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Abstract
This paper describes an hybrid Reynolds Averaged Navier Stokes/ Eulerian Monte Carlo (RANS/EMC)
numerical method, developed for the solution of the one-point joint composition probability density func-
tion (PDF). In this approach the conservation equations for mean density, momentum, total sensible energy
and k − ε model are solved by RANS solver while EMC method is applied for solving composition and
enthalpy PDF transport equation. Transport PDF method allow chemical sources terms, which are the
driving ones in combustion and flame, to be treated exactly. This Monte Carlo method is eulerian in the
sense that one solves Stochastic Partial Differential Equations (SPDE) to calculate the PDF. The mean
velocity and turbulent scalars are supplied by the RANS code to the EMC one which in turns gives all
the reaction and mixing terms needed in the RANS code. The main issues which are coupling, pressure
calculation, boundary conditions and numerical methods are presented in this paper. Finally numerical
results are obtained for an ignition model problem behind a backward facing step.

1. Introduction

In turbulent reactive flows, pollutant production, soot formation and ignition/extinction mainly arise from a conjunction
of rare physical events and finite chemistry effects. Predicting these phenomena thus requires a precise knowledge of
the statistics of the species concentration and temperature, as well as an accurate description of chemical reactions.
Regarding both aspects, the one-point joint composition probability density function appears as a promising tool for
computing ignition process: it contains the detailed one-point statistical information of the turbulent scalars and allows
chemical sources terms to be treated exactly. These advantages are counterbalanced by a severe numerical constraint.
The PDF transport equations has a completely different structure from traditional moment-closure model equations,
being a high dimensional scalar equation. Thus traditional numerical techniques such as finite volume or finite element
methods are not suitable to solve the PDF transport equations since their computational cost increases exponentially
with the number of dimension. On the other hand, the Monte Carlo method has proven to be very useful for solving
high dimensional equations.

So far in the field of turbulent combustion, Monte Carlo methods have mostly been considered under their
Lagrangian form (LMC), following the seminal work of Pope1 . In the LMC method, the PDF is represented by
an ensemble of stochastic particles whose properties evolves according to Stochastic Ordinary Differential Equations
(SODE’s) such that, ideally, the particles exhibit the same PDF as occurs in turbulent flow they are modeling. However
mean fields obtained from RANS or LES solver are required to close the PDF model equations and overcome statistical
fluctuations. Numerous works2–4 focused on the convergence, accuracy and consistency conditions of this so-called
hybrid LMC method and its ability to compute complex flows was proven.

However, the development and evaluation of a new Eulerian Monte Carlo method is also useful and stimulating,
since in this method problematic such as statistical convergence is expressed in a different way and then could push
both approaches forward. EMC methods are based on stochastic fields which evolve from prescribed stochastic partial
differential equations (SPDE’s) stochastically equivalent to the PDF equation. These SPDE’s are the Eulerian coun-
terpart of the SODE’s used in LMC methods. EMC has been firstly developed by Valino5 . Sabel’nikov and Soulard6

used Brownian advection velocity model to derive SPDE’s and shed light upon EMC. Conservative form of SPDE’s
is derived later by Soulard and Sabel’nikov7 . Conservative SPDE’s are better suited for numerical integration of the



SESSION 5.04 - IGNITION

method in CFD codes. Last few years, hybrid RANS/EMC and LES/EMC models have been successfully applied to
reactive flows and turbulent flames computation8, 9 and to ignition process10 .

The focus of the current work is to develop an hybrid RANS/EMC solver under conservative form for simulating
complex flow configuration. The remaining of the paper is organized as follows. First, modelled equations for the
mean fields and the PDF equation are presented. Then a numerical scheme for each solver is proposed and peculiar
interest is focused on the boundary conditions for stochastic fields and on the coupling strategy adopted. Finally, the
hybrid method is applied to ignition model problem of a turbulent premixed methane flow behind a backward facing
step.

2. Governing Equations

2.1 PDF formulation

The PDF transport equation is as follows6 :

∂

∂t
(ρ f ) +

∂

∂x j
(ρŨ j f ) =

∂

∂x j
(ρΓT

∂ f
∂x j

) − ∂
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where Ψ is the sample composition variables Ψ = (Y1,Y2, ..., YNs , h), Yi and h being mass fraction and total enthalpy.
f (Ψ; x, t) is one-point pdf of the scalar Ψ. The symbol Q and Q̃ denotes the Reynolds and Favre averaging of quantity
Q, Q̃ =

ρQ
ρ

. In this equation, the effects of molecular mixing and turbulent advection appears in unclosed form and
require modelling, whereas chamical source term and mean advection do not require any modelling. Molecular mixing
is here modeled by an operator denoted M. In the practical application described afterwards, the IEM model will be
used. Turbulent advection is modeled with a gradient diffusion assumption.

2.2 Stochastic Partial Differential Equations

Conservative SPDE’s stochastically equivalent to the PDF equation (Eq. 1) derived by Soulard and Sabel’nikov7 are :
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In these equations Ũ, ΓT and ω, the mean velocity, the turbulent diffusion coefficient and the turbulent frequency are
supplied by the RANS solver. r is the stochastic density, r =

∑
rYk, r = ρ. W j are independant Brownian processes

(also called Wiener process), dW j = 0, dWi(t)dW j(t) = δi jdt, Ẇ j denotes time derivative.

2.3 Thermochemistry

Following Jenny et al.3 , the mean over temperature interval [0,T ] mass heat capacity at constant volume is introduced:

es(T ) =

∫ T

0
cv(T )dT = cv(T )T, (5)

where es(T ) is sensible energy. The above definition for cv (with similar definition for cp) allows to write the equation
of state in terms of es rather than T as:

p = ρR
es

cv
= (γ′ − 1)ρes (6)

where γ′ =
cp

cv
. A new averaged equation is added to the RANS solver with its source term computed from the stochastic

fields.
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2.4 Mean Conservation Equations

In the hybrid method, a RANS solver is used to solve the mean conservation equations for mass density, momentum
and total sensible energy. The k − ε model is used to compute the turbulent stresses and turbulent diffusion coefficient,
with k being the turbulent kinetic energy and ε the turbulent dissipation.

∂
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∂x j
ρŨ j = 0. (7)
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ρεŨ j =

∂

∂x j
(ρ

νt

Prε

∂ε

∂x j
) + Pε − dε . (11)

In hybrid PDF/RANS solver, the main link between the hydrodynamic solver and the PDF solver is the pressure term in
momentum equation. By using equation 2 and 3 one can calculate a mean stochastic temperature and then use equation
of state with mean stochastic density or mean physical density to calculate pressure. However this kind of pressure
calculation has been the cause of severe numerical difficulties, since temperature field computed from EMC is quite
noisy. The method presented in this paper to solve this issue is to use transport equation for the total sensible energy
(Eq. 9). With neglecting the turbulent kinetic energy, Ẽs = ẽs + 1

2 ŨiŨi.
Finally, the mean pressure is determined by:

P = ρ(γ′ − 1)
(
Ẽs − 1

2
ŨiŨi

)
(12)

In summary the RANS solver is employed to solve the conservation equations for mean mass density (Eq. 7), the
mean momentum (Eq. 8) , the mean total sensible energy (Eq. 9), the turbulent kinetic energy (Eq. 10), the turbulent
dissipation (Eq. 11). EMC solver calculates the mean source term in Eq. 9.

3. Numerical solution procedures

This part concerns the numerics involved for solving the coupled EMC/RANS equations. We will first concentrate on
the temporal integration and spatial discretisation of the SPDEs equations (the RANS part is already well documented),
then on the coupling strategy employed in this work. The key point of the boundary conditions for the stochastic fields
is then addressed and finally the numerical technique used for ignition simulation.

3.1 Finite volume method

To solve the Reynolds averaged quantities a cell centered finite volume solver named CHARME is used. The RANS
equations are solved with a second order explicit Runge Kutta integration scheme with a preconditioning scheme based
on that of Turkel. The preconditioning is needed to remove the well-known numerical difficulties due to eigenvalue
stiffness caused by the large disparity between the characteristic wave speed at low Mach numbers.

3.2 SPDE’s numerical scheme

The SPDE’s are under the conservative form, the numerical method used to solve this equations is a finite volume one.
The choice of the Stratonovitch form of the SPDE yields to use a predictor-corrector procedure generalizing the Heun
scheme7 . A cfl condifion is enforced:

∆t = c f l
∆x2

Ũ∆x + 2ΓT
(13)
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The source S k in Eq. 2 are calculated using low Mach number approximation: thermodynamic pressure is replaced by
constant value p = 1bar over the domain.
For the spatial discretization, fluxes are calculated at the cell interface with Flux Difference Splitting (FDS) procedure.
Equations 2 and 3 are solved for N stochastic fields with N independent noises. The Favre averaging of a function θ is
simply computed by:

θ̃ =

∑N
k=1 rθ(k)

∑
r(k) (14)

The number of stochastic field is a key parameter of the computation. For Monte Carlo methods the statistical error is
of
√

N order, so increasing N of a 2 factor decreases the stochastic error of
√

2, but increases the computation time for
each iteration of 2. Consequently the value for N must be carefully chosen. For the application below, the calculation
is performed with 25 stochastic fields.

3.3 Coupling

For LMC methods, many different strategies for coupling have already been tested2 , in this work the hybrid EMC/RANS
solver implemented can be either run in a loosely or tightly coupled manner. In a loosely coupled algorithm, a com-
pleted outer iteration is completed by running RANS code until convergence and the EMC code for a specified number
of time steps. In tight coupling, RANS and EMC code are run for a single time step to complete an outer iteration. The
goal of this work is to prove the ability of the method to simulate ignition, which is a unstationnary process. Therefore,
only the tightly coupling will be presented and tested in this work. The overall solution sequence can be summarized
as follows. Once EMC iteration is performed, this gives mean source term for the total sensible energy equation (Eq.
9) ; then an iteration for the RANS code is performed which gives, mean velocity, turbulent diffusion coefficient and
turbulent frequency.

3.4 Boundary conditions for stochastic fields

In SPDE’s the value of the noisy part of the stochastic velocity can be in every direction and its value is much larger
than the mean velocity for subsonic flow. This changes completely the numerical treatment of boundary conditions.

3.4.1 Wall stochastic boundary condition

Usually for solving species mass conservation equation under conservative form with finite volume method, the bound-
ary condition for a non-porous media, the mass flux are given to be zero at the wall; the mass is then conserved. How-
ever, in RANS and LES calculation, the mesh can be so coarse that the diffusion coefficient is non zero in the cell near
the wall. There exists then a difference between the physical and the modelled behavior at the wall, but in most cases
this error may be neglected. For Lagrangian PDF methods, stochastic particle behavior is supposed to be the same as
physical particle one. If the stochastic particle impact a wall, then it will bounce on it. The question is now: what is the
equivalent behavior for stochastic fields? The stochastic fields being non-local (in opposition to the stochastic particles)
and the stochastic velocity being in the same direction in all the domain for a specific stochastic field at time t, there
cannot be any bouncing. As in RANS calculation with coarse grid, the boundary layer is not resolved, in particular the
turbulent diffusion coefficient is far from zero. Moreover the stochastic velocity is proportional to 1√

dt
so that, in the

calculation, this velocity is large in the cell near the wall. Contrary to the RANS case, the error is then large and may
cumulate through the calculation and create very large stochastic density gradient. In order to prevent such behavior
a "fictitious" stochastic flux was added at the wall (see Figure 2) . This "correction" by fictitious stochastic flux was
validated on a ”1D” diffusion process between two walls.

�

�

�

�

�

Figure 1: Fictitious Stochastic Flux at the wall

4



M. Ourliac, V.A. Sabel’nikov and M.Habiballah. THE EMC APPROACH FOR SOLVING JOINT COMPOSITION
TURBULENT COMBUSTION PDF EQUATION APPLIED TO METHANE/AIR IGNITION

3.4.2 Inlet/Outlet stochastic boundary condition(I/O)

Due to the stochastic component of the velocity a "physical inlet" boundary condition can be alternatively an outflow
condition and an inflow condition. It is the same for an "physical outlet" boundary condition. As shown by Sabel’nikov
and Soulard6 , the influence of boundary condition can lead to discontinuities inside the domain, but in real cases, due
to mixing and numerical diffusion the amplitude of the discontinuities are weak. For a subsonic flow, SPDEs of the
EMC solver are hyperbolic differential equation, boundary conditions have then to be specified on part of the domain
where characteristic enter the domain. Therefore the treatment of the "I/O" boundaries is the following:

• if
−→
ξ .
−̃→
U > 0 then nothing is changed from the usual case, density and mass fraction are imposed at the inlet and

computed from the interior at the outlet.

• if
−→
ξ .
−̃→
U < 0 then the flux at the "physical inlet" is decentred from the inside of the domain and the incoming flux

at the "physical outlet" is also computed from the values inside the domain.

4. Model Ignition Problem

The ignition is simulated by the following model: an additional source term S add is added in the SPDEs in several cells
placed inside the recirculation zone.

∂rYk

∂t
+
∂(Ũ j + u∗j) ◦ rYk

∂x j
= rω(Yk − Ỹk) + rS k + S k,add (15)

The fictitious source term is active only on the 100 first iterations. During this time the combustion products have been
created in the recirculation zone. The fictitious source term is then turned off and the physical chemical source terms
alone helps to the increasing the reacting zone.

4.1 Configuration and numerical mesh

The physical domain is L = 1m horizontally and H = 0.1 vertically. The height of the step, placed at the lower wall
is, is h = 0.035m. At inlet, a methane/air mixture is injected at U0 = 58m/s and TO = 525K, with a stoichiometric
equivalent ratio φ = 1. The inlet values of the turbulent quantities are k0 = 15m2/s2 and ε0 = 500m2/s3. At outlet, the
pressure is fixed: Ps = 1bar. The geometry and inlet conditions correspond to the experimental ones11 .
At the upper and lower wall, wall functions are applied for k and ε, while the wall boundary conditions for mass
fractions are those presented in subsection 3.4.1. The resolution of the mesh is chosen to be ∆x = 7.5 · 10−3m and
∆y = 5.0 · 10−3m (∆x and ∆y are respectively the grid size in the horizontal and vertical direction). The time step for
each solver is ∆t = 2 · 10−06s giving a c f l number equal to 0.01.

4.2 Chemical scheme

A 5 species - 1 reaction scheme is used to describe the complete combustion of the methane and air to CO2 and H2O:

CH4 + 2O2 + 7.52N2 → CO2 + 2H2O + 7.52N2 (16)

The source term for the progress variable is expressed as :

S = AYa
CH4

Yb
O2

exp(−Ta

T
) (17)

where A,a,b and Ta are the Arrhenius law constants: a = 0.2, b = 1.3, A = 6.7 · 109mole−0.5/s, and Ta = 22800K.

4.3 Results

To see the temporal evolution of the ignition process instantaneous snapshots of the mean temperature and root mean
square temperature for several elapsed time are presented in Figure 2. After 10 iterations a small hot kernel due to
the additional source term is formed. This kernel grows with time, and after 10000 iterations which correspond to a
physical of 0.02s, the whole domain behind the step is ignited.
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Figure 2: Instantaneous snapshots of the mean temperature (left column) and root mean square temperature (right
column) for 10, 2000 and 6000 iterations (from top to bottom)
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5. Conclusion

Hybrid numerical method for solving coupled RANS/EMC equations and its implantation in the code CEDRE from
ONERA is presented. The ability, at a qualitative level, of the hybrid RANS/EMC solver to simulate ignition was
proven. Our interest was mainly focused on the two principal aspects : the coupling strategy and the boundary con-
ditions treatment. Event if no quantitative results are presented here, the method seems very promising for simulating
unstationnary chemically driven phenomena. In the future, a calculation of a physical ignition on the DLR micro
chamber configuration will be performed.
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