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Abstract

In this paper, a multi-maneuver strategy is proposed to transfer from a cislunar L2 near rectilinear halo
orbit (NRHO) to a lunar frozen orbit (LFO). The maximum stretching direction is leveraged to
determine the first maneuver, which makes the spacecraft leave NRHOs quickly. After a period of
coast, the second maneuver is implemented to aim at the target orbit. Finally, the spacecraft is
maneuvered to insert a LFO synchronized with the sun. The optimization results with different transfer
windows in the high-fidelity model are given for the transfer from NRHOs to LFOs, which
demonstrate the reliability of the proposed strategy.

1. Introduction

In recent years, there has been significant interest among researchers and engineers in lunar exploration. For example,
the Artemis project planned by the National Aeronautics and Space Administration (NASA) is aimed at bringing
people to moon again [1]. This makes the exploration of near lunar space a new focus. The periodic orbit of the near
lunar space can not only facilitate the cislunar transfer or interplanetary exploration, but also act as a bridge to
transfer to a circumlunar orbit [2][3]. The research on the transfer between near lunar space orbits could provide new
mission orbits and enrich lunar exploration missions.

Near rectilinear halo orbit family is a subset of halo orbits [4], which is an important part of cislunar periodic orbits.
In circular restricted three-body problem (CR3BP), NRHOs are regarded as the periodic orbit with nearly stable
characteristic. Moreover, NRHOs have lower perilune altitude than other halo orbits. Due to the special location and
characteristics of NRHOs in cislunar space, they play an important role in cislunar space. The Gateway space station
on NRHO can be the launch platform for lunar landing missions and the Mars exploration missions can also benefit
from NRHOs [5]. The large out-of-plane amplitudes relative to the lunar orbital plane provide an appropriate orbit
for investigating the polar regions of the moon [6]. Moreover, NRHO can also serve as a mission orbit for relay
communications satellites, which is important for lunar dorsal exploration [7]. Recently, there are many studies about
the scientific issues related to NRHOs. Guzzetti et al. [8] analyzed the station keeping problem for spacecraft on
NRHO:s. Liu and Liu [9] proposed a notable method to compute multi-revolution NRHO under the ephemeris model.

In addition, the orbital transfers are also commonly studied problems. Trofimov et al. [10] studied the transfers
between NRHOs and low-perilune orbits even the moon’s surface. Lu et al. [11] designed a direct transfer method
from an NRHO to a low lunar orbit and analyzed the results from multiple aspects. Oshima [12] proposed to use the
vertically stable manifolds of planar Lyapunov orbits to significantly reduce the velocity increment for the transfers
from an NRHO to a distant retrograde orbit.

The lunar frozen orbits are the orbits with the constant mean eccentricity, mean orbital inclination, and mean
argument of perilune [13]. Due to their stable dynamics characteristics and excellent geometric properties, the LFOs
have broad applications in lunar exploration missions [14] [15]. The LFO is also an outstanding choice for relay
satellite’s mission orbit. Compared to NRHOs, LFO better meet the constraints and requirements imposed on orbit
design by short duration lunar dorsal relay support missions [16]. A Sun-synchronous LFO, when designed by
integrating multiple perturbations, can enable the orbital plane of the relay satellite to meet the operational
requirements of short-duration lunar far-side missions (e.g., Chang’e-6) without necessitating additional adjustments.

However, the NRHO, an orbit of critical significance, and the LFO, a promising orbit around moon with high
potential, have received little research focus regarding the design of transfer trajectories between them. The study on
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the transfer of the two orbits can not only expand the accessible region of NRHO, but also provide novel transfer
method for LFO.

Therefore, this paper is intended to investigate the design of transfer trajectory from NRHOs to sun- synchronized
LFOs. The L, southern 9:2 NRHOs are selected as the research object in this paper. The contributions of this paper
are as follows: Firstly, a novel multi-impulse transfer trajectory design method utilizing the stretching directions is
proposed. The method transforms the trajectory design problem to a constrained nonlinear programming problem. A
global optimization is applied to find the optimal solution, which is the transfer trajectory with the minimum velocity
increment. Secondly, the proposed method is applied under both CR3BP model and the high-fidelity model to design
the transfer trajectories. Several transfer trajectories with different initial epochs are obtained and analyzed, which
proved the effectiveness of the method.

The paper is organized as follows: in Section 2, the background information including CR3BP, the calculation of
NRHOs and LFOs are introduced. In Section 3, the transfer trajectory design method is introduced in detail. The
results and relative discussion are in Section 4. Finally, the conclusions of the paper are discussed in Section 5.

2. Background

2.1 Circular restricted three-body problem

The CR3BP is a typical and reasonable approximation to describe the motion in the Earth-Moon system. The
spacecraft is considered as a mass point with negligible mass. It moves under the joint gravity of the Earth and the
Moon, which have much greater masses than the spacecraft. In this problem, the Earth and Moon are assumed to
move in a circle around their center of mass. The motion is described in the synodic coordinate system shown in
Figure 1. The origin is located at the barycenter of the Earth-Moon system, the x-axis pointing from Earth to Moon,
the z-axis pointing to the normal of the orbital plane, the y-axis meeting the right-hand rule with the other two axes.
In order to simplify the computation, the non-dimensional equation is used to calculate the state of the spacecraft.
The masses of Earth and Moon are denoted as m; and m;, respectively. The mass parameter is expressed as u=m;, /
(my + my). In this coordinate system, the Earth is at the fixed position [-x, 0, 0]", and Moon is located at [1-u, 0, 0] T
along the x-axis. The dynamic equations are written as
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where x, y, z is the position vector components in three axes. The effective potential is denoted by
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The distances r| and r, from the spacecraft to Earth and Moon can be written by the formulas
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Figure 1: Synodic coordinate system in the Earth-Moon CR3BP

The physical parameters of the Earth—-Moon system and the non-dimensional units are listed in Table 1.

Table 1: Physical parameter used in the dynamical model

Parameter Value Meaning

u 1.21505856x107 Mass ratio of the Earth—-Moon system
LU (km) 3.61024835x10° Length unit

TU (s) 3.41493235%10° Time unit

VU (km/s) 1.05719468 Velocity unit

2.2 Near rectilinear halo orbits in CR3BP

In the CR3BP, halo orbits are one classical type of periodic orbits. They can be obtained by studying the bifurcation
of Lyapunov orbits. They are three-dimensional orbits distributed near the small primary, L;, and L, points. The
approximate initial value of halo orbits can also be analytically determined; then, the differential correction method
can be used to obtain the periodic orbit [17]. The whole halo orbit family can be obtained by the numerical
continuation method with one converged solution. For halo orbits, the set of eigenvalues from the monodromy matrix
is in the form: (1, 1, 4y, 1/, 4, 1/4;). The stability indices can provide a measure of orbital stability. The stability
indices are determined by the eigenvalues of the monodromy matrix:

1 1
v= L ge L @
2[" " ||z,-||j

where /; is the eigenvalues of the monodromy matrix.

The near rectilinear halo orbits are a subset of halo orbits, whose projections in the x-z plane are approximately
rectilinear. The NRHOs can be selected using the stability indices. They are stable or near stable. Southern L,
NRHOs are shown in Figure 2.
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Figure 2: Southern L2 NRHOs

When the orbital period of the spacecraft on a NRHO forms an integer ratio with the synodic period of the three-
body system, this is defined as a synodic resonance. Specifically, a p: ¢ resonant NRHO means the spacecraft
completes p orbits in the NRHO while the Moon completes g orbits around Earth. In this study, the southern L, 9:2
NRHO is selected to be the initial orbit of the transfer. The initial orbital characteristics of the selected NRHO are
listed in Table 2.

Table 2: The initial orbital characteristics of 9:2 NRHO

x (LU) Z (LU) v, (VU) T (TU)

1.0218813 -0.18199999 -0.10295079 1.5092635

2.3 Lunar frozen orbit

In order to establish the dynamic equations of the system, it is necessary to define the Moon-Centered Inertial at
Epoch (MCIE) coordinate system. The definition of the coordinate system is related to the epoch selected. Once the
epoch is determined, the states of Earth and Moon are known. The origin of the coordinate system is located at the
mass center of the Moon, with the x-axis pointing from the Earth to the Moon, the z-axis is aligned with the normal
vector of the lunar orbit, the y-axis is determined using the right-hand rule. The coordinate system is shown in Figure
3.

Figure 3: Moon-Centred Inertial at Epoch (MCIE) coordinate system

The dynamics equation is established including the perturbation of Earth’s third body gravitation and J, of Moon in
MCIE coordinate system. The von Zeipel method [13]is used to obtain the system mean dynamics equation after
quadratic mean. The equation is denoted using the kepler orbital elements as follows
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where a is the semi-major axis; e is eccentricity; / is orbital inclination; € is right ascension of ascending node; w is
argument of perilune; M is mean anomaly. The subscript “1” denotes the first order term of the Earth’s third body
gravitation; the subscript “2” denotes the second order term of the Earth’s third body gravitation; the subscript “J,”
denotes the 2nd-degree zonal harmonic representing the non-spherical gravity of the Moon. The expressions for the
terms are:

4, =0
6 = 112:; 1= sin’ (I)sin (20)
112:; Hsm(zz)sin(zw)
Q= SZZ % [-(2+3¢7)+5¢ cos (20) | ®©
i = ;”’l’# \/_USCOS (1)+¢ =1)+5(sin’ (1)=¢* ) cos (20)]
M, :%[(3& +7)(3cos” (1) ~1)+15(1+€" )sin’ (1) cos(20)
i, =0
- éji”{” J[ j Jsin (1)cos()sin(20)
i éii”(" ]( j ¢*sin(1)cos” (1)sin(20)
= 128/1 (n .2+33e2—3(2—17e2)cos2(1)+15e2(1—3cos2 (1)cos(20))] (7
o = 6247: ( J cos(1)[ 11(1-€*)+Scos® (1)+5(sin’ (1) ~¢* ) cos(20) |
M, =- G [:—] Ji=e cos(1)
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where n,, is the average orbital angular velocity of the Moon; n is the average orbital angular velocity of the
spacecraft around the Moon; u is the mass ratio coefficient of the Earth-Moon system, which is equal to that in
CR3BP numerically; n,, is the average autorotation velocity of the Moon; r,, is the physical radius of the Moon;
J=2.03X 10,

The lunar frozen orbit is defined as the orbit around the Moon with the constant mean eccentricity, mean orbital
inclination and mean argument of perilune. That means it must satisfy the frozen condition
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In order to satisfy the condition of eccentricity and inclination, the possible solutions can be calculated from eq. (5)-
eq. (8), which is e=0, /=0 or sin2w=0. The constraints on the spacecraft orbit in the first two cases are too strong.
Therefore, the solution of sin2w=0 is generally taken in engineering practice. That means the value of the argument
of perilune can be determined

(10)
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If the dynamic model is simplified, which means only the first order term of Earth’s third body gravity is considered,
the frozen condition can be written as

3
COSZI:§(I—e2) (11)

Another requirement is that the spacecraft must be synchronous with the Sun. In other words, the precession angular
velocity of the right ascension of the ascending node (RAAN) of the orbital plane should equal the average angular
velocity of the Sun’s motion relative to the Moon. The precession of the orbital plane is primarily influenced by the
combined effects of J2 term perturbation from the lunar non-spherical gravitational force and third-body gravitational
perturbation from the Earth. This precession is reflected in the rate of change of the RAAN. Therefore, the Sun
synchronous condition is that the RAAN precession rate matches the Sun’s relative angular velocity:

Q=0,+Q,+Q, =n,, (12)

where ng,, = 1.99102 rad/s is the average angular velocity of the Sun.
When only the 1* order term of the Earth’s third body gravitation is considered, the Sun synchronous condition can

be simplified as

2

Q:E\/En—’”(l+4ez):nsun (13)
4\NS nu

Therefore, the eccentricity can be determined as
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Eq (11) and (14) can be used to determine the initial value of the lunar frozen orbit. If the parameter of orbital semi-
major axis is determined, the shape of the orbit is determined. In order to facilitate measurement and control on the
ground, the phase of the spacecraft should remain as stable as possible. The nodal period is defined as

2z
P o+ M

15

The nodal period is the time it takes for a spacecraft on a perturbed elliptical orbit to complete one revolution around
a central celestial body. Therefore, if the nodal period of the spacecraft is accurately controlled to be equal to the
measurement period, the spacecraft will be in the same phase for each measurement operated by ground station.
Because the frozen condition constrains the derivative of the argument of perilune to be zero, the constraint can be
written as

M= M+ M, + M, JT_” (16)

R

where Ty is the period of measurement from ground station. For the computation of the initial value, the latter two
terms could be ignored. The initial value of # can be obtained by substituting the eq. (6) into eq. (16).

However, the initial value is calculated in the dynamics only with 1% order term of the Earth’s third body gravitation.
In order to better satisfy the requirement of freezing and synchronization in the high-fidelity model, the J, term of the
Moon and the second-order term of the third-body gravity also need to be taken into account. In the high-fidelity
model, the orbital design problem is to solve the non-linear equations

Q:nsun
@=0 (17)
M =2x/T,

In order to solve the equations, the differential correction method could be applied. First, the initial value should be
determined. Then the simplified analytical partial derivative matrix is computed using dynamic equations where the
Ist order term of the Earth’s third-body perturbation is included. Finally, in the full perturbation model considering
the non-spherical gravitational perturbation J2 term of the Moon, the first-order and second-order terms of the
Earth’s third-body gravitational perturbation, the method of differential correction is adopted to obtain high-precision
numerical solutions. The variables to be solved is x= [, e, cosl]", and the target variables and their values are listed
in eq. (17).

The initial values and the converged results in MCIE coordinate system are listed in Table 3

Table 3: The initial values and the converged results

Orbital element initial value converged results
semimajor axis, km 10003.061 9931.320
eccentricity 0. 778987 0.754818
inclination, deg 119.058 120.951

3. Multi-impulse transfer trajectory from an NRHO to a frozen orbit

The transfer trajectory design departing from an NRHO (Near Rectilinear Halo Orbit) to a frozen orbit involves three
impulses. Initially, the first impulse is designed to initiate the spacecraft’s departure from the NRHO. Then the
spacecraft is free to coast for a period of time. Subsequently, the second impulsive maneuver is applied to aim for a
target position on the frozen orbit. Finally, the last impulsive maneuver is performed to insert the spacecraft into the
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frozen orbit. The entire trajectory design is formulated as a nonlinear programming problem. The transfer is
optimized to find the minimum fuel consumption to complete the three maneuvers.

3.1 Fast away from the NRHO using stretching directions

Since NRHOs are near stable periodic orbits, using the invariant manifolds to depart from NRHO is difficult. On the
one hand, the time cost of flight is substantial. On the other hand, it is difficult to substantially change the state of the
spacecraft using only invariant manifolds. If the departing impulse is treated as a three-dimensional optimization
variable, the nonlinearity of the problem will be intensified, making the problem more difficult to solve.

The concept of stretching directions is proposed to assess the impact of a maneuver [6]. Any velocity change along
the maximum stretching direction can drive the spacecraft to deviate from the periodic orbit rapidly. The linear state
transition matrix (STM) is used to assess the effect of initial deviations on the terminal states.

0 o O
cD(tf’l‘O): g)gj) = |:(D”’ CD”":| (18)

v,r v,V

where ¢, and ¢ are respectively the initial time and final time; x, is the initial state; x(¢) is the states at #: The impact of
initial perturbation states on the perturbation of terminal states can be mapped by the STM. Therefore, the changes of
the terminal states with given initial velocity perturbations can be obtained.

o = ©ra 19
vy 1) ( )

v,V

where @,,, is one 6 X3 dimensional sub-matrix of ®(t, #). The changes of the terminal states can be regarded as the
departure from the reference orbit. The sensitivity of the orbital state’s changes at the final moment to initial velocity
changes determines the efficiency of the maneuver moving away from the initial orbit. The sensitivity can be mapped
by the magnitude of maximum stretching o corresponding to the ®,,,. The maximum stretching o is obtained from
eigenvalue of the @,,,.

o, =4 (20)

where 4; is the eigenvalue of the @,,,,.
Carry out singular value decomposition to eq. (19)

usrt=o, (21)

where X is a diagonal matrix combined with ;. V provides the direction information. Applying a velocity change
along the component of ¥ corresponding to the maximum g;, the states at the terminal moment takes the maximum
change.

3.2 Design of the multi-impulse transfer trajectory

In this section, the multi-impulse transfer trajectory design problem is transformed to a constrained nonlinear
programming problem. The first design variable is the phase of the initial state on the NRHO. In order to make the
state easy to calculate, the variable is selected to be the flight time zof; from the initial point. The apolune is chosen to
be the initial point. According to Section 3.1, the direction of the first impulse for spacecraft to departing the NRHO
can be determined. Therefore, the design variable descends from three-dimensions to one dimension. The second
variable is naturally the magnitude of the impulse maneuver dv,. After a period time of flight fof}, which is the third
design variable, the spacecraft arrives at a new state. The second impulse maneuver dv,=[ dv,,, dv,, dv,.]" is
operated to aim at the frozen orbit. Here, a necessary constrained local optimization is introduced. The design
variable is the three- dimensional velocity increment. The spacecraft will reach the position of some point on frozen
orbit after a period time of flight fof;. Finally, the required three-dimensional velocity for insertion into the frozen
orbit can be calculated with the arriving velocity and the targeting velocity on frozen orbit. According to Section 2.3,
there are three orbital elements can be determined, while the other three orbital elements Q, w, and M are unknown.
For some special missions, the three elements can be designed. For example, if the spacecraft orbital plane normal is
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required to be designed at some angle to the Sun, the Q can be designed. But in this study, there is no constraint on
them. The specific location of the insertion point on the frozen orbit is also required to be optimize, which is
corresponding to the three designed orbital elements. Therefore, the global design variables are

X, = [tof0 tof, tof, Q o M dvl] (22)
In addition, constrained local optimization problems nested in global optimization are as follows
x, = |:dV2x dv,, dszJ (23)

The local optimization objective is expressed as the magnitude of velocity increments, and the constraint is the
magnitude of the difference of position as

Minimize: y, = f(x, ) =|dv,| (24)
s.t. ||l”/ - rpo” =0

where r/is the state after spacecraft applied maneuver dv, and time of flight; rxo is the position on the frozen orbit,
calculated by the orbital elements.
The global optimization objective is expressed as the sum of the magnitude of the velocity increments. The form is

Minimize : y, =|dv|+y, +[v, = v | (25)

where v, is the velocity of the corresponding state of r; v is the velocity of the corresponding state of the rzo. The
global optimization problem can be solved by genetic algorithm.

4. Result and Discussion

Several solutions of transfer trajectories are calculated by selecting several initial epochs through the algorithm in
section 3. The trajectories in Moon-centered J2000 frame (MCI) are calculated under the dynamics considering the
gravity of Earth, Moon, the Sun, and Jupiter, which are as shown in the left part of Figure 4-Figure 6. The right part
of Figure 4-Figure 6 are the trajectories calculated under the CR3BP.

x10* NRHO NRHO
0 Eggi’er Trajectory 0 Transfer Trajectory
Moon
] LFO LFO
2 -0.05
£ 9
N _4 T\T ‘0 l
& -0.15
4‘ ¢
104 2 0‘%402\\/
& | P 1.02
ykmy O 10 4 Wos o098
x(km) *10 y(LU) x(LU)
(a) The trajectory in MCI (b) The trajectory in CR3BP

Figure 4: The trajectories with the initial epoch of Jan 1 2026 (case 1)
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Figure 5: The trajectories with the initial epoch of Jan 15 2026 (case 2)
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Figure 6: The trajectories with the initial epoch of Feb 10 2026 (case 3)

The detailed optimization results are listed in Table 4.
Table 4: The optimization results of three cases

Case index Total Av, km/s Transfer time, day 1st Av, km/s 2nd Av, km/s 3rd Av, km/s
1 0.12399 4.7413 5.63403 X107 0.02021 0.10373
2 0.16667 5.3081 0.01442 0.02188 0.13036
3 0.12872 3.5338 3.61348 X107 0.02719 0.10153

Through optimization, three sets of transfer results are obtained near different initial epochs. The transfer times are
all less than 10 days, which benefits from the stretching directions. The 1% Av values are less than 20 m/s, which
means that a small maneuver along the stretching direction is enough to drive the spacecraft away from the initial
orbit rapidly. The largest portion of the Av cost is used to insert into the LFO. This is due to the significant difference
in orbital radius, which can also be seen from the trajectories. Overall, based on the transfer trajectory design method
proposed in this paper, the Av is used to overcome the energy difference between the two orbits, which means the
method and results are reasonable. Therefore, the proposed method is proved to enable the acquisition of a rapid and
efficient transfer trajectory from an NRHO to a LFO.

10
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5. Conclusions

A novel design methodology of multi-impulse transfer trajectory from NRHOs to LFOs is proposed. The 9:2 NRHO
and Sun-synchronized lunar frozen orbits are selected as the objects of the research. An optimization model for
trajectory design is constructed, with transfer flight time, the orbital parameters of LFO, etc., as optimization
variables. By optimally solving this constrained nonlinear optimization problem, the transfer trajectories under the
CR3BP and high-fidelity models are obtained. In particular, applying the stretching direction strategy increases the
efficiency of orbital transfer and can also reduce the number of design variables. Several trajectories are obtained by
the proposed design method. Detailed results show that transfers between the two orbits can be accomplished rapidly
(within several days) with a velocity increment of only 100-200 m/s. Trajectories designed under high-fidelity
models have potential for engineering applications and can provide new mission orbits for future cislunar space
missions.
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