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Abstract

This work uses an advanced algorithm and representative subsystem physical models to optimize the
design of a solid rocket motor. A single stage vertical launch of a 1500 kg capsule to an altitude of 100
km with an acceleration limit of 3g is considered. The various motor subsystems are modelled and
integrated with the ballistic equations. A genetic algorithm optimizes the design for the required
mission. The parameters examined are motor pressure, expansion ratio, burn time, thrust profile,
nozzle exit angle and length-to-diameter ratio. A sensitivity study of the different parameters is also

performed.
Nomenclature
A motor cross section area
a acceleration
C constant
c* characteristic velocity
Cp drag coefficient
Cr thrust coefficient
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fiber slip coefficient in winded casing
casing outer diameter

dynamic pressure

erosion

thrust

gravity acceleration at sea level
altitude

initial to average pressure ratio
length

initial mass

mass

motor pressure

average motor pressure
cylinder radius

Earth radius

nozzle exit radius

upstream throat radius

throat radius

radius

casing covering opening radius
winded casing opening radius
time

motor burn time

volume

v velocity

w thickness

WF web fraction

Wh insulation throat thickness
zZ motor axis

Greek

€ expansion ratio

n efficiency

0. nozzle exit angle

0 nozzle inflection angle
p density

c maximum strain
subscripts

a atmospheric

comp composite fiber

f, fwd forward

ed grain design

ins insulation

J nozzle flexible joint
L payload

noz nozzle

p propellant

T rear

S inert structure

str metal structure

sub submerged

Unless otherwise stated, all units are MKS, pressure in atmospheres

Copyright © 2007 by Y. Kamm, D. Horowitz, N. Brauner, A. Gany. Published by the EUCASS association with permission.



SESSION NUMBER & NAME

1. Introduction

In the preliminary design stage of a solid rocket motor, there are many design parameters whose values are difficult
to determine initially (e.g., chamber pressure, expansion ratio, etc.), necessitating the design modeling and
optimization for the specific mission. In the design of a rocket motor, the performance of the system should be
maximized, as defined by an objective function, e.g., the “total-weight-to-payload” ratio, which is often used'** as a
measure of the system’s efficiency, and is also used in this work. Other criteria used in other works are added
velocity', maximum range™® and cost'***. The usual constraints are maximum acceleration, dynamic pressure and
geometric dimensions. The optimization methods used in the past include simple gradient searches and more
recently, genetic algorithms. In this work, the emphasis is placed on the detailed description of the structural models
used and the subsystem dependencies, which are lacking in other works.

This paper describes in detail the design optimization of a single stage solid rocket motor. The mission was defined
to be the launch of 1500 kg capsule to an altitude of 100 km with a dynamic pressure limit of 1 atmosphere and an
acceleration limit of 3g. This relatively simple mission is used to illustrate the principles of the optimization method
of the various design parameters. A genetic algorithm optimization was performed on six design parameters: motor
pressure, expansion ratio, nozzle exit angle, pressure profile, length to diameter ratio and burn time.

2. Solution principles

The external conditions and trajectory losses are important and affect the design and therefore must be included in
the optimization process even though this causes an increase in the computation time. The general optimization
process is described in Figure 1. Since the mission characteristics (e.g., drag and gravity losses, maximum dynamic
pressure, maximum acceleration, required propellant mass, etc.) are not known in advance, an iterative process must
be established to ensure the mission (in this case — a maximum altitude of 100 km) is achieved under the given
trajectory constraints (maximum dynamic pressure of 1 atmosphere and maximum acceleration of 3g) and inherent
structural constraints. In this process, the design parameters (motor pressure, expansion ratio, motor burn time, thrust
profile, etc.) are changed until an optimum is found. In other words, the program “designs” the motor (based on the
design parameters) and calculates the trajectory. If any structural or trajectory constraints are broken, the design
parameters are changed and a new motor is designed. If the required maximum altitude is not achieved, the
propellant weight is adjusted accordingly and a new motor is designed; otherwise, the objective function (my/my) is
returned to the optimization program for a new set of design parameters until ultimately, an optimum design is
achieved.
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Figure 1: Overall solution logic

There are many complex dependencies among the various design parameters of the motor that necessitate an iterative
process to converge to the desired work point. The important parameters (mass, length, etc) of the various
subsystems are calculated by approximate physical and empirical models in order to facilitate the optimization.
Another important aspect in the design optimization is the grain design and thrust profile. It would be highly
desirable to include the grain design (via the thrust profile) in the optimization process. However, this would entail
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excessive computation time, especially since different grain designs often result in similar thrust profiles. Including
the grain design in the optimization process would necessitate a very efficient, three-dimensional geometric code
even if it were not coupled to the internal flow equations. For these reasons, it was decided, at this stage, to assume a
simple linear (neutral, progressive or regressive) thrust profile generated by a single parameter k,, (initial to average
thrust ratio) that is included in the optimization process. Obviously, the grain design, volumetric loading ratio,
surface exposure areas all depend on k, and should also be part of the optimization process. In this work this
dependence is only partially modeled, but an improved model is being developed and will be presented in a future

paper.
3. Motor structure

As shown schematically in Figure 2, the motor consists of three main systems (propellant, winded casing and nozzle)
along with the appropriate subsystems (insulation, flexible joint, covers, etc.). The main challenge in this work was
to simplify and model the complex relations between the different subsystems. Usually, these subsystems are
designed after a lengthy numerical analysis using complicated computer programs. These computer codes are not
suitable for the level of modeling needed for an efficient optimization process. Therefore it was necessary to simplify
the models and develop an analysis that would be simple and efficient enough to run repeatedly in the optimization
calculations yet accurate enough for the preliminary design.
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Figure 2: Schematic drawing of the solid propellant motor subsystems
4. Design and analysis of the motor

As described in Figure 1, the trajectory is calculated every time a motor is “designed” based on a new set of design
parameters and the required propellant mass m,,. The program calculates the dimensions and weights of the various
subsystems. The main design variables are shown in Figure 3.
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Figure 3: Geometric design variables
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The design flow is shown in Figure 4, where the propellant mass and the six known design parameters are in circles
and the design variables to be calculated (based on the design parameters) are in squares. The calculation sequence
starts with the propellant mass that is known for the current work point. The thin lines show the interconnectivity
between the known design parameters and the calculated design variables. The equations and constraints are outlined
in the Appendix and are briefly reviewed here:

e The throat radius R is calculated as a function of m,, p. and t, (Eq. 6).

o  The insulation thickness at the throat (wry) is calculated as a of function p, t,, R; (Eq. 13).

o The thickness of the flexible joint w; is a function of only R, and wry, (the pressure dependence is neglected).

o  The rear casing opening radius ry, is calculated and depends on the calculated variables R,, wt, and wy (Eq. 11)

o The propellant web fraction WF is taken to be the maximum possible from a strain standpoint and therefore is a
function of L/D, pn.x and propellant properties (Eq. 21). In addition, to ensure that no erosive burning exists, the
port radius must be at least 40% greater than the throat radius (Eq. 22).

o The radius of the casing R is obtained by an iterative calculation until the desired propellant mass is obtained:

o A value for R is assumed and the forward casing opening radius r, is calculated (as a function of R, L/D, 1,

and Cy), (Eq. 23).

The volume of the empty casing V iy, is calculated, depending on R, 1, L/D and r, (Eq. 8).

The bore volume (the volume without propellant) is a function of Ly, WF and L (Eq. 9).

The insulation volume is calculated as a function of p,, t,, L/D, and k;, (Eq. 16).

The propellant mass is calculated by subtracting the port, insulation and other volumes from the casing

volume (Eq. 10).

o This calculated mass is compared with the required mass, and if they do not match, the casing radius R is
adjusted accordingly and the calculation repeated until the masses converge.

The subsystem masses are then calculated: nozzle (Eqs. 14,19,20), winding (Eq. 15), casing insulation (Eq. 16),

flanges (Eq. 17) and forward cover (Eq. 18).
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Figure 4: Geometric design variable and parameter interdependencies

4.1 Design of the nozzle insulation

The nozzle insulation is one of the more complicated subsystems in the rocket motor. The analysis and design is
usually done by the use of complex heat transfer programs but for the optimization code, a simpler approach was
used. As shown in Figure 5, the forward part of the nozzle insulation (sections AA, BB and CC) is defined by four
elliptic profiles (two internal and two external), while the profile downstream of the throat is described by a 2™
degree polynomial. This enables the geometric control of the insulation thickness needed at the different sections,
while allowing for the necessary gap for the flexible joint, even at different insulation thicknesses, as shown by the
different nozzles in Figure 5.
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ellipse 1
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Figure 5: Comparison of nozzle insulation thickness for two different nozzles

Figure 6 compares the insulation thickness of this work (polynomial and ellipses) with the actual insulation of the
Titan IV nozzle’.
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Figure 6: Comparison of designed and actual nozzle insulation for the Titan IV nozzle

In order to simplify the optimization process, it is proposed that the insulation calculation along the nozzle can be
divided into the geometry effects (throat radius, expansion ratio and exit angle), motor conditions (burn time and
pressure) and insulation characteristics, Eq. 13 and 14.

4.2 Design of the winded casing

The casing is the heaviest inert component of the motor and also directly affects the available propellant volume.
Approximate analytical models were developed for the calculation of the composite casing mass (which depends on
ro/R and L/D) and internal dome profile, Eqs. 15 and 8 respectively.

4.3 Design of the casing insulation
After the winded casing, the insulation is the second heaviest inert component, and is influenced by the exposure

times along the casing (which are a result of the grain design which is affected by L/D) and motor pressure. Equation
16 separates the motor conditions (p. and t,) from the geometric aspects in the calculation of the insulation mass.



SESSION NUMBER & NAME

5. Optimization results and discussion

The optimization objective function was set as the initial weight to payload mass ratio (my/my ), but other objectives
can easily be defined. The following ranges were set for the six design parameters: t,=40-60 sec, L/D=1-5, p.=50-
100 atm, k,=0.5-1.5, £=9-30, 0.=3-15 deg. Preliminary computer runs were made to establish the stability and the
system behavior. In a random (simple search) run of 5000 design sets, only 2% yielded motors that were viable (i.e.,
passed the structural criteria). The consequence is increased computer run times since most runs are “wasted” on
useless motors. It was observed that the constraints caused many local minimum solutions making a gradient search
ineffective.

When a genetic algorithm was used, after 100 generations (Figure 7) with 1160 sample points (68% of them were
within the constraint limits), a minimum of 2.30 was achieved for my/m;. A local gradient search around this
minimum yielded an improved result of 2.289 for m¢/my, with the following design parameters: t,=48.33 sec,
L/D=4.41, p;=72.16 atm, k,=1.290, £=13.95, 0.=6.17 deg. Other design values at the optimum include: m,=1790 kg,
m=143.6 kg, WF=0.728, burn rate (at 70 atm)=5 mm/s, R=0.0491 m, R=0.329, r,/R=0.623. Each sample point took
approximately 2.3 seconds CPU time. Compared to a simple search, the genetic algorithm was found to be more
suitable. The motor at the optimized design point is presented in Figure 8.
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Figure 7: Optimization results
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Figure 8: Motor configuration at optimum
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The missile trajectory and performance during the motor burn time (normalized to the parameters’ maximum values)
are shown in Figure 9, with the following maximum values: v,,x=1186 m/s, h,,,(at burnout)=26,922 m, F,,,=110
kN, my=3,434 kg, D.P.;,.x=1.00 atm, 2,,,,=3.00 g, pmax=93 atm, Cpx=0.41 . The maximum required height of 100
km occurs after approximately 180 seconds. In Table 1 the mass distribution of the motor is presented:

Table 1: Mass distribution of the motor subsystems

Motor subsystem Mass (%)
Propellant 92.57
Winded casing 2.74
Internal casing insulation 1.46
Nozzle insulation 0.74
Nozzle metal structure 0.32
Flexible joint 0.12
Flanges 0.10
Forward cover 0.09
Other 1.86
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Figure 9: Trajectory and mission parameters during motor burn

The following observations can be made upon examination of the results of the various computer runs:
o The thrust slope is larger than the pressure slope because of the decreasing atmospheric pressure (and
increasing thrust coefficient).
e The acceleration slightly decreases when the missile passes through Mach 1 because of the increased drag.
o If the limit on the dynamic pressure is removed, the optimized value of k;, increases from 1.290 to 1.375.

5.1 Parameter sensitivity check
In order to understand the influence of the parameters on the design, each design parameter was independently

changed up to £10% (in steps of 1%) around the optimum point and the objective function (my/m;) was calculated,
regardless of the various constraints. The results are shown in Figure 10.
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Figure 10: Objective sensitivity to design parameters

As can be seen in Fig. 10, the order of the effect of the design parameters on the objective function is: t,, L/D, k;, pe,
€, 0.. From an analysis of the results, some of these design parameters are limited by the constraints:
e The burn time is limited by the acceleration constraint (a short burn time lowers the gravitational losses).
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e The length to diameter ratio (L/D) is determined by the lower burn rate limit. A larger L/D leads to lower drag
losses (when the burn rate constraints are removed, the optimum is shifted to a larger L/D).

o The initial to average pressure ratio (k) is limited by the maximum dynamic pressure. A higher k, straightens
the acceleration profile and (up to a point) lowers the gravitational losses (more than the increased drag losses).

The other design parameters arrive at their optimum through a trade-off between performance and mass

considerations:

e A higher average motor pressure (p.) means a higher specific impulse, which means an improved motor
performance needing less propellant. Of course, a higher pressure means a heavier casing so at some point
raising the pressure does not improve motor performance..

e The expansion ratio of the nozzle (¢) should, in general, be adapted to the external pressure of the trajectory
during the motor burn, but a larger ¢ also means a heavier nozzle.

e A larger nozzle exit angle (0.) means a shorter (and lighter) nozzle even though the divergence losses will be
slighter higher.

5.2 Optimization method efficiency

The use of a genetic algorithm increased the number of viable sample points from 5% to 50% as compared to a
random or simple search. With only six parameters in the present design set, this increased efficiency was not
especially noticeable. But if the mission involves a three-stage missile, the number of parameters jumps to at least
20, and the use of a genetic algorithm is definitely warranted.

6. Conclusions

An optimization method for the design of a solid rocket is presented in detail along with the parameters and models
used. If and when more exact models become available for the various motor subsystems, they can easily be
incorporated into the code, because of the modular structure of the software. The relations between the various
design variables are shown and an optimum found for a single-stage suborbital mission. The principles and methods
presented can be used for multi-staged rockets and more complicated missions.
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Appendix — Main equations, formulas and constraints

As mentioned before, in order to shorten calculation times, it is necessary to develop simple models to describe
complex systems whose design depends on many variables. If possible, these models should not need iterative, time-
consuming converging solutions, but rather supply a quick estimate of the required parameter. For this reason, many
of the equations are approximations in polynomial or power forms and are derived from regression analysis of results
obtained from finite-element design techniques. Many of the equations contain constants that depend on materials
and the personal preferences of the designer.

External ballistics® for vertical launch:

2
dv F 0'5pAirACD 2 RO
— = | HAED Sy, (1)
dt m m Ry+h
ﬁ =v )
dt
Internal ballistics®:
P() :pc[kp _Z(I/tb)(kp_])J Q)
2
Feey =m0, )CF(2.p.po.y )P(1 /R @
e, )=0.94(1+cosb,)/2 )
" 0.5
cm
R, = b (6)
7pPe
Composite casing dome profile’:
d’z  dz dz 2r r02
—=—|1+|— - ™
dr? dr dr P - rC2 P r02r
Inner lengths and volumes:
Integrating Eq. 7 under the right conditions’ yields the approximate volume and length of the domes and casing
(assuming rC2<<R2):
V. 1, +1
Vidome —085 10|+ 14 Mzgﬁ(£)+0‘85 0r70f 1ios
3 3 D R
R R R
L L + ®
Zdome _ 0.154(”—0j +0.5225  —easing _ Lo s [ T0rTIOF 0 0gs
R R R R R
The minimum volume of the inner bore, including space for the submerged nozzle:
S 2
Vbore — (1 —WF)2 Lcasmg Lyup i 10rLsub )
R’ R R’
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The actual value of the web fraction WF is determined by the propellant’s strain properties. The nozzle submergence
length Ly, is assumed to be 1.5r¢,. In addition to Vi, an additional “grain design” volume (Vq), such as radial slots
etc., is assumed which is a function of k,, L/D and throat erosion. The remaining volume available for the propellant
is calculated by subtracting all other volumes (insulation, inner bore, grain design) from the casing volume:

Vp =Veasin g Vins =Vbore — ng (10)

Substituting the approximations of Equations 8 and 9 and the constraints of equations 21 and 23 into equation 10
allows the design for a set of design parameters under the structural constraints.

Rear casing opening and nozzle assembly:

The rear casing opening depends on the throat radius R,, nozzle insulation thickness, flexible joint width and the
appropriate spacing (0.5wp,+0.6R,), as shown in Figure 3. The flexible joint width w; is assumed for simplicity to
depend on the throat radius and the throat insulation thickness (and not on the motor pressure): wy=(wr,+R()/2. The
insulation thickness above the flexible joint (section C-C in Figure 5) is assumed to be 0.4wr,. The dependence of
the rear casing opening on the throat radius is therefore:

K w

Or — 24700 4 2] (11
Rt Rt

The aft (downstream) profile of the nozzle is described by a 2™ degree polynomial:

tan? 0, — tan? 0;
4(R, — R, — R, (I - cos 6;))

r(Z):Rt+RS(1—c0sz9l-)+tan¢9iX+ x2 12)

where X=7— R s sin 91' (to move the origin). The above profile starts where the curvature radius of the throat (R;) is
tangent to the initial angle of the contoured nozzle ;.

The nozzle insulation thickness (wry,) is set to be the erosion depth + 1.5 the char depth (wp,=er+1.5char), where the
erosion'’ and char are calculated, Eq. 13. The model for the char depth was assumed to be in a similar form as the
erosion depth model, after comparison with experimental results.

€] ¢2 C3

Pc R, )
pC )ref (Rt )ref (tb )ref

(pC )ref “ (R[ )ref . tb “
Pe Rt (tb )ref

er= (er)ref (
13)

char = (char)ref

This insulation thickness wr, will usually be enough with phenol type materials to protect the metal structure along
the nozzle assembly. The reference values are taken from a sub-scale motor using identical materials and propellant.
The coefficients can be calculated from a heat-transfer analysis program or empirically. In order to simplify the
calculation of the insulation thickness along the nozzle, a numerical model of the nozzle insulation thickness was
built on the basis of a least-squares regression analysis of the results from the heat-transfer computer program. Using
this model, the insulation thicknesses along the nozzle can be calculated as a function of the throat thickness wry, only
(assuming that c;-c¢ in Eq. 13 are constant along the nozzle), and therefore a geometric volume model, depending on
the one thickness (wr,) can be constructed. Equation 14 describes the nozzle insulation volume as a function of the
nozzle parameters (throat radius R,, exit angle 6. and expansion ratio €) and the throat insulation thickness, which is a
function of the design parameters (motor pressure and burn time, see Eq. 13). This geometric model simplifies the
quick design necessary for the optimization and provides insight to the effect of the various parameters on the
insulation mass, where p;,, is the density of the nozzle insulation. Different nozzles and materials will have different

10
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constants. A more accurate (but more complicated) model can be achieved with a series of polynomials for each of
the four variables in Eq. 14.

35-10° ( 1.0293) ( 0.9262) ( —0.5772) ( 1.9707)
Vins,noz = . WTh & ) '9e \R; (14)
ms
Casing mass model:

An expression for the composite casing mass was developed. The mass includes the fore and aft domes and the
cylindrical section (Eq. 15):

’ I v 7 2 Vv 2
Meomp = Pma® 37;5{3_ of}( d”";e)f 3+[ OfJ +( don;e)r 3+(ﬂ) (15)
(0/p)c0mp D ror R R R R

The influence of the opening to casing radius ratio (ry/R) on the mass of the domes’ is clearly seen in Eq. 15. The
influence of the casing openings ratio (ry#/ro,) on the winding mass of the cylindrical section is based on a netting
analysis'" that calculates the winding width. The consequence of changing the winding angles along the cylinder as a
result of a different opening radius ratio influences the hoop and helical winding widths. In any case, the minimum
filament mass is obtained when L/D is as small as possible and the casing openings are equal and as small as
possible. The penalty will be higher weights of the flanges and forward dome and increased drag losses due to the
larger casing diameter.

Casing insulation mass model:

The casing insulation mass is assumed'” to be a function of the motor pressure and exposed area where the various
coefficients are taken from a reference subscale motor having the identical insulation and propellant. The exposed
area is obviously affected by the grain design which in turn depends on L/D and the pressure profile (k;,) — hence the
AIL/D, k,) in Eq. 16. The values assumed for the coefficients are: ¢;=0.08, cg=0.5, cy=0.9. In this work f{L/D, k,) was
assumed to be 1.

L
Mips = C7Vcasingp58 t[fgf(g»kp) (16)

Other structural elements:

The modeling of the various other structural elements (flanges, forward cover, flexible joint, etc.) can be
complicated, but their impact on the design efficiency does not warrant a detailed description. The general approach
used for these subsystems is to define the relevant range of variables and materials, and solve the particular
subsystem using finite-element design techniques for several points in the range. The appropriate polynomial or
power approximation is built on these results.

Flange mass:

0.775
=115 3| Pmax 17
M flange = 119 P flange'0 (17)
O flange
Forward cover mass:
~733 3 | Pmax 18
Mstr _ fwd _cover =139 Pstr _ fwd _cover’ o (18)
str

11



SESSION NUMBER & NAME

Flexible joint mass model:

3
Mijoint = 23'25(Rt + WTh) Pmax 19)
Nozzle metal assembly:
0.861
=21.18 R?| —Lmax 20
mnoz_str - . pnoz_str t ( )
Onoz _Str

Other inert masses:

Other inert masses (igniter, actuators, external insulation, skirts, etc.) were assumed be 2% of the propellant mass.
Maximum web constraint:

The sources of the strain in the propellant grain are the slow cool-down (after polymerization), the changing storage
conditions and the motor pressure during operation. It is desirable to have a high a web fraction (WF) as possible,
which is limited by the maximum strain. Using a strain analysis program, a matrix of different cylindrical grains of
finite length were analyzed. The parameters that were varied in these runs included L/D, maximum ignition pressure,

cool-down". The maximum strain was set at 30%, and a 2" degree polynomial for the maximum web fraction was
created (Eq. 21) from the results.

LY L
WFmax =]/- @](B) +¢2(Bj+¢3 21)

The coefficients @; are a function of the maximum pressure:

@, =1.684-100 p2,,. —1.205-107° p,.,. +5.200-107°

pmax
Dy =-3729-10"* p2 . +2.354-103 p,. .. —5.859-107°
D3 =8.088-107 p2, . —2.569-1072 pp +2.086 - 107

To ensure that no erosive burning exists, the port radius must be at least 40% greater than the throat radius:
R
]—I.4?<WF (22)

Maximum casing openings:

The maximum ratio of the casing openings is limited by the slip coefficient of the filament on the cylinder’, and can
be presented as a 2" degree polynomial (Eq. 23):

CsL 1 2
SN AP N 13 :1—0.77(2£@cfj+0.26(2£@cfj (23)
max D R D R

or

Propellant burn rate limits:

The burn rate of the propellant in a motor is calculated by dividing the propellant web by the burn time (R-WF/t,). It
is assumed that the minimum and maximum burn rates at 70 atm are 5 and 20 mm/sec, respectively.

12
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