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Introduction 

The aim of this work is the analysis of effi-
cient strategies for the time integration of the 
unsteady Navier-Stokes equations. Among 
several possibilities, Jameson’s Dual Time 
Stepping (DTS) method [5] is widely used. 
This method performs time integration by 
achieving successive steady states in a fic-
tious dual time. As pointed out in [4], a draw-
back of DTS is that steady-state iterations 
must be fully converged to guarantee a certain 
time accuracy, thus requiring a large number 
of dual-time iterations. This can substantially 
increase the computational cost of the integra-
tion procedure. Unsteady simulations are usu-
ally 4-5 times more expensive than steady 
ones,  therefore strong efforts are put in the 
study of efficient time accurate algorithms. In 
an early version of the CIRA flow solver U-
ZEN [7], the DTS method was implemented 
by using an explicit second-order multi-stage 
Runge Kutta scheme, accelerated by standard 
techniques (multigrid, local time stepping, 
implicit residual averaging). In this work, 
some strategies to increase the efficiency of 
the DTS method are analyzed. These strate-
gies are based on two concepts. In the first 
one the DTS method is considered as a black 
box, which takes in input a state nU  at time 
level n and returns the state 1+nU  at time level 
n+1, with a computational cost in terms of 
dual iterations. The idea is to provide the 

black box with an input vector nUU ≠*  that 
better predicts the unknowns at the beginning 
of dual time integration. This strategy is analo-
gous to the use of predictor-corrector tech-
niques with multi-step methods. The second 
strategy operates inside the DTS box, by using 
a low-cost implicit scheme to approach the 
steady state in the dual time [4]. A hybrid ap-
proach is obtained by using the implicit scheme 
as a predictor for the DTS scheme. The applica-
tion of these strategies inside U-ZEN is ana-
lysed; numerical results on test cases are pre-
sented. 

The DTS Method 

In the DTS method, the flow solution at each 
time step is obtained by reformulating the prob-
lem as a steady one; the steady-state solution is 
computed by integrating over an unphysical pa-
rameter called dual time. The relaxation opera-
tor in the dual time can be explicit or implicit. 
The reason for the success of DTS is that it al-
lows to exploit in unsteady calculations all the 
convergence acceleration techniques (multi-
grid, residual averaging, local time stepping, 
etc.) that are typically used for unsteady calcu-
lations. Given the semidiscrete equation 
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where Lt is the time derivative operator and  
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is the sum of the convective, artificial and 
viscous fluxes, a second order backward dif-
ference formula has been applied for time dis-
cretization:  
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At each time level, the DTS method considers 
a new residual:  
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and solves the following equation:  
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where τ is the dual time. The integration of 
(5)  to its steady state provides the solution 

1+nU of (3) at the time level n+1.  In this way, 
the nonlinear system (1) can be solved at each 
time step by using numerical algorithms typi-
cally applied to steady problems.  

Prediction formulae 

The simplest approach to predict the solution 
at the beginning of each DTS stage is based 
on extrapolation criteria. In a general way, 
these criteria can be regarded within the con-
text of explicit formulae: 

( )K,,, 21* −−= nnn UUUfU         (7) 

The formulae considered here involve at most 
three time levels:  

21* −− ++= nnn UγUβUαU ,        (8) 

where the coefficients α, β  and γ are given in 
Table 1:  

Table 1 

 α β γ  
PD1 2 -1 0 O(∆t)  

PD2 3 -3 1 O(∆t2) 
PD3 5/2 -2 1/2 O(∆t2) 
PD4 7/3 -5/3 2/3 O(∆t2) 

 
Note that the formulae of type         (7) 
do not require the evaluation of the fluxes. 
Nevertheless, if the time behavior of the solu-
tion is regular enough, it is reasonable to expect 
some benefit. Indeed, without any prediction, 
i.e. setting nUU =* , the residual at the begin-
ning of the dual cycle is 

t
UUURUR

nn
nn

∆
+−

+=
−

2
)()(~ 1

.       (9) 

The integration toward the steady state is car-
ried out until the following difference is re-
duced below a certain threshold:  
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Hence, by adopting a prediction formula, and 
assuming that 

nnn UUUU −≤− ++ 1*1           (11) 

the residual difference might be expected to 
decrease: 

( ) ( ) ( ) ( )nnn URURURUR ~~~~ 1*1 −≤− ++     (12) 
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ADI schemes 

Another way of computing the solution at the 
time level n+1 is to use implicit methods. 
These methods are generally much more sta-
ble than explicit ones and allow large time 
steps. The main drawback is that large linear 
systems must be solved at each time step, 
leading to computationally expensive proce-
dures. In order to reduce the cost of linear 
system solution, the Alternating Direction 
Implicit (ADI) splitting scheme can be used, 
which approximates the linear system matrix 
with the product of matrices that can be effi-
ciently inverted with direct methods. 
Indicating with k the dual iteration, a first or-
der backward difference is applied to Equa-
tion (5): 

11 ~ ++ ∆−=−
kkk RτUU           (13) 

and the following linearization is performed 
to evaluate the residuals: 
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Substituting (14) into (13), the following lin-
ear system is obtained: 
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which can be written as 

 
kk RτUA ~1 ∆−=∆⋅ + ,           (16) 

where 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂

∆+=
U
RτIA

k~
.               (17) 

In a 3D formulation, the ADI method 
approximates the matrix A  with a product of 

three matrices. The solution 1+kU∆  is obtained 
in three steps 
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where ( )ζηξ ,,  are generalized curvilinear co-
ordinates. This approximation introduces an 
error proportional to the CFL number. Addi-
tionally, the treatment of the boundary condi-
tions affects the stability of the scheme. The 
linearization of the residual performed in (14) 

is a further source of error. The terms 
U
R

k

∂
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represent the Jacobian matrices of the residuals. 
Their evaluation depends on the spatial discre-
tization scheme used in the solver and can be 
decomposed into the following contributions: 
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Hence, the Jacobian matrices assume the 
following form:  
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and each matrix ( )ζηξδ
δ

A ,,  =  has the follow-
ing expression: 

( )V
δ

A
δ

C
δδ

RRR
U

I
t

IA ++
∂
∂

+
∆

+=
2
3 .   (21) 

Note that the unsteady term increases the di-
agonal dominance, thus improving the stability. 
The implicit formulation with the backward 
difference formula (3) is 
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The value 1+nU obtained from Equation (22) is 
second order in time and can be used as pre-
dictor for the DTS cycle. This is an example 
of using an implicit prediction formula of the 
form 

( )K,,,, 211* −−+= nnnn UUUUfU  .    (23) 

Results 

The NACA0012 profile at Mach = 0.6 in 
conditions of oscillatory pitching motion has 
been considered. The experimental data are 
referred to the AGARD-CT1 test case [6]. 
The reduced frequency is k=0.0808, and the 
incidence varies with the following law: 

)sin(41.289.2)( tωtα °+°=        (24) 

Here, an inviscid flow model over a struc-
tured 8 block grid of 32768 cells has been 
considered. The airfoil motion has been simu-
lated through transpiration velocities applied 
as a boundary condition on the body [13]. The 
benefits deriving from the use of prediction 
formulae or ADI methods can be discussed in 
terms of CPU time saving and accuracy. The 
motion period T has been subdivided with 
five different time steps from T/25 to T/720. 
Regarding the accuracy, between the simula-
tions with 360 and 720 steps/period, no sig-
nificant differences can be seen in the solu-
tions. The simulation with 720 steps/period 
without any prediction has been taken as the 
reference solution for all the cases considered 
with prediction. In Figure 1, the CPU time 
needed to simulate 4T has been plotted for the 
different time steps. Without any prediction, 
the increase of the CPU time obtained by 
halving the time step is about 30÷40% and, by 
applying the predictions, the CPU time in-

creases by 6÷7%. The results for the prediction 
formulae PD3 and PD4 shown in Figure 1 indi-
cate slightly improved performance compared 
to the other cases. Irrespective of various for-
mulae used, the saving remains at the same or-
der of magnitude. In Figure 2 the CL-α plot is 
presented with solutions at 25 steps/period. 
Without prediction, the discrepancies are evi-
dent. The NP T/25 curve does not match the 
reference curve near the extremities. During the 
α increasing phase, the CL is under predicted. 
By adopting a prediction formula, (PD2 is 
shown), the improvement in the accuracy is 
evident, and comparable with the T/720 solu-
tion. This demonstrates that the use of these 
techniques affects the convergence and the ac-
curacy simultaneously. The instantaneous pres-
sure coefficient in the incidence increasing 
phase, at α=5°, during the shock wave forma-
tion is shown in Figure 3. The implicit predic-
tion with the Runge Kutta relaxation is com-
pared with the reference solution. Globally, no 
significant differences in the computed CP pro-
files are noted. In Figure 4, the curve without 
prediction (NP) at 25 steps/period shows dis-
crepancies compared to that of the reference so-
lution. By employing the ADI prediction the 
results are comparable to the reference solution 
at 720 time steps/period. 

A 2D U-RANS calculation has been carried 
out for the flow around the square cylinder at 
Re=22000, [12], using the k-ε turbulence model 
[10]. The computational grid has 12 blocks 
with 61912 cells. At the time of this work, the 
treatment of the viscous fluxes is still explicit. 
The turbulence equations are not forced by any 
prediction method and they are integrated in 
time in the same way of the Navier Stokes 
equations. The dimensionless time step is 0.05 
which samples the vortex shedding period T in 
about 140 parts. One level of multigrid has 
been used during the dual time iterations. A so-
lution obtained without predictions and the 
number of subiterations fixed to 125 has been 
previously computed, providing satisfactory re-
sults [7]. Nevertheless, a fully converged solu-
tion, without limitations on dual time iterations, 
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References and without predictions, has again been com-
puted at a considerable computational cost. 
The effects on the level of convergence can be 
seen in Figure 5, where the CL versus CD is 
plotted over the vortex shedding period. The 
tests show different max CD values during the 
periodic cycle. The reference computation has 
the smallest CDmax, which also corresponds to 
the smallest mean CD. The trend of the com-
puted CDmax is opposite with respect to the 
experimental value, as well as the Strouhal 
number, see Table 2. The solutions obtained 
by the simulation with prediction formulae 
reproduce the reference solution with a satis-
factory accuracy, permitting a CPU time sav-
ing up to 70 %. Anyway, the differences of 
the averaged fields are negligible, as it can be 
seen in Figure 6.  
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Figure 1. AGARD CT1 – Simulations at various time 
steps. Explicit prediction with Runge Kutta relaxation. 
(NP – no prediction, PD – explicit predictions, see Table 
1). Simulated time = 4T. CPU time on NEC SX-6 

Figure 2. AGARD CT1 – CL-α Diagram. Runge Kutta 
relaxation. NP, without prediction. PD2, explicit predic-
tion (see Table 1). 
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Figure 3.  AGARD CT1 – Pressure coefficient.  α(t)=5°. 
Increasing phase. NP, without predictions, ADI+RK im-
plicit prediction with Runge Kutta relaxation 

Figure 4.  AGARD CT1 – Enlarged view of Figure 3. 
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Label CPU time * dual it*
DC St 

Exp - - 2.1 0.132 
REF a 66817 187928 2.080 0.145 
PD+RK b 25616 69300 2.082 0.145 
ADI+RKc 13946 38920 2.084 0.144 
NC d 6613 17500 2.094 0.143 
a. without predictions 
b. linear prediction and Runge Kutta relaxation 
c. ADI prediction and Runge Kutta relaxation 
d. no predictions, fixed number of dual iterations (125) 
*   for one vortex shedding period 
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 Figure 5. SQUARE CYLINDER – CL-CD curve. 
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Figure 6. SQUARE CYLINDER – Averaged velocity profiles in the wake, at 0.375h downstream the square. z is 
normal to the streamwise direction.  
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