χst)
ρ (Z, χst)

P (Z, χst) dZ dχst (8)

where

ρ =

[∫ ∞

0

∫ 1

0

1
ρ (Z, χst)

P (Z, χst) dZ dχst

]−1

(9)

Statistical independence of the distributions of mixture fraction and stoichiometric scalar dissipation rate is usually
postulated, which decouples the joint PDF to P (Z, χst) = P (Z) P (χst). While a β-PDF shape is adopted for the mixture
fraction, which is parameterized by a given variance Z̃′′2 around its mean value Z̃, a simple log-normal or Dirac delta
function is employed for the stoichiometric scalar dissipation rate. For a set of normalized mixture fraction variances

Z̃′′2norm =
Z̃′′2

Z̃
(
1 − Z̃

) (10)

the turbulent flamelet manifold eventually yields:

ϕ̃ = f
(
Z̃, χ̃st, Z̃′′2norm

)
(11)

This pre-calculated multi-dimensional thermochemical database is used in the actual CFD simulation to interpolate
quantities of interest at runtime solely based on the given governing access parameters. Instead of solving a transport
equation for the mass fraction of almost each chemical species in each iteration step, only the scalar coupling parameters
have to be determined. For detailed reaction mechanisms with an extensive number of species involved, this translates
into a significant reduction in computational effort. However, the prerequisite for the validity of the classical flamelet
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concept is that the zone in which chemical reactions and heat exchange take place is asymptotically thin compared
to the turbulent length dimension, and that the chemical time scales are substantially smaller than the time scales
representative for the fluid mechanical processes19 . This manifests itself in a sufficiently high Damköhler number:

Da =
τflow

τchem

≫ 1 → reactive
≲ 1 → frozen

(12)

Consequently, although the turbulent eddies interact with the flame and cause its deformation and distortion, the diffu-
sion of the propellants towards the reactive zone dominates the chemical species conversion.

3.1.2 Non-isobaric and non-adiabatic model extension

The classical flamelet concept, as introduced above, is limited to isobaric and adiabatic conditions. On the one hand,
however, in order to adequately simulate an entire thrust chamber, an additional pressure dependency of the flamelet
table is required. This extension is straightforward, as the process described above for solving the flamelet equations at
varying degrees of stretching can be carried out at different background pressure levels. It should be emphasized that
the resistance of the flame to stretching usually increases with pressure, which is why the highest stoichiometric scalar
dissipation rate before quenching is pressure-dependent. For this reason, the flamelet manifold must be mapped to a
global pressure-independent distribution. On the other hand, in addition, the gas expansion in the throat as well as in the
nozzle extension further downstream is also directly coupled with a deviation from the adiabatic conditions. Moreover,
the generally strongly cooled wall structures of the thrust chamber also extract a considerable amount of energy from
the flow. One consequence are amplified exothermic chemical recombination effects, which increase the heat release,
promote its transfer and ultimately also have an impact on the wall pressure profile, combustion efficiency and global
performance characteristics. In order to adequately capture this heat loss, an enthalpy coordinate or some other kind of
measure for the deviation from the adiabatic case must be added to the manifold. Many approaches for the non-adiabatic
model extension have been proposed. Some of these proposals introduce additional source terms in the form of sinks
into the flamelet equations, while others impose pre-assumed propellant-dependent shaped enthalpy distributions on
the problem17, 23 . The most straightforward approach is to gradually reduce the enthalpy while maintaining the mixture
composition of the adiabatic solution. However, disregarding the influence of heat extraction on the species mixture
composition in the chemically frozen mixture fraction space can be an insufficient simplification when predicting wall
heat loads. In the approach according to Wu and Ihme30 , also successfully applied by Ma et al.14 , Zips et al.31 and
Breda et al.3 , on the other hand, a permeable, isothermal and chemically inert wall is introduced into the mixture
fraction space as already indicated in Fig. 2. In this way, the flame is exposed to a heat loss that depends on the wall
position Zwall in a physical and universal manner. Each wall mixture fraction uniquely corresponds to a certain enthalpy
level. The basic assumption made is that the heat flux is aligned with the mixture fraction gradient and that its line of
action proceeds orthogonal to the flame front. The only mandatory requirement is that the prescribed wall temperature
is chosen to be lower than the chemical activation temperatures involved. In the present study, it is set to be equal
to the temperature at the fuel inlet. In order to mimic the coaxial injection situation in rocket combustion chambers
with the fuel passing through the outer annular gap, in which particularly high enthalpy deficiencies are achieved at the
combustion chamber wall at a rather fuel-rich mixture, the wall is placed at Zst < Zwall ≤ 1. In principle, however, the
model also works in the oxidizer-rich mixture fraction regime. In this context, the adiabatic flamelet is just a special
case, which is attained at Zwall = 1. The permeable wall then has no impact on the solution field. In the procedure
to cover the entire relevant enthalpy space, from this point, the wall is continuously advanced further into the domain
towards the flame until a last burning configuration is reached at a certain pressure and stoichiometric scalar dissipation
rate dependent minimum mixture fraction Zwall,lb. A further reduction of Zwall, similar to an excessive increase in
strain, would again result in thermal quenching and flame extinction. The changing wall position implicitly entails a
new time scale related to the convective heat transfer. However, since the assumption of a high Damköhler number is
anchored in the underlying flame abstraction concept, the species composition is able to react quasi-instantaneously to
the convective wall-induced cool-down of the mixture. This preserves solvability under steady-state conditions.
Mathematically speaking, the presence of the permeable wall merely constitutes an additional internal thermal bound-
ary condition. The cold wall itself represents an interface between the reacting, flame-containing region between the
oxidizer inlet and the wall, where the classical flamelet equations are solved, and the inert diffusion-dominated mixing
region between the wall and the fuel inlet, where the chemical source terms are deactivated:

0 < Z < Zwall :

0 =
χ

2
∂2Yα
∂Z2 +

ω̇α
ρ
, 0 =

∂2h
∂Z2

(13)
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Zwall < Z < 1 :

0 =
∂2Yα
∂Z2 , 0 =

∂2h
∂Z2

(14)

In the non-reacting area behind the wall, the species mass fractions therefore also exhibit a linear progression, analogous
to the enthalpy. At the wall itself, the profiles are continuously differentiable and therefore smooth. The absolute
enthalpy at the wall, on the other hand, must be updated in each iteration step according to the current local mixture
composition, the prescribed wall temperature and the constant operating pressure. The linear profiles on both sides of
the wall result in:

h =

 hwall−hox
Zwall

Z + hox for 0 ≤ Z ≤ Zwall
hfu−hwall
1−Zwall

(Z − Zwall) + hwall for Zwall < Z ≤ 1
(15)

In summary, the boundary conditions that constitute the injection states and the coupling conditions to be defined at
the permeable wall for the non-adiabatic flamelet problem read as follows:

Z = 0 :

h = hox, Yα = Yα,ox (16)

Z = Zwall :

h = hwall, Yα|Z−wall
= Yα|Z+wall

,
∂Yα
∂Z

∣∣∣∣∣
Z−wall

=
∂Yα
∂Z

∣∣∣∣∣
Z+wall

(17)

Z = 1 :

h = hfu, Yα = Yα,fu (18)

The functional relationship between scalar dissipation rate and mixture fraction in Eq. (3), whose typical parameteriza-
tion is inferred from a steady constant-density strained diffusion layer, is scaled to the reactive flame-containing range
via the wall mixture fraction by Ma et al.13 :

f (Z) = exp

−2
(
erfc−1

[
2

Z
Zwall

])2 (19)

However, since even this extension method for considering non-adiabatic states neither covers the entire enthalpy space
achievable in the CFD simulation below the adiabatic enthalpy level nor includes a potential heat input, a combination
of three different approaches is implemented in this work. First, several flamelets are calculated at different inlet
temperatures without permeable wall influence, i.e. Zwall = 1. For this purpose, the inlet temperatures of the propellants
are increased and decreased with respect to the nominal values of the case under consideration. In the following, the
percentage of the nominal injection temperatures is specified via the parameter ζTinj . This can already cover the enthalpy
space to a certain extent, especially parts above the adiabatic level, and enables subsequent adjustments of the injection
temperatures in the actual simulation with the exact same flamelet table, which significantly enhances its flexibility.
The flamelet state with the lowest propellant temperatures at ζTinj,min is now starting point for varying the permeable
wall position. As described, the wall is driven into the mixture fraction field up until the flame is extinguished due to
excessive heat removal at Zwall,lb. However, in order to capture the remaining enthalpy space between the last burning
flamelet and the extinguished solution, the prevailing state is cooled at constant composition. The assumption in this
case is a rapid quenching of the mixture preventing further chemical reactions. The degree of the frozen cool-down
is quantified by the parameter θcool. As an enthalpy reduction can only take place via the temperature under constant
pressure and species mixture composition (cf. Eq. (4)), the temperature is reduced gradually and continuously, while
the enthalpy is iteratively deduced. The temperature field results from:

T (Z) = θcoolTinert (Z) + (1 − θcool) Tlb (Z) (20)

Consequently, at θcool,max = 100 %, the present mixture is abruptly cooled down to the temperature field that would
hypothetically prevail for an inert mixing of the propellants consistent with the flamelet equations. In this way, for
instance, even stoichiometric mixtures in low enthalpy environments, such as the near-wall region in strongly cooled
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thrust chambers, would be available in the flamelet table.

To demonstrate this procedure, the enthalpy space encompassed for the methane combustion test case considered in this
study is explored in the following at nominal combustion chamber pressure and a low stoichiometric scalar dissipation
rate of χst = 10−2 s−1, at which the departure of the in general quite stretch-resistant flamelet from the theoretically
exact chemical equilibrium state is rather small.

(a) Enthalpy

0.0 0.2
Zst

0.4 0.6 0.8 1.0

Z [−]

0

1000

2000

3000

4000

T
[K

]

(b) Temperature

x

x

(c) Maximum temperature

Figure 3: Mass-specific absolute enthalpy and temperature vs. mixture fraction and evolution of maximum flame
temperature as a function of wall mixture fraction (i.e. covered part of adapted S-shaped curve)

In analogy to the classical S-shaped curve, which relates the maximum flame temperature with the inverse stoichio-
metric scalar dissipation rate, a similar curve can also be formed based on the wall mixture fraction. As far as the
temperature is concerned, qualitatively, increasing the dissipation rate and thus the removal of energy and reaction
products from the hot flame zone has the same effect as reducing the wall mixture fraction. While in the classical
S-shape curve, the highest maximum flamelet temperature is reached asymptotically for the approximated chemical
equilibrium χst ≈ 0 s−1 , in this case , this upper limit corresponds to the value attained at highest propellant tempera-
tures and Zwall = 1. Figure 3 shows this adapted S-shaped curve along with the flamelet solutions in terms of enthalpy
and temperature. The stoichiometric mixture fraction Zst ≈ 0.2 is indicated by a dotted line while the two interface
flamelets between the three combined non-adiabatic model extension methods are highlighted by dashed lines. Starting
from the adiabatic flamelet at lowest inlet temperatures ζTinj,min = 75 %, the respective position of the permeable wall
for Zwall < 1 can be identified by the kink between the two-sided linear enthalpy profiles. Due to the rising energy
extraction from the flame zone and its convective transport via the cold isothermal wall as Zwall decreases, a steepen-
ing of the temperature gradient with respect to the mixture fraction on the fuel-rich side of the flame and a decline
in maximum temperature in the immediate vicinity of the stoichiometric mixing conditions can be observed, which
is emphasized by the color coding of the isolines. Since the wall temperature is chosen to be identical to the lowest
fuel temperature, the temperature between the wall and the fuel inlet is constant. At Zwall,lb ≈ 0.26, the last burning
solution is encountered before the onset of thermal extinction under the given boundary conditions. However, as can
be inferred from the visualized flamelet manifold fan, a large part of the enthalpy space is already covered before the
frozen cool-down is performed.
As already mentioned, the influence of the enthalpy on the species composition is taken into account when solely
changing the propellant inlet temperatures or applying the permeable wall method. Figure 4 depicts this development
of the shape of the mass fraction profiles based on some of the major combustion products and chemical intermediate
species as well as the volumetric heat release rate, which allows further flame characteristics to be deduced and is
defined as:

ω̇T = −
∑
α

∆h0
f,αω̇α (21)

As expected, the local ratio of released CO to CO2 is significantly reduced in low enthalpy environments. Likewise,
the H2O content in the mixture grows globally. These observations are due to the low-temperature chemistry and
the exothermic recombination effects. Chemical dissociation is suppressed as there is not sufficient energy available
to break the molecular bonds. Reactions with lower required activation energy are promoted. The production rates
and presence of radicals and intermediates such as OH or H2 decrease monotonically with rising heat loss across the
cold wall in favor of the stable main combustion products, which in turn increase the net energy release due to their
lower standard enthalpies of formation. With the same enthalpy loss, this leads to a lower temperature decrement than
would result from the simplifying assumption of a frozen mixture composition. The heat release as well as the energy
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Figure 4: Mass fractions of selected chemical species and volumetric heat release rate vs. mixture fraction

consumption, which characterizes the decomposition of the fuel, is condensed at low enthalpy levels to a thin region
near the stoichiometric mixture fraction. Integrally, the volumetric heat release rate diminishes, while the flame front
becomes progressively more confined.

At this point, it should be noted that the enthalpy distribution in the mixture fraction space is a result of the flamelet
equations that depends on the prevailing pressure and the stoichiometric scalar dissipation rate. However, in order to
avoid an inverse table look-up for the enthalpy level during the CFD simulation, a mapping onto a global enthalpy
distribution is performed in the same manner as for the stoichiometric dissipation rate. Furthermore, for the sake of
simplicity and to avoid further expanding the dimensionality of the flamelet manifold, a delta function PDF is also
assumed for pressure and enthalpy in the integration procedure, which ultimately leads to an extended thermochemical
library of the form

ϕ̃ = f
(
Z̃, χ̃st, Z̃′′2norm, p, h̃

)
(22)

which is discretized by 96 million data points in total for the simulation test case of this study.

The Portable, Extensible Toolkit for Scientific Computation (PETSc)1, 2 , which can be supplied with the residual
functions of the mathematical problem at hand from Python via the interface PETSc4Py6 , is employed for the iterative
solution of the system of partial differential equations describing the flamelet state. It allows to tackle the steady-
state problem either directly or to integrate it with additional robustness enhancing transient terms via a pseudo time-
stepping technique and the linearly implicit Euler method from the time-stepping (TS) module. The Newton line search
algorithm with cubic backtracing from the Scalable Nonlinear Equation Solvers (SNES) library is employed for the
outer non-linear problem. The Generalized Minimum Residual (GMRES) Krylov subspace method is used to invert the
inner linear equation system, where an incomplete LU decomposition (ILU) is performed for preconditioning, which
counteracts the stiffness introduced by the chemical source terms. The Jacobian matrix is efficiently approximated by
second order finite differences. The chemical equilibrium state serves as initial solution, which is determined using the
fast element potential method under adiabatic and isobaric conditions27 .
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3.2 Governing equations

In the CFD simulation, the time-averaged compressible Navier-Stokes equations, comprising the continuity equation
and the conservation equation for momentum and energy formulated on the basis of enthalpy, are solved. The laminar
heat flux vector included in the energy equation is calculated via Eq. (4) based on the transported enthalpy, enabling
its divergence to be treated implicitly. Due to the ideal gas treatment, the contributions due to pressure changes can
be neglected. Dissipation caused by viscous stresses, on the other hand, is taken into account in form of the viscous
heating source term, since the nozzle flow characterized by high Mach numbers is considered in the following. The
averaged pressure-velocity term is approximated. In addition, the discussed flamelet model requires the solution of the
transport equations for the mixture fraction and its variance, as well as an algebraic model expression for the scalar
dissipation rate, which, according to its definition, reflects the proportional relationship between the mixture fraction
variance and an integral turbulent time scale. In summary, the following coupled set of averaged governing equations
is obtained:

∂ρ

∂t
+
∂(ρũi)
∂xi

= 0 (23)

∂ρ

∂t
+
∂(ρũi)
∂xi

= −
∂p
∂xi
+
∂

∂xi

[
(µ + µt)

(
∂ũi

∂x j
+
∂ũ j

∂xi
−

2
3
∂ũk

∂xk
δi j

)
−

2
3
ρkδi j

]
(24)

∂
(
ρ̃h

)
∂t
+
∂
(
ρũĩh

)
∂xi

=
∂p
∂t
+ ũi
∂p
∂xi
+
∂

∂xi

 λc̃p
+
µt

Prt

 ∂̃h
∂xi

 + µ ( ∂ũi

∂x j
+
∂ũ j

∂xi
−

2
3
∂ũk

∂xk
δi j

)
∂ũi

∂x j
(25)

∂
(
ρZ̃

)
∂t
+
∂
(
ρũiZ̃

)
∂xi

=
∂

∂xi

 λc̃p
+
µt

Sct

 ∂Z̃
∂x j

 (26)

∂
(
ρZ̃′′2

)
∂t

+
∂
(
ρũiZ̃′′2

)
∂xi

=
∂

∂xi

 λc̃p
+
µt

Sct

 ∂Z̃′′2
∂xi

 + 2
µt

Sct

 ∂Z̃
∂xi

2

− ρχ̃st (27)

χ̃st = 2
ϵ

k
Z̃′′2 (28)

The closure of the unclosed terms emerging from the Favre averaging of the instantaneous and exact balance equa-
tions is based on the Boussinesq assumption. Phenomenological similarity between molecular diffusion and turbulent
fluctuations is postulated in such a way that the momentum exchange of interacting particles or vortices equally leads
to viscous or turbulent stresses and is determined by the mean shear rate. In accordance with the laminar Stokes hy-
pothesis for Newtonian fluids, a turbulent eddy viscosity is thus introduced. In a so-called gradient-diffusion approach,
the turbulent fluxes are then correlated to this scalar quantity and the mean local gradient similarly to their respective
laminar counterparts. Under the assumption of isotropy, the description of turbulence is thus reduced to the determina-
tion of the eddy viscosity. This is achieved in the present study using the standard k-ϵ turbulence model according to
Launder and Spalding12 , which requires the solution of the following two further transport equations for the turbulent
kinetic energy and its dissipation rate:

∂ (ρk)
∂t
+
∂ (ρũik)
∂xi

=
∂

∂xi

[(
µ +
µt

σk

)
∂k
∂x j

]
+

[
µt

(
∂ũi

∂x j
+
∂ũ j

∂xi
−

2
3
∂ũk

∂xk
δi j

)
−

2
3
ρkδi j

]
∂ũi

∂x j
− ρϵ (29)

∂ (ρϵ)
∂t
+
∂ (ρũiϵ)
∂xi

=
∂

∂xi

[(
µ +
µt

σϵ

)
∂ϵ

∂x j

]
+Cϵ,1

ϵ

k

[
µt

(
∂ũi

∂x j
+
∂ũ j

∂xi
−

2
3
∂ũk

∂xk
δi j

)
−

2
3
ρkδi j

]
∂ũi

∂x j
−Cϵ,2ρ

ϵ2

k
(30)

The turbulent viscosity is then determined from:

µt = Cµρ
k2

ϵ
(31)

All model constants in the transport equations for the turbulence quantities are set to standard values. For improved
wall treatment, the two-layer approach as proposed by Wolfshtein29 is used. A constant value of Prt = 1.2 is specified
for the turbulent Prandtl number, while Sct = 0.7 is assumed for the turbulent Schmidt number. It has been found that
this combination of settings provides the best numerical predictions.

The pressure-based coupled solution algorithm of the commercial code ANSYS Fluent was utilized for the steady-state
simulation. Second-order-accurate central differencing schemes were used for the spatial discretization. The reading
and processing routines of the presented 5D flamelet model were realized via the user-defined function solver interface.
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3.3 Computational setup

Figure 5: Computational grid

Since the entire spectrum of turbulent scales is modeled via a statistical approach in this study and only the mean
flow field is actually solved, the symmetry properties of the combustor geometry under consideration can be exploited,
thus saving considerable computational effort. The 2D axisymmetric mesh used in this study contains approximately
300,000 cells and is shown in Fig. 5. The injector lip is discretized with 50 cells. Furthermore, to resolve the boundary
layer properly down to the viscous sublayer, the grid is refined near the wall such that the condition y+ < 1 is fulfilled
at all wall boundaries. For this purpose, an initial wall-normal distance to the first cell center of 5 µm in the chamber
as well as 1 µm in the injectors and nozzle is required, while 50 µm at faceplate and post is sufficient. The full injector
lengths are taken into account in order to achieve more realistic turbulent flow profiles in the injection plane.

The experimentally measured mass flow rates and static temperatures are applied to the inlets as boundary conditions.
At the outlet, the static ambient pressure is specified. No-slip conditions are imposed on all walls. The faceplate and
the oxidizer post are modeled as adiabatic, while the interpolated reconstructed temperature profile is prescribed at the
walls of the cylindrical part of the chamber. As there is no reliable measurement data available for the hot gas side wall
temperature in the nozzle, the temperature of the last data point is used consistently.

4. Results

To visualize the developing steady flow field and the established mixture conditions, contour plots of the velocity
magnitude with superimposed streamlines and the mixture fraction are depicted in Fig. 6. For illustrative purposes, the
complete representation of the flow conditions upstream of the injection plane is omitted and the simulation domain
characterized by a high aspect ratio is axially compressed. The streamlines reveal a relatively strongly radially deflected
fuel jet. In addition, a typical pronounced fuel-rich recirculation area at the faceplate is striking. Further downstream,
the streamlines are increasingly aligned parallel to the wall and considerably more uniform. The injector arrangement
with the fuel entering through the outer annular gap leads to a fuel-rich mixture composition on the entire chamber wall
surface. In contrast, as expected, oxidizer-rich conditions are found at the axis while an area-weighted average mixture
fraction of Z ≈ 0.28 is eventually present at the nozzle exit.

Figure 6: Contour plots of velocity magnitude with superimposed streamlines (top) and mixture fraction (bottom) with
clipped injectors and axially compressed domain
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In analogous manner, the resulting temperature field and a logarithmically scaled contour of the volumetric heat release
rate are given in Fig. 7. It is immediately apparent how the incoming oxidizer pushes the flame anchored to the post
outwards. The combustion heat is mainly generated in the evolving reacting shear layer. In this region, the spatial
gradients of the state variables are particularly high. The conversion of the chemical energy bound in the propellant
molecules into thermal and potential energy causes the temperature to rise steeply. It then flattens out progressively in
the core flow until the flow field homogenizes. Only in the pronounced thermal boundary layer at the chamber walls
and during the conversion process of static pressure and thermal energy into kinetic energy within the divergent part
of the nozzle clear temperature variations are still visible. The flame length can be estimated based on the depicted
isoline of the stoichiometric mixture fraction. It extends up to x ≈ 250 mm. Despite the low shear forces due to the
arising velocity ratio of the injected propellants (cf. Table 2), an effective mixture can be established such that the flame
contour is closed within the combustion chamber. At x ≈ 100 mm, the flame expands radially and forms a convex bulge
following the recirculation area at the faceplate. Downstream of the intersection point of the isoline of stoichiometric
mixture conditions and the chamber axis, the energy release decays steadily. This finally marks the end of the active
combustion zone.

Figure 7: Contour plots of temperature (top) and volumetric heat release rate (bottom) (logarithmically scaled) with
clipped injectors and axially compressed domain. Isoline of stoichiometric mixture fraction indicated.

The mass fraction fields of CO2 and CO are represented in Fig. 8. Due to the lack of oxidizer in the fuel-rich
recirculation area and near the chamber walls, CO has a large share in the composition whereas in the bulk flow and
especially in the nozzle CO2 is dominant. Only in the immediate vicinity of the wall it is the other way around. The
heat losses due to the cold wall promote chemical recombination effects and the ratios have shifted in favor of the CO2
concentration.

Figure 8: Contour plots of CO2 (top) and CO (bottom) mass fraction with clipped injectors and axially compressed
domain. Isoline of stoichiometric mixture fraction indicated.

For a more in-depth analysis of the species conversion process, Fig. 9 contains the radial profiles of the temperature
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and selected species mass fractions at three axial locations, which can be assigned to different combustion regimes.
The radial coordinate is normalized to the combustion chamber radius. At x = 50 mm, the already mentioned sharp
temperature peak with a monotonic drop can be observed both in the direction towards the wall and towards the
symmetry axis. This also applies analogously to the mass fractions shown, each of which has a maximum with a
steady decline on both sides. Further downstream of the zone near the injector at x = 150 mm, a turning point in the
distribution of CO2 and H2O can now be identified in the low-temperature and enthalpy environment near the cooled
wall. This represents the onset of the chemical conversion process from CO to CO2 and OH to H2O. At x = 250 mm,
combustion is already almost complete, as can be inferred from the nearly uniform behavior of the quantities in the
core flow, while the temperature boundary layer thickness continues to grow and the recombination reactions at the
wall become more dominant.
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Figure 9: Radial profiles of selected species mass fractions and temperature at different axial locations

The scatter plots of enthalpy and temperature over the mixture fraction in Fig. 10 reveal that a large space of states is
spanned across the chamber. For orientation, the highest and lowest enthalpy levels at nominal combustion chamber
pressure and the evaluated stoichiometric scalar dissipation rate from the analysis in Fig. 3 are incorporated. In the
fuel-rich post-reaction zone containing the nozzle, regions of particularly low enthalpy levels are reached, which can
be derived from the coloration of the state space based on pressure. In the steady-state solution shown, these states
are primarily covered by the permeable wall method. However, enthalpy levels in the frozen cool-down domain were
also attained in intermediate steps of the solution process. In addition, state points with near stoichiometric mixing
conditions and enthalpies above the adiabatic level at nominal propellant injection temperatures can be identified.
These states correspond in principle to excess heat and reinforce the necessity of varying the injection temperatures
beyond the nominal values when generating the flamelet table. It can be concluded that the presented flamelet model
covers all states occurring throughout the solution process without exception only by combining the presented methods
for the non-adiabatic extension of the classical modeling approach.

(a) Enthalpy (b) Temperature

Figure 10: Scatter plots of mass-specific absolute enthalpy and temperature vs. mixture fraction (colored by pressure)
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Finally, Fig. 11 presents the comparison with the measured wall pressure profile and the reconstructed wall heat flux
along the chamber axis. The magnitude of both quantities can be reproduced correctly. Without exception, the pressure
arising in the numerical simulation remains within the estimated error bars which have to be taken into account due to
measurement uncertainties. Moreover, there is also a largely good qualitative agreement with the experimental data.
The initial slight increase in pressure due to the recirculating vortex structure in the corner between the faceplate and
combustion chamber wall as well as the subsequent extended drop associated with the flame-induced acceleration of
the burnt gas are well predicted by the simulation. Only the flattening of this pressure drop, which indicates a decay
of the exothermic chemical conversion, is not accurately captured. The apparent overestimation of the flame length in
the simulation can also be concluded from the shape of the wall heat flux. While the monotonic increase is reproduced
properly, the inversely determined data set shows a maximum at x ≈ 200 mm with subsequent slightly decreasing
values. In the simulation, however, the wall heat flux remains approximately constant at this maximum level in the
shown cylindrical chamber part. In addition, the heat load near the injector is underestimated. The retrospectively
ascertained heat flux shows a much more significant plateau before it continues to rise steadily.
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Figure 11: Comparison of simulation results with experimental measurements in terms of wall heat flux and pressure
profile along the chamber axis

5. Conclusions

In the present work, an efficient flamelet-based combustion and heat transfer modeling framework was implemented,
which can be applied to reacting rocket thrust chamber flows featuring high pressure and enthalpy variations. By
combining the variation of the injection temperatures, the introduction of the permeable, isothermal and chemically
inert wall into the mixture fraction space and a subsequent frozen cool-down, heat input and a substantial heat loss
associated with strongly cooled chamber walls as well as its influence on the chemical species conversion and energy
release can be captured by the multi-dimensional flamelet table. The propellant combination considered in this context
is arbitrary, as all the methods used are self-contained and do not necessitate any additional case-dependent parameter
calibration.
To demonstrate the effectiveness and performance of this model, it was applied to a methane combustion configuration
under conditions representative for rocket engine operation. Both macroscopic flame characteristics and the behavior
of the thermal boundary layer as well as the change in the species mixture composition driven by recombination
reactions, especially at the cold chamber wall, were investigated in detail. Overall, satisfactory results were achieved
in comparison with available experimental measurement data in terms of wall pressure and heat flux. It remains to be
analyzed to what extent the disregard of 3D effects affects the numerical predictions with respects to the complex vortex
system near the injectors as well as the total flame length. Furthermore, it should be verified whether the choice of a
relatively high turbulent Prandtl number required to meet the wall heat load level can be attributed to the limitation of
the basic model assumptions to the regime of high Dahmköhler numbers. At least in the immediate vicinity of the wall
and within the nozzle, the ratio of the characteristic time scales is expected to change significantly. Premature freezing
of the mixture could suppress further exothermic chemical recombination effects and thus reduce the wall heat flux.
Moreover, a comparison with numerical results obtained with more sophisticated approaches of turbulence modeling
and high-fidelity finite rate chemistry could be performed.
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