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Abstract

In this paper, we theoretically and analytically predict what times regression rates of swirl injection
hybrid rocket engines increase higher than axial injection ones by estimating heat flux from boundary
layer combustion to the fuel port. We assume the schematic of engines as ones whose oxidizer is
injected from the opposite side of the nozzle such as ones of Yuasa et al. propose. To simplify the
estimation, we assume some hypothesis such as three dimensional axisymmetric flows. The results of
this prediction method are largely consistent with Yuasa’s experiments data in the range of high swirl
numbers.

Nomenclature

flows p = —0.569 x Rep*27’D~!

a constant related to regression rate q : constant used for approximation of the
B blowing parameter B (Pur)wuze function of blowing parameter in axial
() T Taw flows
By = w q' : constant used for approximation of the
B, thermod%amic chemical blowing function of blowing parameter in swirl
. flows
parameter B, = -steady q, - radial direction heat flux
codition, equal to B,) Q. : heat flux to the wall
C  : specific heat of solid fuels T . radial location
Cr : skin-friction coefficient in axial flow 7 . regression rate
Cr, - 1;& S swirl number
u -
c Trl;er t o time
To - 1/2pug, T  : temperature
Cy : Stanton number u : velocity
C, : specific heat at constant pressure z  : axial location
D  : portdiameter a, . constant related to approximation of sz
G, : oxidizer mass flux B, constant related to approximation of Cy_
4h  : enthalpy difference between flame sheet ¥y, : exponent related to approximation of C;
and port surface : . z
. S &  : boundary layer thickness
h, : total enthalpy of solid fuel gasification . erturbati |
from ambient temperature € ' periurbation scale
k : blocking exponent in axial flows n  : nondimensional height in boundary layer
k' : blocking exponent in swirl flows & - angle .
I © mixing length tensor k : constant related to mixing length
L : portlength W . average gas viscosity
n : mass flux exponent for hybrids v average gas kinematic viscosity
P . pressure E : swirl Strength 2 =S
p  : exponent related to swirl decay in cold p : density
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T : shear stress f  : fuel
¢ : nondimensional velocity in boundary o : oxidizer
layer r  : radial direction
w : angular velocity ref : reference point
@  :nondimensional angular velocity w : wall
o= R -6y w z  : axial direction
Ug, 0 . angular direction
Subscripts & incases with swirl
b : flame area ~ : nondimensionalized
bl : boundary layer " : time differential
e . free stream or main flow

1. Introduction

Hybrid propulsion is expected to be applied for various purposes like space transportation, space tourism and
space education because of its inherent safety and low cost. In conventional hybrid rocket engines, liquid oxidizer is
injected into a combustion chamber that contains solid fuel, such as HTPB (which is a binder for solid rocket motors).
Gasified oxidizer and fuel combust in the boundary layer over the fuel-port wall surface. Hybrid rockets using HTPB
have been developed for many years, of which performance dead-ends because the regression rate using HTPB is
low (up to 1 mm s below the oxygen mass flux of 100 kg m? s™) [1]. That is why multi-port systems are required
in the practical use of hybrid engines used HTPB. However, these systems decrease launch capability from potential
one because of remnants of the fuel in multi-port engines and have an anxiety of the drop of them around the end
times of combustion.

To solve this problem, swirl injection (or vortex injection) method is proposed as a way to realize higher
regression rates without energetic additives or the change of fuels [2] [3]. This method is to inject liquid oxidizer that
has swirl velocity components. The characteristics of this injection method is that the radial pressure gradient caused
by swirl makes the flame area in the boundary layer more close to the wall of the fuel port. This effect increases the
amount of heat transfer from the flame area to the wall, and then, higher regression rates can be achieved. Lab-scale
swirl injection hybrid rocket motors have been developed and proved that the increase of regression rates by several
researchers (e.g. Yuasa [2] and Knuth [3]). However, there have been few studies which theoretically and
quantitatively predict the increase of regression rates by swirl, though they will be useful for designing whatever
scale of engines, for the comprehension about the phenomena in engines, and as another way to estimate the effects
of swirl strength to the regression rate and other properties. Furthermore, theoretical and analytical studies have a
flexibility which means that studies are not restricted by practical limitation such that a variable is originally
independent on other ones, but in actual experiments, one depends on others because of the experimental equipment.
For this reason, theoretical approach can reveal hidden property of a phenomenon which experimental approach
cannot. Moreover, Current CFD approaches cannot always accurately simulate actual swirl flows and the techniques
about swirl flows on CFD is on the way of development [4]. That is why it is significant to construct the theoretical
analytical approach for the prediction of regression rates in swirl injection hybrid rockets.

The purpose of this paper is to extend the estimation method of regression rates for axial hybrid rocket engines to
for swirl injection ones. To predict regression rates, we should estimate heat flux to the fuel port with some already
known quantities which represent flow field and other parameters about the combustion chamber because we obtain
the following equation at quasi-steady states:

Qc = piTh, (1)

Because pr and h,, are almost decided by fuel species and ambient temperature (h, includes the amount of specific
heat to gasify the fuel of the ambient temperature), if you have another expression of Q., you can estimate regression
rates. In 1960s, Marxman [5] [6], and Gilbert [5] conducted theoretical and analytical studies about boundary layer
combustion and evaluated heat transfer to the wall of fuels in axial hybrid motors. Their approach starts from the
linkage between the heat transfer and the skin-friction by Lees [7]. This equation means that if the skin-friction with
the fuel blowing from the wall can be estimated, it is possible to estimate the heat flux to the wall. Their approach to
evaluate the shear stress at the wall with fuel blowing was to express it with the simple one without fuel blowing
which can be express by an empirical formula.

In our study, first, we add some hypotheses which are needed to simplify the problem and to evaluate the effects of
circumferential flows, we extend the flow field to three dimensional axisymmetric flows. However, the concept of
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the approach to evaluate the heat flux of swirl injection hybrids is the same as the one past researchers took in the
aspect of the introduction of Reynolds analogy and the connection with the shear stress at the wall. When we
consider Reynolds analogy, we can understand that the temperature field is not similar to the scholar of the velocity
vector but to the axial component of the velocity vector. And then, we attempt to evaluate the axial component of the
shear stress at the wall in swirl flows with fuel blowing with the one without fuel blowing. On the way of the
evaluation, we use flow field in boundary layer with swirl and no fuel blowing to evaluate the effects of swirl and
blowing individually. Eventually, we derive the theoretical estimation of regression rates in swirl injection hybrids
and compare the predicted values with experimental results of Yuasa et al. [2].

2. Modeling and hypotheses of flows in swirl injection hybrid rocket engines

First of all, we consider 10 hypotheses mainly related to the flow fields. These can largely be classified into two
types. One type is the same assumptions as the theory of Marxman et al. to simplify the complex flow in chambers.
Another type is newly added to handle swirl flows easily and observed in experiments related to swirl flows. The
hypotheses we assumed in this paper is summarized in Table 1. These hypotheses are set for the engines whose
schematics are the same type as ones Yuasa et al. proposed (Fig. 1).

Of the hypotheses of Table 1, No.1 is set to simplify flow fields. No.2, 3, 4, and 6 are the same assumptions as the
theory of Marxman et al. No. 2 makes it possible to apply Reynolds analogy. No. 3 is not clearly declared but we
think this hypothesis is used in their theory because Karman’s momentum integral equation is used in their derivation
of the friction coefficient with fuel blowing. No.4 and 5 are assumed to simplify calculating swirl numbers and
because in the experimental results of Steenbergen [8] and Kito et al. [9] the flow fields similar to these hypotheses
are observed around the downstream where the effects of the swirlers used are much small. The reason for applying
the power law to the angular velocity with No.7 is that the definition of shear stress of the radial direction parallel to

the circumferential direction is expressed as ur Z—‘:. Hypothesis N0.9 is assumed because of the experimental results

of Steenbergen [8] and Kito et al. [9] and for simplification of the problem. In all their results, the axial component of
the boundary layer thickness is larger than the circumferential one around the downstream where the effects of the
swirlers used in these experiments are much small. No. 10 is set to simplify the flow field and some researchers such
as Karabeyoglu et al. [10] adopted this assumption for this reason. However, we think this assumption is not always
suitable if metal or carbon powders are added to increase radiation or absorption of it during combustion.

vortex injection from
the top of the fuel port

4/
A

Figure 1: The schematics of swirl injection hybrid rocket engines we consider in this paper.

f
-

Table 1: The hypotheses on swirl flows

1. | The flow in the combustion chamber is axisymmetric.

2. | The Prandtl number in the flow is 1.

3. | The flow in the boundary layer is incompressible.

4. | Axial velocity components are uniform to the axial and radial directions except in the
boundary layer over the fuel-port wall surface.

5. | Circumferential velocity distribution is the same as rigid body rotation to the radial
direction except in the boundary layer over the fuel-port wall surface.
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6. | Axial velocity components in the boundary layer obey the power law when there is not
blowing from the solid fuel.

7. | Circumferential angular velocity components in the boundary layer obey the power law
when there is no blowing from the solid fuel.

8. | The swirl without fuel blowing from the solid fuel decays exponentially to the axial
direction.

9. | The axial boundary layer thickness is larger than the circumferential one.

10. | The heat flux to the fuel port by heat convection is much larger than the one by
radiation.

3. The Derivation of regression rates in swirl injection hybrid rocket engines

In this section, we aim to derive the equation to estimate regression rates in swirl injection hybrid rocket motors
theoretically on the basis of the hypotheses in the last section. Because regression rates are linked with the heat flux
to the wall through the energy conservation Eq. (1), in order to derive regression rates with the variables of swirl
flows, we should express the heat flux to the wall in the aspect of fluid dynamics and combustion. Therefore, first, in
the same way as Marxman et al., we attempt to relate the axial velocity field with the temperature field through
Reynolds analogy which is extended from Lees’s model in two dimensional coordinates to the model in
axisymmetric three dimensional coordinates. Because each radial partial differential of them is proportional to the
axial components of shear stress and heat flux respectively, we can express heat flux with variables about the flow in
the combustion chamber. (Fig. 2) Next, we attempt to express the axial shear stress with the scale of motors, axial
position, thermochemical and mechanical parameters of propellants, and the boundary conditions related to flows in
the engines such as the swirl strength at the injectors, the axial velocity and Reynolds number in the main flow. In
the process of the derivation of the axial shear stress at the wall, we newly introduce four boundary layer models.
Three of the four models are respectively different turbulent models in the boundary layer and the last one is
Karman’s momentum integral equation. Our approach of this process is also the same as the one of Marxman et al.,
namely, which is to multiply the correction terms to the skin-friction coefficient in the flat plate boundary layer
without fuel blowing. The correction terms mean the effects of fuel blowing and swirl injection and they are
separately derived. Finally, the combination of this expression with Eq. (1) and the empirical rule of the skin-friction
coefficient in two dimensional flat plate boundary layer without fuel blowing makes it possible to derive regression
rates of the swirl injection engines.

Reynolds analogy
ou, ou, o%u, lauz)

Y2y Ty T\ Gz T Y ar

aT aT K [8%T 14T
. “Za—ﬁ“ra—r:cp—p(a?ta—r)
Q¢ x\— Pr=1

. Uz,
Q.= Trzyw
qu

4h

Figure 2: Reynolds analogy

3.1 Reynolds analogy

Reynolds analogy means the similarity of the velocity boundary layer to the thermal boundary layer. This analogy
holds because the effect of axial partial differentials in both viscosity and pressure terms is much smaller than radial
partial differentials and can be ignored in boundary layers. We extend this analogy to the three dimensional
axisymmetric coordinates.
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We compare the momentum equation with the energy conservation equation. The axial component of the
momentum equations can be written as

duy, duy _  0%u; | 10u,

Uy YUt =VEGE AT @)
where we have used the hypothesis No. 1 and assumed that the aixal gradients of shear stress and pressure is much
smaller than the radial ones as an approximation which can commonly be used in the boudary layer. The energy
conservation law can be written as

aT aT K ,3%T | 10T
uza+ur§—cp—p ﬁﬁ';a) (3)

where we have assumed the effect of the heat derived from viscosity can be ignored because the convection heat
transfer, which comes from flame, in other words, from outside of a piece of a microvlume in the boundary layer, is
much greater than frictional heat generated within it. By the assumption that Prandtl number is 1(hypothesis No. 2),
we can use Reynolds analogy and relate the temperature distribution with velocity distribution in the boundary layer.
We can consider the radial distribution of u, is similar to the one of T in the boundary layer. This similarity can be
expressed as follows

du; _ dT
Uzp—Uz Tp—T

(4)

Then, the heat flux to the wall is linked with the shear force stress at the wall because temperature axial differential at
the wall is proportional to the heat flux to the wall and the velocity one is proportional to the shear stress at the wall.
The difference between the scales of the axial and radial differential yields following approximations as

du, = T#ﬂdr (5.9)
ﬂz—%m (5.b)
Eqg. (4), (5.a) and (5.b) yields
— _ Ay _ CpTrzy
h Tp—Tw - Uzp (6)

From the definition of Stanton numbers and Eq. (6), the following equation can be derived as

h Trz
Cy = = 7
H Cppup  PpUp ( )

Here, we define the following nondimensional axial skin-friction parameter we call “axial skin-friction coefficient”
for the convenience of the subsequent calculations as

%E_ElG_ﬁi> ®)

2 2
2 Pelzg PelUzg

where the reason why we put minus sign on the middle and right hand of Eq. (8) is that the shear stress at the wall is
always minus. Therefore, the heat flux to the wall can be written as

. c 2
Qe = Cupyupah = 222 ah (©)

ubz

Here, we should focus on the right side of Eq. (9). In this expression, there is no variable related to circumferential
components. Considering the fact that the circumferential energetic balance is zero because of axisymmetric flows,
this result is reasonable. Then, we can expect that the axial friction coefficient should be only affected by swirl
because we also maintain the hypothesis by Marxman et al. that the remained components except the axial friction
coefficient are regarded as the constants that are mainly determined by ambient temperature and chemical species
and phases of fuel and oxidizer used in a motor [11]. Therefore, in the next section, we attempt to express the axial
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skin-friction coefficient with axial distance, mass flux, swirl number, scale of the motor, or other variables
determined in advance.

3.2 Turbulent flow models

Next, we must express the axial skin-friction coefficient with other parameters we can know in advance. The first
one of three different turbulent stress models is the Prandtl’s mixing length theory extended to three-dimension by
Czernuszenko and Rylov [12]. If each eigenvector of the mixing length tensor is parallel to each cylinder coordinate
axis and the all norms of the eigenvectors are the same, the axial component of the shear stress including Reynolds
stress are expressed as

E)uz
or

Ty~ (u+ pl (|52 - 2| + |22y 2= ®)

where we have assumed the circumferential partial differentials are much larger than the axial ones.
The second one comes from the extended expresssion of the boundary layer theory on vaporing surface from flat
plate in two dimensional coordinates by Dorance and Dore [13] to three dimensional axisymmetric flows as

TTZ ~ TTZW(]‘ + BZ(pZ) (9a)

Trg = Trow(1 + Bg@g) (9.b)

where we have assumed that the boundary layer thickness is much thinner than the port radius. The definition of B,
and B, are B, = L4wlze anq g, (p“:)w respectively. Eq. (9.2) and (9.b) is derived by evaluating Reynolds
ow

Tzw
stress and blowing in the same way as they did in the flat plate. Note that B, is a constant throughout the fuel port but
By is not. The reason for this treatment is accounted for the section 3.6.
Now, we have already introduced two of three turbulent models. From now on, we manipulate these equations and
evaluate the velocity distribution and the axial skin-friction coefficient. Combining Eq. (8) with (9.a) yields

auz
or

Tra (1 + Bop) = {u+ pl2 (|22 - 22| + |22] )y 22 (10)

Here the power law in cases of no fuel vaporization ( hypotheses No. 6 and 7) is written as
P, =n;"" (11.a)
w=1ng"0 (11.b)

where we setn, = ny =1/7.
Applying Eq. (11.a) and (11.b) to the absolute values of the velocity partial differentials in Eq. (10) yields

c - — —
Cfy uze(R—8p) _ 2 R-8g NyUze __ uze(R-8g) 09z
2 KZngbyuge (1 +B,¢,) = {1, 8, a+ nguge)nz K2Res, NS uge” My 12)

where we have used | = k(R —r) and k = 0.4.
Eq.(12) can be integrated to the radial direction from the edge of the boudary layer to the fuel port wall. This
integration yields

2 Uge
Cr, K (""uzeMZ) In(1+B;)

2 ln{1+x2Re52(ngz—Z:+nZ)} By

(13)

where we have approximated R > §,, 8 and k?Res ng > 1. The first term in the right side of Eq. (13) can be
approximated in the easier way as

ln(1+Bz)

—Z= (aZE + ﬁz)R 8 (14)
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where we set (@, B,,¥,) = (0.00769, 0.0233, — 0.125). We call £ = uy,/u,, “swirl strength”. If § = 0, Eq. (14)
becomes the same form as Marxman’s approximation [6].

Though the axial skin-friction coefficient has been written as Eq. (14) with variables which show the properties of
the flows, in Eq. (14), there are three variables we cannot easily know: &, u,,, 6,. Therefore, we need three other
constraint conditions.

The first one is Boussinesq approximation and this is the third of the three turbulent models as follows

Zea 4

Ty = (+ pE) TETE (15.9)
e 0

Tr9 = (U + pe) % ﬁ (15.b)

Applying Eq. (15.a) and (15.b) to Eq. (9.a) and (9.b) yield

Trzw 0z __ 0¢,

Gerpengy (L T B0 =5, (16.3)
TrowSe _ 990

(u+pe)uge (1 + Bopo) ang (16.b)

Here, we assume that ﬁ consists of the product of two single variable functions which is the function of n,and
ze

B, respectively in the same way as Marxman’s [5]. In the cases of no blowing, Eg. (16.a) and (16.b) is equivalent to
the derivative-type of Eqg. (11.a) and (11.b). Moreover, we approximate 1 + B,¢, = 1+ B,n,™z because of the
hypothesis No. 6. Therefore, we can express (16.a) as

gy -
ors = F(B)ngn, " (1 + Bn,™) (17)

Eq. (17) can be integrated to the radial direction from the edge of the boudary layer to the fuel port wall. Considering
boundary conditions of ¢,(n, = 0) = 0 and ¢,(n, = 1) = 1, we lead

9, =——F— (18.2)

About circumferential direction, in the same way as the derivation of Eq. (18.a), we can derive

&= _"9“9(“27:"9"9) (18.b)
1+
where we have assumed R > 6, &g.

Now, we have evaluated the velocity fields to the radial direction in the boundary layer. These equations are used
in two situations. One of them is the cases where we compare shear stress between with fuel blowing and with no
blowing. Another one is the cases where we unite Eq. (14), (18.a), and (18.b) to the Karman’s momentum integral
equation and derive the axial skin-friction coefficient as a function of axial position.

3.3 Karman’s momentum integral equation

Next, we derive the Karman’s momentum integral equation in the axisymmetric pipe flow as the second condition
to eliminate an unknown variable of Eq. (14). We show the mass conservation law and the momentum conservation
law:

Mass conservation law

=0 (19)

Momentum conservation law
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2
Uu, 3 + u, 3 __;6_+ (6r2 +;? (203)
ug? _ _19P
- (20.b)
aug wug _  0%ug | 10ug ug
‘U.Z dz + or + r —V( ar? +T or TZ) (ZOC)

where we have ignored axial partial differentials in viscous terms. Eq. (19)x ru,+Eq. (20.a) X r and the partial
integration of Eq. (19) yield the momentum integral as

8 (R-08; d (R-8; Rtrz, R— sz P
ZIR U 2dr — uge — ~ Jo rugdr = —TT(I +B,) — f = (21)

. . . a P .
where note that we must consider (pu,.),, as a non-zero variable. In axial flows, 5(%) can be shown with the

velocity of main flows by concerning the edge of boundary layer because Z—i is approximated 0. However, in swirl
flows, this assumption cannot be used because of Eq. (20.b). Thus, we must newly consider the method of evaluation
of the pressure gradient ;—z (%) Now, the pressure in the boundary layer can be expressed as

P(z,r) = P(z,R — 6,) + f;_szg—ﬂz dr=P(zR -8, f,_; p*& o” gy (22)

Applying Eq. (22) to the second term in the right side of the Eq. (21) leads

_or ue? dr) dr (23)

9 (R- 6ZrP fR 8, (10p
- 5, 0z R=6, r

6z

paz R—

The hypothesis No. 4 and Eqg. (21) in the case of the edge of the boundary layer yield

opP
0z

=0 (24)

R-8;

Because of the hypothesis No. 9, we can divide the last term of Eq. (23) and evaluate it as

_fR 52( er 5, ”r"z dr) dr

_ 0 (R-6; r ug R-6, R—- Sgue d rR-6g r ugz
= st (g "dr)dr = 2 (fR SPHdr)dr — = [0 ([, Hdr)dr (25)

10 ¢p2, 2,02 a9 49(17039+79233+935)R2w8265
~ zaz{R W, (az 69)}+6z{ 3366005 12)?

where the last expression of Eq. (25) is approximated in the way that the terms of the largest order of magnitude are
only taken from the precise answer. Applying Eq. (24) and (25) to Eq. (21) and nondimensionalization yields

7(40B +143B,+110) 35, ~
1980(B,+2)2 0z

5 8%2-85 8 ) 49(170B%+792B+935)£253

2% ( 69)2 oz ag>2

R(1--2 33660(Bg+2)2R(1—?

f2(1+B)+2 (26)

Because the order of magnitude of the last two terms in the right side of Eq. (26) is % and it is much smaller than the
one of the right side, which is %, we can approximate Eq. (26) as

7(40B2+143B,+110) 35,
1980(B,+2)2 0z

Cc
~22(1+B,) @7

This is Karman’s momentum integral equation in the three dimensional axisymmetric coordinates. This equation is
the last one of the four models related to boundary layers.
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3.4 Estimation of the axial skin-friction coefficient in swirl flows with no blowing

In this section, we aim to show the last condition of three conditions needed to evaluate the axial skin-friction
coefficient and we attempt to evaluate the rate of it in case of swirl flow and no blowing to the one in the cases of
axial flow and no blowing.

Before we introduce the last condition related to swirl decay, we must define the indicator which shows swirl
strength. Swirl number is a way to express it as follows

R
Jo T2uzugdr

s=22 07 (28)
Considering the hypotheses No. 4 and 5, Ignoring boundary layers and rough calculation yields
~ &
S~ (29)

Here, we call & “swril strength”. The last condition is the hypothesis No. 8 and the mathematical description of this is
S ~ Soexp(pz) or § = &, exp(pz) (28)

where p = —0.569 x Re; %277 D1 and these equations are empirically derived from Steenbergen’s research [8] and
Kito’s research [9].

Now, we have assembled necessary and sufficient conditions, which are Eq. (18.2), (18.b), (27), and (28), to
rewrite Eq. (14) as a single variable function of axial direction. Next, we aim to compare and evaluate Cr, with the

one without blowing and swirling, namely, we evaluate sz as

c C
Z — leBz.fo fz|3z=0.§0 i (29)
2 2 - -
Bz.$o sz|BZ=0,§0 sz|BZ=o_§0=0 Bz=0,§0=0
c . . Cr. . . c ..
where % ; is equivalent to 7f in cases of two dimensional flat plate and 7" has a famous and empirical rule
Bz=0,$p=0
as follows
c
7f = 0.03Re; 2 (30)
In this section, we will evaluate sz| ; /sz ; with initial swirl strength and axial direction. Now, in
Bz=0,§, B;=0,§9=0

the cases with no blowing, substituting Eq. (14) and (29) for Eq. (27) and integration of Eq. (27) to the axial direction
from 0 to z yield

1

1
72(1-yz)\1- exp(pz)-1 ~N1Ty,
8.l o = (U2 7% Rep(aydy SEE2 + 2y (31)

where the bar means that the variable is nondimensionalized by the port diameter. By substituting Eq. (31) for Eq. (2
7) and dividing Eq. (27) with swirl by the one without swirl, we can obtain

¢,/ - .
Bz=0y __ 17" 7lBy=0, & _ (g exp(pz)-1 oy (s -
B =g %05, t1 1 32
sz|B =0,§0=0 Cf/z (ﬁz EO Pz + ) (BZ 50 exp(pz) + ) ( )
2z=0,§0=

cr|

Eqg. (32) shows the relation between the axial skin-friction coefficient with swirl and without fuel blowing. This
evaluation is used in subsequent sections.

3.5 Estimation of the axial friction coefficient in swirl flows with blowing
In this section, we start from the comparison of shear stresses between whether there is fuel blowing, and then, we

express boundary layer thickness and the axial skin-friction coefficient with fuel blowing and axial blowing
parameter.
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First of all, we write the shear stress at the wall with fuel blowing as

Uze 0@z

T = 33
rzwlBZ .usleZ gl (33)
Near the wall, nondimensional axial velocity is approximated as follows
_ nz"z(1+%nz"z) - n,"%
Pz = Bz ~ Bz (34)
1+7 1+7
Substituting Eq. (34) for Eq. (33) yields
M Uze 6nz"Z 1 ‘Slez=0
T = = —Z—1 - 35
rZWlBZ 1+% SzlB, 0Onz w 1+% SzlB, rzwiBz=0 ( )
Therefore, we can nondimensionalize Eq. (35) as
Cr,l _ 1 8,=0Cr,
2 lp, ~ 1482 6,03, 2 lp,=o (36)
z 2 z zZ

Applying Eq. (27) to the both sides of Eq. (36) and integration to the axial distance yield Eq.(37) as
_ (1+Bz)(1+B3/2)
Ozl5, = \I 1+13/11B5+4/11B2 8z15,=0 @7
By substituting Eq.(37) for Eq. (27) and approximation of B, in the range from 2 to 50, we can obtain
szlgz 1 1+13/11B,+4/11B2 i -k
Croly _,  O+B/2) N ararsn 4P (38)

where we have set (¢, k") = (0.7275, 0.965).
By combining Eq. (29) with Eqg. (30), (32), and (38) we can evaluate the axial skin-friction coefficient as

1

5 = (% EO exp(piz_)—l + 1)@ (% 60 exp(p—z—) + 1) q’BZ_klo_OSReZ_O-Z (39)

e
2

3.6 The Derivation of regression rates in swirl injection engines

In the previous section, we have derived the axial skin-friction coefficient on condition that there is swirl and fuel
blowing as Eq. (39). In this section, we aim to obtain heat flux to the wall and regression rates in swirl hybrids. Now,
substituting Eq. (9) for Eq. (39) yields

_kr_ 1 0.8

. F— 0.2 C—EE— — 08
0. = (0.03¢)7Fp, T2 ()i (14526 =)0 00 {1 4 226 exp(p) | G157 TR (40)

Z

where we have eliminated B, with the definition of B, and Eq. (39).
Substituting Eq. (40) for Eq. (1) yields

Yz
. z (p2)-1\1-y, z 1 -z _ -k’
F= (1 + %fo —eXp:ZZ )1 4 {1 + %fo exp(pz)} 0.03q G) priBEEGRE (41)

where the definition of B, is B, = eyl

— and B, is equivalent to B, at quasi-steady states because of Eq. (1) and (9).
bz

Because B; is a function of the thermochemical properties and O/F [11], if O/F is constant, B, is constant to the axial
and radial direction. This is the reason why we consider By as a variable and B, as a constant.
According to the results by Marxman et al. [11], the heat flux to the wall can be expressed as follows

10
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k 0.8

j = TRy TR Lo 2y TR Gk
Q. = (0.03¢g)1 kp AR (2) kG T Tk (42)

up U o
Therefore, Eq. (1) and Eq. (42) yield
= 0.03q (i)_o'2 p7'BLKGO® (43)
Here, note that the experimental law about regression rates as follows
7 =aGl (44)
By Karabeyoglu’s theory [14], in axial flows, averaging Eq. (43) in axial direction is equivalent to Eq. (44) and the

exponent 0.8 on G, in Eq. (43) should correspond to the exponent n on G, in Eg. (44). On the basis of these
correspondences, the coefficient a in Eq. (48) should be

—-0.2
ap = 0.03q (i) p;BiH (45)
where a is replaced by a, and (g, k) = (1.2,0.77) [6]. Then, in the same way as Eq. (45), a in Eq. (41) should be
a exp(pz)— ]-/—Z a 2\ 02 !
as = (1 + 2260 713(:; 1)1 & {1 + 224 exp(pz)} 0.03q’ (;) p; Bk (46)

where a is replaced by a;. Then, the rate of these two coefficients shows how regression rates rise by the initial swirl
strength &, as

Yz
fg_a z P2)=1\1-vz z " pk—k’
i (R T (L w0t “@

o ag

Thus, we have estimated the heat flux to the wall and regression rates in swirl flows.

4. The Comparison of the regression rates of swirl engines with the experiments

In order to validate this prediction model, we can compare the increase rate by swirl between Eq. (47) and the
experiments by Yuasa et al. [2]. In this chapter, we compare the prediction from Eq. (47) with experiments from the
two aspects. One of them is the comparison between the representative regression rates of the predictions to the axial
direction and space averaged values of the experimental results. Another one is about the axial distribution of
regression rates.

4.1 The comparison of the representative and averaged regression rates to the axial distance

The fuel and oxidizer used in Yuasa’s experiments are PMMA and GOX. We set B, = 10 for PMMA [15] and
u=5.0x10"7 Pas. To compare our prediction with the averaged data, we set the representative axial location in
Eq. (47) as L/2. The geometric swirl numbers of the injectors are 0, 9.7, and 19.4 and the range of the oxidizer mass
flux is from 10 to 70 kg m s™. The cases of the port length L=150 mm are shown in Fig. 3 and ones of L=500 mm
are shown in Fig. 4.

In Yuasa’s experiments, they said it was too difficult to measure the actual swirl numbers in their motors and when
they plotted the regression rates, they used a kind of index called geometric swirl number as how strong the swirl
was. This index is determined only by the geometry of engines and injectors and we think this number is not always
equal to the actual swirl number. Actually, Motoe et al. [16] conducted numerical simulations about the swirl cold
flow field where they used the shape or geometry of the chamber similar to Yuasa’s. The calculated swirl numbers
near the injectors are the 66% of the geometric swirl number. For this reason, we plotted regression rate in Yuasa’s
experiment with error bar to the swirl number direction. The error bars have the range of the 66% to 100% of the
geometry swirl numbers.

Note that in both port lengths, in large swirl numbers, the increase rates of regression rates are largely consistent
with the experiments and the positive correlation between initial swirl numbers and the increase rates of regression
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rates also commonly exists in the set of experimental results and our prediction. In our past research, because we
assumed that the decay of swirl and the axial skin-friction are not affected by fuel blowing, the increase rate was
estimated to be much larger than the experimental data [17]. In this paper, we have reconsidered that assumption and
assessed that it does not reflect the actual physical phenomena because the swirl decay is mainly caused by skin-
friction at the wall and fuel blowing should strongly affect it. Then, we have newly considered the methods to
evaluate the skin friction with fuel blowing and these approaches used in 3.4 and 3.5 have succeeded better than the
past one. Then, we have successfully evaluated the regression rates in cases of strong swirl.

However, in the range of small swirl numbers under 3, the rates of regression rates are less than 1. This seems to
be because, though we should have solved momentum, angular momentum, and energy coupled differential
equations, in our model, in order to simplify the problem, we have assumed the exponential decay of swirl in cold
flows and the separate considerations of the effects of swirl flows and fuel blowing to the skin-friction coefficient.
However, when applying vortex injection to hybrids, initial swirl numbers will be highly designed to increase
regression rates and we think that this estimation method seems to be useful.

5

——Go=10[kg/m"2s] L=150[mm]

4.5
——Go=15[kg/m"2s] L=150[mm]
4 Go=20[kg/m*2s] L=150[mm]
——-experiment-1
25 ——gxperiment-2
experiment-3
3
@
ur 2.5
o
2
1.5
1% //,
”
0.5

o 5 10 15 20 25
Swirl Number (geometric swirl number in case of experiments)

Fig. 3. The ratio of the constant “a” in swirl hybrid rocket engines in the case of L=150[mm].
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4.5
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a Go=55[kg/m~"2s] L=500[rmm)]
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3
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oz 2.5
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2
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Swirl Number (geometric swirl number in case of experiments)

Fig. 4. The ratio of the constant “a” in swirl hybrid rocket engines in the case of L=500[mm].
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4.2 The comparison of the axial distribution of regression rates

Next, we aim to compare the prediction of the local regression rates of the swirl injection hybrids with the
experiments conducted by Yuasa et al. The geometric swirl numbers of the injectors are 0, 9.7, and 19.4 and the axial
location where the local regression rates is measured is from 30 to 500 mm and oxidizer mass flux is 56.9 kg m? s™.

Fig. 5 shows the comparison of the local regression rate in axial injection beteween the prediction by Eq. (43) and
the experimental result. In the experimental data, while the local regression rate decreases from the front edge of the
fuel port to the middle of the fuel port and increase to the end, the predicted regression rate by Marxman’s evaluation
constantly decreases through all the axial location. Furthermore, the location where the prediction agrees with the
experimental data is only around the local minimun position. We think this disagreement suggests that other effects
which increase regression rates such as radiation and the increase of the mass flux by fuel blowing have to be
considered.

In Fig. 6, the prediction of the local regression rates by Eq. (41) is compared with Yuasa’s experiments of the swirl

injection hybrid mortors. Similar to the case of axial injection, while both predicted regression rates and experimental
results are the same order of magnitude in the high swirl numbers, their values are not the same. As is the case in the
comparison of averaged rates, especially in low swirl numbers, the prediction is much separated from the
experimental data because Eq. (47) takes values under 1.
Because the theoretical accuracy of the regression rate prediction in axial injection hybrids is not enough, even if we
observe Fig.6 coutiously, the improvement of our model will be difficult. We think that, about the axial distribution
of the regression rates, before we start to focus on improving the evaluation of the effencts by swirl injection, it is
important to attempt to improve the prediction of the local regresison rates distribuition in axial flows.

The Comparison of Local Regression Rates in axial engines
2.00E-02 2.00E-01
1.00E-03

® experiment axial

—theoretical_axial

Local regression rate [m/s]

1.00E-04

Axial location|m]

Figure 5. The comparison of the regression rates in axial hybrids between the Marxman’s prediction method and the
Yuasa’s experiment.
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The Comparison of Local Regression Rates
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X X X XX® xxxymxw&&xwww 7.00E-04
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Figure 6. The comparison of the regression rates in swirl hybrids between our theoretical prediction and the Yuasa’s
experiments.

5. Conclusion

In this paper, we have theoretically reconstructed and extended Marxman’s quasi-steady boundary layer
combustion model and the prediction method of regression rates in swirling hybrid rocket motors, which has been led
by the extension from the two dimensional flat plate boundary layer theory to the three dimensional axisymmetric
theory. The derived heat flux equation includes the effect of initial swirl strength and the strengthened fuel blocking
effect by swirl. The blocking exponent in strong swirl injections is calculated to be 0.965 in contrast to 0.77 in axial
injections. By using this heat flux, eventually, we have derived the equation to evaluate regression rates in swirling
hybrid rocket motors.

To confirm the accuracy of this prediction method, we have compared the predicted results with experimental ones
by Yuasa et al in two ways. One of them is to compare the representative increase rates of regression rates by swirl
through the axial direction with the averaged ones from experiments. Though the assumed flow field seems to be
different from experiments to some extent, the estimation of increasing rates is in the same order of magnitude in all
swirl strength and is especially well fit in strong swirls. Another one is to compare the predicted local regression
rates with experimental data from Yuasa et al. in the both cases of axial and swirl flows. The prediction by the
classical theory for axial injection motors constructed by Marxman is compared with the data in the case of axial
flow and the result was of the same order of magnitude, however, is not accurate enough to claim the regression rate
can be predicted to know the detailed performance. We think the reason for this disagreement is that other effects
which increase regression rates such as radiation and the increase of the mass flux by fuel blowing have to be
considered. In swirl injection, because the theory derived in this paper is based on the classical one by Marxman et
al., the accuracy of the prediction is also low. Therefore, in order to improve the prediction of the local regression
rates in swirl injection hybrid motors, we should start from some theoretical correction of Marxman’s boundary layer
combustion model.
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