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Abstract

The secondary resonances due to solar radiation pressure are investigated in the vicinity of orbits of the
global navigation systems GLONASS (main resonance is 8:17), GPS (main resonance is 1:2), BeiDou
(main resonance is 7:13), and Galileo (main resonance is 10:17). The secondary resonances were
considered for both the main resonances and the sub-resonances i- and e-types. The secondary
resonances locations were estimated analytically and were improved by numerically. The secondary
resonance zones were found for both low (0.02, 0.2, and 1 m%kg) and high (10 m%kg and more) area-
to-mass ratios. The secondary resonances have a significant effect on the dynamical evolution of objects
with area-to-mass ratio 10 m?/kg and more. This result is very important when describing the long-term
orbital evolution of space debris.

1. Introduction

Valk et al. [1] found a relevant class of secondary resonances on both sides of the well-known pendulum-like pattern
of geostationary objects. They have considered the secondary resonances due to solar radiation pressure with a resonant
argument ¥ = k® + 1. Here & is a resonant argument of a main resonance 1:1 and Ag is the ecliptic longitude of
the Sun. The secondary resonances were detected for objects with high area-to-mass ratio y = 10 m?kg and more.
Detailed investigation of the secondary resonances near the geosynchronous orbits performed in [2].

In the present work, the secondary resonances near GLONASS, GPS, BeiDou, and Galileo orbits are investigated both
analytical and numerical methods.

2. Methods

We consider motion in the vicinity of GLONASS, GPS, BeiDou, and Galileo regions which situated near 8:17, 1:2,
7:13, and 10:17 resonance zones respectively. We take sub-resonances i- and e-types into account to detailed
investigate dynamical evolution of space debris in this region. Let's are three resonant arguments [3, 4]

O, =pM+Q+g) — qS =vt,
Q,=p(M+g)+q@Q —S5) =t (1)
O;=pM+qQ+g—5) =v3t

with frequencies

vy =p (ny +ng +1ny) — qwg,
v, =p (ny +ng) — ¢ (g — we), @)

V3 =pny — q(nQ+ng - (A)EB).

Here @1, @y, and @3 are the resonant arguments of the main resonance and two sub-resonances of i- and e-types,
correspondently.

The condition v; = 0 corresponds to the resonance between the mean motion of the satellite and the Earth’s angular
velocity wg. The condition v, = 0 corresponds to an i-type resonance, under which the position of the ascending node
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of the orbit repeats periodically in a rotating coordinate system. The condition v; ~ 0 corresponds to a e-type resonance
at which the position of the line of apsides is considered.
We will study sets of resonant multiplets which consist of secondary resonance and two secondary sub-resonances of
i- and e-types due to the solar radiation pressure with the resonant arguments

Wis+ =k @5 £ Ag. ®)
and frequencies

fksi = kVS i n@. (4)

The conditions fis+ = 0 give the resonant values of the semi-major axes (see Table 1) which correspond to the
secondary resonances due to the solar radiation pressure.

Table 1: Resonant values of the semi-major axis for main secondary resonances W, +

Resonant a[km]
argument GLONASS GPS BeiDou Galileo
Wi 25506.9 26 537.7 27903.1 29598.2
Y, 25508.3 26 549.7 27 905.1 29599.8
Wil 25508.8 26 553.7 27 905.8 29 600.3
D, 25509 26 559 27 906 29 600.3
Wit 25510.6 26 569.9 27 908.4 29 602.4
Yo, 25511.0 26 573.9 27 909.0 29 602.9
Yiie 25512.4 26 586.0 27911.0 29 604.5

3. Numerical simulation

The resonant values of the semi-major axis have improved from a numerical simulation. Orbital evolution of objects
is modelled with the help of “Numerical Model of Motion of Artificial Satellites” [5, 6] developed at the Tomsk State
University. The model of perturbing forces takes into account the major perturbing factors: the gravitational field of
the Earth (EGM96 model [7], harmonics up to the 27™ order and degree, inclusive), the gravitation of the Moon and
the Sun, the tides of the Earth, the direct radiation pressure taking into consideration the shadow of the Earth
(coefficient of reflection of the satellite surface K = 1.44), the Poynting—Robertson effect, and the atmospheric drag.
The equations of motion are integrated by the Everhart's method of the 19™ order.

Initial data correspond to a nearly circular orbit with the eccentricity e = 0.001. Initial inclination depends on the
navigation system. Initial values of longitude of ascending node Q are equal to 0°, 90°, 180°, and 270°. The argument
of pericenter g = 0.45804°. In this case, the pericenter is directed toward the Sun when Q = 0°. Area-to-mass ratio y is
varied from low values corresponding to satellites y = 0.02 and 0.2 m?/kg to high values y = 1, 10, 20 m%kg and more
which correspond to space debris. Dynamical evolution covers a time spans of 24 or 240 years. Initial epoch To is
00" 00™ 00° UTC 21.03.1958.

4. Results

4.1 Multiplets of secondary resonances near the GLONASS region

The results of numerical simulation show that the semi-major axis has secular perturbations due to the Poynting—
Robertson effect and an object pass through the secondary resonance zones. The resonant argument W, librates when
the object is situated in the resonance zone. The secondary resonance zones were found for low (y = 0.02 and
0.2 m?/kg), moderate (y = 1 m¥kg) and high (y = 10 m?kg and more) area-to-mass ratios.

Table 2 gives improved estimations of the resonant values of the semi-major axis from results of numerical simulation.
Dashes in cells correspond to values which were not determinate from the numerical simulation data. Zones of the
secondary resonances and sub-resonances are tightly situated concerning the main resonance and sub-resonances.

As shown in Fig. 1 and 2, the secondary resonances and sub-resonances are overlapped. Resonance overlapping may
lead to stochastic orbital evolution. However secondary resonances do not a significant influence on the evolution of
positional elements in the vicinity of GLONASS region (see Fig. 3).
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Table 2: Resonant values of the semi-major axis for secondary resonances in the GLONASS region from a numerical
simulation

b d a[km] b 4 a [km] b d a [km]
Y, 255061 W¥,,. 255051 W53 —
Y,,_ 255072 W¥,,_ 25507.2 W,3_ —

®, 25508 @, 25508 @, —
W,,, 25509.3 W,,, — Y., o —

W,,, 255101 W,,, 255091 W, —
W,, 255112 W,. 255102 W, —
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Figure 1: Evolution of resonant arguments W11 and W12 for area-to-mass ratio y = 10 m?/kg

4.2 Multiplets of secondary resonances near the GPS region

The numerical simulation data show that the semi-major axis has secular perturbations due to the Poynting—Robertson
effect and an object pass through the secondary resonance zones. The secondary resonance zones were found for all
considered values of the area-to-mass ratios.

Table 3 gives improved estimations of the resonant values of the semi-major axis from the numerical simulation data
for the secondary resonance and sub-resonances. The secondary resonances and sub-resonances are well separated
contrary to the GLONASS region.

Figures 4-6 show that the secondary resonances and sub-resonances are overlapped but the area-to-mass ratio is low
(y = 0.2 m?Kkg). The magnitude of oscillation of the semi-major axis is changed when the object is passing through the
secondary resonances and sub-resonances. Secondary resonances overlapping also leads to a variation of the semi-
major axis magnitude oscillations. Correlation between libration of resonant argument and variation of the magnitude
of oscillation of the semi-major axis is clear for a moderate value of the area-to-mass ratio (as shown in Fig. 7).
Passing through secondary resonance for the objects with the high area-to-mass ratio (y = 10 m?/kg and more) produces
qualitative changes in the evolution of the semi-major axis (see Fig. 8 and 9). In the secondary resonance (t = 0—
12 years in Fig. 8 and t = 11-17 years in Fig. 9) the semi-major axis decreases. After that mean value of the semi-major
axis is a near constant.
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Figure 2: Evolution of resonant arguments W21 and W2, for area-to-mass ratio y = 10 m?/kg
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Figure 3 : Evolution of semi-major axis a (red) and eccentricity e (blue) for area-to-mass ratio y = 10 m?/kg

The secondary i-type sub-resonances have an insufficient effect on the evolution of the inclination (see Fig. 10 and 11)
as well as the secondary e-type sub-resonances effect on the evolution of the eccentricity.
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Table 3. Resonant values of the semi-major axis for secondary resonances in the GPS region from a numerical
simulation

b d a[km] b d a[km] b 4 a [km]
Y, 265374 W, 265364 W,;_ 26536.4
Y, 265490 ¥,,_ 265481 W¥,;_ 26549.0
W,,_ 265536 W;,_ 265527 W;;_ 265527

D, 26 559 D, 26 558 D, 26 558
Y. 26569 W;,, 26568 W33, 26568
Y,,, 265734 W¥,,, 265725 W,;, 265734
Y., 265853 ¥, 265846 W3, 265851
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Figure 4: Evolution of semi-major axis a (blue) and resonant argument W1+ (red) for area-to-mass ratio y =
0.2 m?/kg

4.3 Multiplets of secondary resonances near the BeiDou region

The results of numerical simulation show that the semi-major axis has secular perturbations due to the Poynting—
Robertson effect and an object pass through the secondary resonance zones. The resonant argument W, librates when
the object is situated in the resonance zone. The secondary resonance zones were found for low (y = 0.02 and
0.2 m?/kg), moderate (y = 1 m¥kg) and high (y = 10 m?kg and more) area-to-mass ratios.

Table 4 gives improved estimations of the resonant values of the semi-major axis from results of numerical simulation.
Dashes in cells correspond to values which were not determinate from the numerical simulation data. Zones of the
secondary resonances and sub-resonances are tightly situated concerning the main resonance and sub-resonances.
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Figure 5: Evolution of semi-major axis a (blue) and resonant argument W2+ (red) for area-to-mass ratio y =

0.2 m?/kg
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Figure 6: Evolution of semi-major axis a (blue) and resonant argument W23+ (red) for area-to-mass ratio y =
0.2 m?/kg
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Figure 7: Evolution of semi-major axis a (blue) and resonant argument W3+ (red) for area-to-mass ratio y =

1 m?/kg
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Figure 8: Evolution of semi-major axis a (blue) and resonant argument W21+ (red) for area-to-mass ratio y =
10 m?/kg
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Figure 9: Evolution of semi-major axis a (blue) and resonant argument W31+ (red) for area-to-mass ratio y =
10 m¥/kg
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Figure 10: Evolution of inclination i (blue) and resonant argument W2, (red) for area-to-mass ratio y = 10 m?/kg
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Figure 11: Evolution of inclination i (blue) and resonant argument W3, (red) for area-to-mass ratio y = 10 m?/kg

Table 4. Resonant values of the semi-major axis for secondary resonances in the BeiDou region from a numerical
simulation

b4 a[km] b4 a[km] b 4 a [km]
Y — Y, — Y, 27902.0
W, 279048 W¥,,_ 279035 W¥,;_ 279038
Wy, 279050 W;,_ 279045 W3 279047

D, 27 906 d, 279055 &d; 279055
Wo,, 279077 W5, 279074 W5, 279074
Y,,, 279084 W¥,,, 279076 W,;, 27907.6
W, 279018 W¥,,, 27909.6 W3, 27909.6

4.4 Multiplets of secondary resonances near the Galileo region

The results of numerical simulation show that the semi-major axis has secular perturbations due to the Poynting—
Robertson effect and an object pass through the secondary resonance zones. The resonant argument W librates when
the object is situated in the resonance zone. The secondary resonance zones were found for low (y = 0.02 and
0.2 m?/kg), moderate (y = 1 m¥kg) and high (y = 10 m?kg and more) area-to-mass ratios.

Table 5 gives improved estimations of the resonant values of the semi-major axis from results of numerical simulation.
Dashes in cells correspond to values which were not determinate from the numerical simulation data. Zones of the
secondary resonances and sub-resonances are tightly situated concerning the main resonance and sub-resonances.
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Table 5. Resonant values of the semi-major axis for secondary resonances in the Galileo region from a numerical
simulation

b d a [km] b 4 a [km] b d a[km]
W, 295983 ¥, 295975 W, 29598.0
Y,,_ 295995 W¥,,_ 295987 W,;_ 295985
Y- 296003 W3, 295995 W, 29599.0

D, 29 601 D, 29 600 D, 29 600
Y., 296024 W5, 296019 W3, 296024
W,.. 296025 W¥,,, 296024 W¥,;, 296034
Y, 296019 ¥,, 296035 W53, 296043

5. Discussion

There is the secondary resonance overlapping for the high area-to-mass ratio values in the GLONASS region and all
considered area-to-mas ratio values in the GPS, BeiDou, and Galileo regions. Secondary resonances do not
significantly influence on the evolution of positional elements in the vicinity of GLONASS, BeiDou, and Galileo
regions in spite of a resonance overlapping. Secondary resonances make a significant influence on the evolution of
positional elements in the vicinity of GPS region.

The secondary resonances regions do not advantage for choose of disposal orbits. Both the low area-to-mass ratio
objects (e.g., satellites) and the high area-to-mass ratio objects (e.g., space debris) pass through the secondary
resonances under the Poynting—Robertson effect.

6. Conclusions

The secondary resonances and sub-resonances due to solar radiation pressure have found in the vicinity of the
GLONASS, GPS, BeiDou, and Galileo regions. The secondary resonances are necessary to take into account the design
of disposal orbits but that resonances may make a significant influence on the orbital evolution of space debris.
Secondary resonance overlapping may produce stochastic orbital evolution on long time intervals. We are planning to
study that effect in the future.
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